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§1. Introduction

1.1. Some basic definitions
Consider the equation X2 4+ 1 = 0. Clearly, this equation has no roots over R. Consider the set
C={(a,b):a,b € R} = R?
and define addition and subtraction over C as
(a,b) + (¢,d) = (a+ ¢, b+ d)
(a,b) - (¢,d) = (ac — bd, ad + be).

It is easy to show that (C,+,-) is a field with additive identity (0,0) and multiplicative identity (1,0). Further
observe that R is a subfield of C — consider the field homomorphism R — C defined by a — (a, 0).
Now, we denote ¢ = (0, 1), and write (a,b) as a + be.

Observe that the equation X2 +1 = 0 does have roots over C since it can be written as (X +¢)(X —¢). For the sake
of completeness, we also note that the multiplicative identity of a + ¢b is

1 a—b a b

atib aZ+b2 a4 b2 _a2+bQL'

When writing z = a 4+ bt where a,b € R, we write a = Rz (the real part of z) and b = 3z (the imaginary part of z).
We also define the absolute value |z| = (a? + b?)/? of z, and the conjugate Z = a — tb of z. We clearly have

2Z = |2)?
2+ 7z
% =
T
o~ :z—z
Sz 5

It is easy to check that

We also have

A
w{  |w|
2| = |2
Exercise 1.1. Check that the set
M = <_0‘6 g) ‘a,BER

with matrix addition and multiplication is a field isomorphic to C.

To close out the tedious part of things, we have

|2 +wl|* = |2 + |w]® + 2R(2w)
2+ w| < |z + |w] (1.1)

Equation (1.1) is referred to as the triangle inequality.
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1.2. Polar representations and roots
Consider z = x 4+ 1y € C. We may then define
xr=rcosf y=rsinb,

where |z| = r and the angle 6 is called the argument of z as is denoted § = arg z. We typically restrict 6 to (—m, 7].
We denote cis = cos 6 + ¢sinf. Therefore, we have

z = |z| cis(arg 2).

Observe that rather conveniently,
cis by - cis s = cis(6; + 62).

Therefore, inductively,
2129 2y = H |z;| | cis E arg z;
i i

In particular,
2" =r" cis(nd)

for any n > 0. If z # 0 (equivalently, r # 0), the above holds for all n € Z.
In the case where r = 1, we have
(cos B 4 ¢sin0)"™ = cos(nh) + ¢sin(nh) (1.2)

Equation (1.2) is referred to as de Moivre’s Formula.

Let us consider the equation 2™ = a. This equation has n roots of the form

Vn <2k7r+arga>
z=la|/"cis | ————
n

for k=0,1,...,n—1.
A line in the complex plane is a set of the form

L={z=a+tb:teR},

for some fixed a,b € C, where b is a directional vector whose absolute value may be assumed to be 1. Since b # 0,

we equivalently have
z—a
L= RS =0,.
{Z 5(55%) }

{0 (55) -
Ka:{zzﬁ(zga><0}.

Note that H, = a + Hy, where the addition is Minkowski addition:

We can also define the half-planes

H,={a+z:z€ Hy}.
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1.3. The extended plane

Define Coo = CU {oc} and let S = {(z1,22,73) : 27 + 23 + 23 = 1} be the unit sphere in R3. We shall show a
bijection from C, to S.

Let N = (0,0,1) be the ‘north pole’ of S, and orient C (as R?) in the horizontal plane in a manner such that C cuts
S along the equator. For z = z + 1y € C, let us define the corresponding point Z = (x1, xe,z3) € S. We shall draw
a line connecting z to N, and let Z be the point of intersection (other than N) of this line with S. Finally, we shall
map oo to V.

Let us define this more explicitly. The line through N and z is

L={tN+(1-t)z:tecR}

Then, letting z = (z,y,0), we have

So,
1—¢2 1+t
ol = -1
(1—t)2 1—¢
and
2> -1
t =
2| + 1

Therefore, we map z to

7 2Rz 7 23z 7|z|2—1. cs
22+ 122+ 1 22+ 1

Based on this, we can define a distance metric between points in C,. For z, 2z’ € Co, mapping to Z,Z’ € S, we let
d(z, 2") be the Euclidean distance between Z, Z’ in R3. More explicitly,

d(z,2')? = (21— 27)* + (w2 — 25)* + (w3 — 23)°

=2 — 2(x12) + ozl + 237%)
B 2|z — 2|
(=2 + 1)(J2'2 + 1)) 2

when z,2’ € C and if 2’ = 00 (so Z' = (0,0, 1)), we have

d(z,2")

_ 4
IEEEE!

This correspondence between points of S and C, is called the stereographic projection.

Exercise 1.2. If P is a plane in R® and A = PN S is a circle on S, show that the projection of A on C under the
stereographic projection is a circle as well (possibly a circle of infinite radius, namely a line).

1.4. Power series

In this section, we begin discussing convergence of series in C and related properties.

Definition 1.1. If a,, € C for every n > 0, the series Y.~ a, is said to converge to z iff for all € > 0, there exists

N € N such that
Zan — 2zl <e€
n=0

for all m > N.
The series Y a, is said to converge absolutely if > °  |ay| converges.
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Theorem 1.1. C is complete. That is, every Cauchy sequence in C is convergent.

Proof. Suppose {x,, + ty,} is a Cauchy sequence in C, where x,,y, € R for each n. We then have the existence of
N € N such that for all m,k > N, [(@m — xk) + t(Ym — yr)| < €. Consequently, |z, — xx| < € and |y, — yr| < €.
However, since R is complete, this implies that (x,) and (y,) are convergent, completing the proof. [ |

Theorem 1.2. If Y a, converges absolutely, Y a,, converges.

Proof. Let € >0, z, = > 1 a;, and S, = Y " |a;|. Because C is complete, it suffices to show that (z,) is Cauchy.
Since > |a,| is convergent, there exists N € N such that |S,, — Si| < € for all m,k > N. Supposing m > k, we have

m

Spm=Sk=Y_ lail.

i=k+1

So,

Zm — 2k = Z a;

IN
NE
E}
A

completing the proof. [ |

Exercise 1.3. Show that >~ 2" converges iff |z| < 1.

Theorem 1.3. For a given power series Y a,(z — a)", define the number R (0 < R < c0) by

1
— — 1 e
imsup |ay,|

n—so0
Then,

(a) If |z — a| < R, the series converges absolutely.

(b) If |z — a| > R, the terms of the series become unbounded and the series diverges.

(b) If 0 < r < R, the series converges uniformly on the set {z : |z —a| < r}.

This R is referred to as the radius of convergence of the power series.
Proof.

(a) We assume without loss of generality that a = 0. If |z| < R, there exists r with |z| < r < R. By the definition
of R, for all € > 0, there exists N € N such that

1 1/k 1
— — e < sup |ag <= +te€
R k2n| | R

for all n > N. If we take € = 1/r — 1/R, it follows that |a,|"/" < 1/r for all n > N. That is, for all n > N,

lan| < 1/r™ and so
n
lanz"| < <|Z|) .
r

Therefore, > >0\ a,z™ is dominated by Y (|z[/r)™. Now however, we can just use the result of Exercise 1.3
to conclude absolute convergence since |z|/r < 1.
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(b) Let |z| > R and choose r with |z| > r > R. For € > 0, there exists N € N such that

1/k

1
— —e<sup|ag| /" for all n > N.
k>n

R

Choosing e = 1/R — 1/r,
Jan |/ > 1/r

for infinitely many n € N. It follows that |a,z"| > (]z|/r)™ for infinitely many n € N. Since |z|/r > 1, these
terms become unbounded and therefore the series diverges.

(¢) Now, suppose r < R and choose p such that r < p < R. Similar to the argument in (a), we get that
1
lan| < — for alln > N.
pn

If |z] <7, |anz™ < (r/p)™ and r/p < 1. The Weierstrass M-test then gives that the power series converges
uniformly on {z : |z] < r}. [ |

It should be noted that we cannot conclude anything when |z — a| = R.

Theorem 1.4. If " a,(z —a)" is a power series with radius of convergence R, then if it exists,

Qn

lim = R.
n—oo

An+1

Proof. Again, assume that a = 0 and let o = lim |a,, /an+1|, which we assume exists. Suppose that |z| < o and take
r € R such that |z| <7 < . For all € > 0, there exists N € N such that for n > N,

an

a—€e< < o+ e

Ap41
Taking € = a — 7, |an/ans1| > r for alln > N. Let B = |ay/|rY. Then,
an 17V = lan |- Y < Jan|r™ = B.

Similarly, we get that |a,|r™ < B for all n > N. Therefore,

n
z
lanz"| < B (||>
.

for all n > N. Thus, the sequence converges absolutely since |z| < r.
Since r < « was arbitrary, this implies that a < R.

On the other hand, if |z| > «, take r € R such that |z| > r > a. Taking e = r — a, we get N € N such that

an

<r

Ap41

for all n > N. Letting B = |ay|r" again, we once more obtain that |a,|r" > B for all n > N. This gives that

|a,z"| > B (|Z|>
r

for all n > N, and since |z| > r, the sequence diverges (we may assume that B # 0 by making N larger if required
to ensure that ay # 0 — if this is not possible, the problem is trivial since it means that (a,) is eventually 0). Since
the choice of r was arbitrary, this implies that R < «, completing the proof. |
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Now, consider the series
0 n

>

n=0
The radius of convergence of this series is co. So, it converges for any complex number z, and convergence is uniform
on every compact subset of C.
The above defines a function exp : C — C.
We also denote e* = exp(z).

Definition 1.2 (Differentiability). If G is an open set in C and f : G — C, then f is said to be differentiable at a
point a € G if the limit
L fath) ~ f(a)

h—0 h

exists. If it exists, the value of this limit is denoted f’(a) and is called the derivative of f at a.

If f is differentiable at each point of G, we say that f is differentiable on G. Note that if f is differentiable on G,
then f’: G — C is a function. If f’ is continuous, f is said to be continuously differentiable.

Theorem 1.5. If f : G — C is differentiable at a point a € G, f is continuous at a.

Proof. The proof of this is direct:

tim 176:) = @) = (tim PO iy 12—
= f'(a)-0=0. u

Definition 1.3. A function f : G — C is said to be analytic if f is continuously differentiable on G.

Let f, g be analytic on G and {2 respectively, and suppose that f(G) C Q. Then, g o f is analytic on G and
(90 1) (2) =4 (f(2)) f'(2)
for all z € G. This is called the chain rule.

We shall show in Theorem 2.14 that any analytic function is infinitely differentiable, and later in Theorem 3.15 that
any differentiable function is analytic. That is, mere differentiability implies infinite differentiability!

Theorem 1.6. Let f(z) = > 2 a,(z — a)™ have radius of convergence R > 0. Then

(a) For each k > 1, the series

nn—1)---(n—k+1ay(z —a)"*
n=~k

has radius of convergence R.

(b) The function f is infinitely differentiable on B(a, R) (the open ball of radius R centered at a), and further,
f%)(2) is given by the series in (a) for all k> 1 and |z — a| < R.

(¢) Forn >0, a, = %f(")(a).
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Proof. Assume that a = 0.

(a) Note that it suffices to prove the result for k =1 (Why?). To show this, it is enough to show that

lim sup |a,|"/™ = lim sup |na, |/ "~V
n—00 n— oo

First, it is not difficult to show that lim,_,, n'/(®~Y = 1. It may be shown that for any sequences (¢y,), (dy)
in R where ¢, > 0, if lim¢,, = ¢ and limsupd,, = d, then limsup ¢, d,, = cd. Therefore, we are done if we show
that limsup,, .. |an|"" = limsup,,_,__ |a,|"/ 1.

oo oo
E anz" =ag+ 2z g Apy12".
n=0 n=0

Let R’ be the radius of convergence of Y~ j an412". We want to show that R’ = R.
If |z] < R/, then

oo
Y lanz"| < lagl + |2 Y lant12"| < oo,

n=0

so R' < R. On the other hand, if |z| < R and z # 0,

1
> lonsaz"| < 1 (3 lanz"1 + lao]) < o0,

so R < R’ and we are done.
(b) Once again, it suffices to prove the result for k = 0. For |z| < R and g(z) = Y »., na,z""*,
sn(2) = z:akz]€ and R,(z) = Z apz”,
k=0 k=n+1

fix a point w € B(0, R) and r such that |w| < r < R. We wish to show that f’(w) exists and is equal to g(w).
Let 6 > 0 be arbitrary with B(w, ) C B(0,r). Letting z € B(w, J), we have

f(z) = f(w)

sn(2) — sn(w)

R, (z) — Rn(w)

LI gy = 2220l g ) s, () — g(w) +
We have
|28 —wP| = |z —w||ZF 7+ 2R T < - wlRrF T
Therefore,
R, (z) — R, (w) = 2k —wk = b1
2 TN = — < .
z—w Z a z—w | Z Jaklkr
k=n+1 k=n+1

Since 1 < R, > p; |ag|kr*~1 converges and so for any € > 0, there exists N; € N such that for n > Ny,

zZ—w

LECE TR

Since lim s/, (w) = g(w), there exists Ny € N such that
s (w) — g(w)] < €/3
for n > Ny. Choose n > max(Ny, N2). Then, there exists 6 > 0 such that whenever 0 < |z — w| < 4,

sn(2) — sn(w)

i) <3

Putting all these together, we get the desideratum.
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(¢) This is straightforward using the explicit expression for f*)(a). |

If the series f(z) = Y.,—,an(z —a)™ has radius of convergence R > 0, then f is analytic on B(a, R). Therefore, exp
is analytic on C.
Further, letting g = exp,

/ - N on—1 S 1 n—1
0= T - S g o
n=1 n=1

Define the functions cos and sin using power series as

52 b i 2k
cosz=1—§—|—ﬂ+---+(—1) (2k)!+”
. O B i 52k+1
Note that
eLZ efLZ d . eLZ _ e*LZ
cosz = —— and sinz =
2 2t
Therefore,

e” = cosz + ¢sin z.

In particular, if z = 6 € R,

e? = cosf + ¢ sin 6.

It is direct to show next that cos? z +sin® z = 1 for z € C.
Definition 1.4. A function f is said to be periodic with period ¢ if f(z) = f(z + ¢) for all z € C.

e? is periodic with period 27¢.

Similar to cos and sin, one can define the function log as

22 23 A

log(1 =z—— 4+ ——— 4.

og(l+z2)==z2 5 + 3 1 +

log = is defined only when |z — 1] < 1. Further note that we cannot define log as the inverse of exp (as we do over
the reals) since exp is not injective here.

We would like to define log such that w = exp z when z = log w. Since exp is non-zero, also suppose that w # 0. If
z = x + 1y, then |w| = e* and argw = y + 27kt for some k € Z. Therefore, the solution set for e* = w is

{log |w| 4+ t(argw + 27k) : k € Z}.

Definition 1.5. If G is an open connected set in C and f : G — C a continuous function such that z = exp(f(z))
for all z € G, then f is said to be a branch of the logarithm.

Lemma 1.7. If G C C is open and connected and f is a branch of the logarithm on G, then the totality of the
branches of the log are the functions f(z) + 2wk: for k € Z.

Proof. If g(z) = f(2) + 2wke for some k € Z, then exp(g(z)) = exp(f(z)) = 2, so g is also a branch of the logarithm.
On the other hand, suppose that g is a branch of the logarithm. For z € G, exp(f(z)) = exp(g(z)) = z, so
g(z) = f(z) + 2mke. However, note that this & depends on z. We must show that the same k works for all z. Indeed,
h(z) = (9(z) — f(z))/2me is continuous on G and h(G) C Z, so the required follows. [ |

Now, let G = C\ R<. Clearly, G is connected and each z € G can be uniquely denoted by |z|e?, where —7 < 6 < 7.
For 6 in this range, define
f(re®)y =logr + (8.

This is a branch of the logarithm on G, and is commonly referred to as the principal branch.
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Theorem 1.8. Let G, be open subsets of C. Suppose that f: G — C and g : 2 — C are continuous such that
g(f(2)) =z for all z € G. If G is differentiable and ¢'(z) # 0, f is differentiable and

If ¢ is analytic, so is f.
Proof. Fix a € G and let h € C\ {0} with a + h € G. Since g(f(a)) =a # a+ h = g(f(a+ h)), f(a) # fla+ h).

Also,
g(fla+h) —g(f(a)) _ g(fla+h))—g(f(a)) [flath)—fla)
7 Fla+h) = fa) PR
Take the limit of either side as h — 0. The first fraction is equal to ¢'(f(a)) since lim,_,o(f(a+ h) — f(a)) =0, and
therefore limy,_o(f(a + h) — f(a))/h = f'(a) exists, and 1 = ¢’(f(a)) - f'(a). The required follows.
If ¢ is analytic, then ¢’ is continuous so f is analytic. |

1=

Corollary 1.9. Any branch of the logarithm function is analytic and has derivative z — 1/z.

Given a branch of the logarithm f on an open connected set G and fixed b € C, define g(z) = exp(bf(2)). If b € Z,
g(z) = z°. In general, this defines a branch of 2* (b € C) for any open connected set on which there is a branch of
log z.

If we write 2° as a function, it is implicitly understood that the f in exp(bf(z)) is the principal branch of the

logarithm. Since log is analytic, so is z — 2°.

1.5. Cauchy-Riemann Equations
Let f: G — C be analytic and let

u(z,y) = R(f(z +wy)), vz, y) = 3(f(z + wy))
for x + 1ty € G. Let us evaluate the limit

) — i LEEN =)

h—0 h

in two different ways.
First, if we let h — 0 through real values, we get

ou ov

7'(2) = 5o (@) + 05 (@),

Along the imaginary axis, we get
ov

Nwz—%ﬁam+@uw»

Therefore,
ou v ou ov
— =—oand — = ——.
or Oy y Ox
Supposing that u and v have continuous second derivative (we shall later show that they are infinitely differentiable),
we have that
0%u B 0%v 0%u B 0%v

822~ dxdy an dy2 ~ Oydx’

Therefore, since the second derivatives are continuous,

o P _
oz 0y

0. (1.3)

A function v with continuous second partial derivatives satisfying Equation (1.3) is said to be harmonic. Similarly,
v is also harmonic.
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Theorem 1.10. Let u, v be real-valued functions defined on an open connected set (a region) G and suppose that
they have continuous second partial derivatives. Then, f : G — C defined by f(2z) = u(z) + wv(z) is analytic iff u
and v satisfy the Cauchy-Riemann equations.

Proof. We have already shown the forward direction.
For the other direction, let z = 2+ 1y € G and B(z,r) C G. Let h = s+ «t € B(0,r). Our goal is to show that for
all € > 0, there exists § > 0 such that
fz+h) = f(z) = f'(2)h
h

<€

for all h € B(0,0) for some f’(z) € C. Note that
u(@+s,y+t) —ul@y) = (ul@+s,y+t) —ulz,y +1) + (ulz,y+1) —u(z,y)).

Now, for fixed t € (—r,r), s — u(x+s,y+1t) is a differentiable function on (—r, 7). We apply the mean value theorem
to conclude that there exist s1,t; € (—r,7) for each s+ ¢t € B(0,r) such that |s1| < |s], |t1] < [t], and

u(x + 8,y +1t) —u(w,y +1) = uy(x+ 51,y +1)s
u(z,y +t) —u(x,y) = uy(z,y + t1)t.

Now, let
o(s,t) = (ule + s,y +1) —u(z,y)) — (uz(2,y)s +uy(z, y)t) .
We get that
o(s,t) = (sug(z + s1,y +t) — sug(z,y)) + (tuy(z,y + t1) — tuy(z,y)) .
So,
KD e s,y 1) el 9) + s (g 1)~ (2,9)

and on taking the limit of both sides as s + «t — 0, we can use the fact that |s| < |s+ ¢t], |t] < |s+ et], |s1] < s,
[t1] < t, and the continuity of u,, u,, to conclude that

o(s,1)

lim =
s+it—0 s+ 1t

Therefore,
u(z + s,y +1) —u(@,y) = ug(2,9)s + uy(z,y)t + @(s, ).

We get a similar equation for v as well, with a function ¢ (in place of ¢). Combining the two,

fletstut) = fa) _uetsytt)—ul@y)  vl@tsy+t) vy

s+t s+t s+t
B Sug (z,y) + tuy(x,y) + o(s,t) + ¢ (svx(x, y) + tvy(z,y) + w(s,t))
- s+t
g (x,y) (s + ut) + g (2, y) (s 4 ot) + (s, t) + (s, t)
s+t ’

where we used Cauchy-Riemann equations in the final step and thus,

lim f4+s+ut)— f(z)

s+ut—0 s+t = Ug (x’ Z/) + LUy (l‘, y)a

completing the proof. Since u, and v, are continuous, f’ is continuous and f is analytic. |
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A next question is: given some wu such that
0?u  0%u
=t 55 =0,
0x2 = Oy?
when does there exist harmonic v such that v + (v is analytic? Such a v is referred to as a harmonic conjugate of u.
It turns out that the answer is not always. Indeed, u(z,y) = log((z? + y?)'/?) on C \ {0}, despite being harmonic,
does not have a harmonic conjugate.

Theorem 1.11. Let G be either the entirety of C or some open disk. If u : G — R is a harmonic function, then u
has a harmonic conjugate.

Proof. Let G = B(0, R) for some 0 < R < 0o and let u : G — R be analytic. Define

o) = [ T, 1) At + ()

so that u, = vy. We shall determine ¢ such that v, = —u,. Differentiating with respect to z, we get
Y /
ve(x,y) = / Uge (x, 1) dt + ' ()
0

=— /Oy Uyy (2, ) dt + ¢ ()
= —uy(z,y) + uy(z,0) + ¢'(2).

Therefore, ¢'(z) = —uy(z,0), and the function

v(x,y)/Oyum(x,t)dt/owuy(s,O)ds

is a harmonic conjugate of . |

The above proof requires that the entire segments [(0, 0), (x,0)] [(z,0), (z,y)] are contained in G, which is true when
we are on a disk.

1.6. Transformations

Consider the two hyperbolas defined by

22—y =c

2zy =d,

n —c+tVd?+c2
y=F|—p—
2

u(z,y) =a° —y°

v(z,y) = 2xy.

where ¢, d # 0.
This gives

Consider the functions

The two hyperbolas above are mapped by this f = u + (v to the straight lines u = ¢ and v = d.
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Definition 1.6. A path in a region G C C is a continuous function v : [a,b] — G for some interval [a,b] in R. If
~'(t) exissts for each ¢ € [a,b] and 7' : [a,b] — C is continuous, then « is said to be smooth. 7 is said to be piecewise
smooth if there is a partition a = tg < t; < -+-t,—1 < t, = b of [a,b] such that v is smooth on each subinterval
[tifl,ti] for 1 S ) S n.

For a path v : [a,b] — C, v([a, b]) is sometimes referred to as the trace of v and denoted {~}.

By the existence of 4/, we mean that the two-sided limit

Jim 2R =)
h—0 h

exists for ¢ € (a,b) and the right and left sided limits exist for ¢t = a, b respectively. This is equivalent to saying that
R~ and Sy have derivatives.

Suppose v : [a,b] = G is a smooth path and for some ty € (a,b), v'(to) # 0. Then, v has a tangent line at the point
z0 = Y(to). This line goes through the point zg in the direction of the vector 7'(tp), that is, the slope of the line is

tan(arg ' (to)).

If 71 and v are two smooth paths with 1 (t1) = y2(t2) = 2o and 1 (¢1),7v5(t2) # 0, then define the angle between
the paths 71,72 at zp to be arg(v4(t2)) — arg(v1 (t1))-

Suppose v is a smooth path in G and f : G — C is analytic. Then, 0 = f o~ is also a smooth path and
a'(t) = f'(y(¥)) - ¥'(t). Further, if zg is a fixed point of f with v(¢y) = 20,

arg(o’(to)) — arg(y'(to)) = arg(f'(20))-

Let 1,72 be smooth paths with v1(t1) = ¥2(t2) = 2o with non-zero derivatives at ¢1,ts respectively, and let o =
fov,02 = f o~y Further suppose that the two paths 71,72 are not tangent to each other at zy. Then,

arg(yy(t2)) — arg(yy (t1)) = arg(ay(ta)) — arg(o) (t1)).

This says that the angle between two paths are preserved after applying an analytic function to both. A function f
satisfying this is said to have the angle-preserving property.

Definition 1.7. A function f: G — C which has the angle-preserving property and also has
f(z) = f(a)

zZ—aQa

lim
zZ—a

existing for all a € G is called a conformal map.

It turns out that a function f is a conformal map if and only if it is analytic and f’(z) # 0 for all z (How?).

Definition 1.8. A mapping of the form

az+b
cz+d

S(z) =

is called a linear fractional transformation. If we further have that ad — be # 0, then S(z) is called a Mdbius
transformation.
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We have d—b
ad — be
S'(z) = —.
(2) (cz+d)?
If w = S(z), it is relatively simple to show that
dw—b
z=85"Y(w) = LA
—cw +a

Therefore, the inverse of a Md&bius transformation is a Mobius transformation. The composition of two Mdobius
transformations is a Mobius transformation as well.

Also observe that the coefficients a, b, ¢, d for a given Mobius transformation are not unique since we can multiply
them by a constant. We may also extend S to Co with S(00) = a/c and S(—d/c) = oc.

S(z) = z + a is called a translation, S(z) = az with a # 0 is called a dilation, S(z) = €% is called a rotation, and
S(z) = 1/z is called the inversion. It is not too difficult to see that any Mdbius transformation is a composition of
these five types of transformations.

What are the fixed points of a Mobius transformation S? S(z) = z gives

2+ (a—d)z+b=0.
Therefore, a Mobius transformation has at most two fixed points unless S(z) = z for all z € C.

Let a,b,¢ € Cs be distinct with S(a) = «, S(b) = B, S(¢) = 7. Let T be another Mébius transformation with
T(a) =, T(b) = 8, T(c) = . Then T~! 0 S has three (distinct) fixed points, and therefore S = T.
Therefore, any Mobius transformation is uniquely determined by its value at any three distinct points.

Let 2o, 23, 24 € C be distinct. Define S : C,, — C, by

(2—23)/(2—24)

(z2—23)/(z2—24) ~2)%3)%4 eC,

_ Z2—2
S(Z) - 2272447 z3 = 00,
z—23 _
popmend 24 = 00.

In any case, S(z2) =1, S(z3) =0, S(z4) = 00, and S is the only transformation having this property.

Definition 1.9. If z; € C., then (z1, 22, 23, 24) is referred to as the cross-ratio of z1, za, 23, 24 and is the image of
z1 under the Mobius transformation described above, which is the unique Mobius transformation taking zs to 1, z3
to 0, and z4 to oc.

For example, (22, 29, 23,24) = 1 and (2,1,0,00) = 2.
If M is any Mobius transformation with M (ws) =
z € Co.

1, M(w3) = 0, M(wy) = oo, then M(z) = (z,ws, ws,wy) for all

Theorem 1.12. If 29, 23, z4 are distinct points and T is any Mobius transformation, then
(21, 22,23,24) = (T21,T22,Tz3,T24).
Proof. Let S(2) = (z, 22, 23,24). If M = ST~ then
M(T(z2)) =1, M(T(23)) =0, M(T(24)) = 0.
Therefore, M = (z,T2,T23,T24). That is,
ST 12 = (2,T2,T23,T2)
for all z € C. Setting z = T'z; yields the required. [ ]

Lemma 1.13. If {22, 23, 24}, {we, w3, ws} C Cq, then there exists a unique Mobius transformation S with Sz; = w;
for each 1.
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We omit the proof of the above.
Lemma 1.14. Let {21, 22,23, 24} C Coo. Then, (21, 29, 23, 24) is real iff the four points lie on a circle.

Proof. Define S : Co, — Co by Sz = (2, 22, 23, 24). We are done if we show that S~!(R.) is a circle (since a circle
is uniquely determined by three distinct points on it).
Let S(z) = (az +b)/(cz + d).

First, let us show that S™1(Ry,) C T for a circle I' in Co. Let w € S71(Ry,). Then, Sw = Sw so

This gives that o o
(at — ac)|w|? + (ad — be)w + (be — da)w + (bd — bd) = 0. (%)

If ac is real, we get that
R ((aE — be)w + bE) =0,

which is a circle through oo (a line).
If on the other hand a is not real, then (x) becomes

20S(ae) |w|? + (ad — be)w + (be — ad)w + (bd — bd) = 0.

——
a#0

Dividing by 2, B o
(ad — bo)w N (be — ad)w N (bd — bd)

=0.
2L 2 2

wl* +
Since « is real,

(bc —ad)w  (ad — be)w

2t 2t
and

is real. This gives
lw|? +Fw + W — 5 =0

for some v € C,d € R. This is equivalent to |w + | = (|7|? + §)*/2, which is the equation of a circle'.

Letting T = S~! and T be the circle obtained in the previous part of the proof, we must now show that T(R,,) =TI
Since Ry, is connected and compact and T is a homeomorphism, T(R,) is a closed arc, say T'y, of T'. If T'y # T,
let z1, 22 be the endpoints of this arc. If T'(co) = z3 which is distinct from z1, 22, then Ry, \ {oo} is connected but
I';\{z1} is disconnected, which is a contradiction. So, suppose T'(c0) = z1. Then, Ry, \ {o0, T 1(22)} is disconnected
but 'y \ {21, 22} is connected, yielding a contradiction once more and completing the proof. |

Next, we give a more general version of the above.

Theorem 1.15. A Mobius transformation takes circles to circles.

Note that Lemma 1.14 follows from this since R is a circle (of infinite radius) in Cy.

lit may be checked that |y|2 4 § is a positive real by substituting their values.
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Proof. Let T" be a circle in C,, and S a Md&bius transformation. Let zs, 23, 24 be three distinct points on I', and set
w; = Sz; for each j. We claim that S(T') is the circle I determined by ws, w3, ws. Indeed,

(Z7 292,23, 24) = (SZ,’LUQ,'[U;},’U}4)

for any z, and if z € T', the LHS is real by Lemma 1.14, and using the same theorem on the RHS completes the
proof. |

Definition 1.10. Let I' be a circle through zs, 23, z4. The points z, z* € C, are said to be symmetric with respect
to I if
(Z*a 22,23, Z4) = (Za 22,23, Z4)'

Remark. The above definition only depends on I', not the choice of 25, z3, 24.

Observe that z is symmetric with respect to itself with respect to I' if and only if z € I'. Indeed, it implies that
(2, 22, 23, 24) is real, which by Lemma 1.14 implies that z € T.

What does it mean for z, z* to be symmetric?
If T is a straight line, z, z* are symmetric with respect to I' iff their perpendicular bisector is equal to I". That is,
the line joining z, z* is perpendicular to I' and they are the same distance from I' (but on opposite sides). Indeed,
choosing z4 = 0o, we get that

z* — 23 Z—Z3

Zo— 23 Zo— 73
so
|z — 23| = |2" — 23]

for all z3 € T.
Now, suppose that I' = {z : |z — a| = R} for some 0 < R < co. We extensively use Theorem 1.12 and the five types
of Mobius translations in the following sequence of equations. Then,

(Z*,ZQ,Z3,Z4) (Z 22,23724)
=(z

Z—a,z —a, 23—a,24—a)

R? R?
270, zg—a zZ4 — Q

-
(

R2

— +a, 22, %3, Z4>

Therefore, z* = a + %, that is,
(z* —a)(z—a) = R
Since
2 —a R?

= >0
z—a |z—al?

is real, it follows that z* is on the ray {a +t(z —a) : 0 < ¢t < co}. We also have that
|z* —al|z — a|] = R,

S0 one can easily obtain z* from z or vice-versa.
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Lemma 1.16 (Symmetry Principle). If a Mobius transformation takes a circle 'y to the circle T'a, then any pair of
points symmetric with respect to I'; is mapped to a pair of points symmetric with respect to I's.

Proof. The proof of this is near-direct.
(TZ, TZQa TZ3; TZ4) == (Z*a 22,23, Z4)
= (z, 22, 23, 24)

= (Tz,Tz2,Tz3,Tzy). |

Definition 1.11. If T is a circle, then an orientation for T' is an ordered triple (21, 22, 2z3) of points in T

An orientation is used to represent a “direction” of the circle, where we “go” from z; to 23 to z3.

Let I' = R and 2z, 29,23 € R. Also put Tz = (z, 21, 22, 23). Since T(R) = Ru, @, b, ¢,d can be chosen to be reals.
Then,

_az+b
cz+d
- |CO;Z ++db|2 (2 + d)
= m (ac|z|2 + bd + bcz + adz) .
So,
Xz, 21, 22, 23) = Zj_’_sz%z

and thus, {z : $(z, 21, 29, 23) > 0} is either the upper or lower half-plane depending on whether ad — bc is negative

or positive. Note that ad — bc is the determinant of (Z Z)

Let T be an arbitrary circle and suppose that z1, zo, 23 € . Then, for any Mobius transformation S,
{z: (2, 21,22, 23) > 0} = {2 : (5%, 521, S22, Sz3) > 0}
=S Mz : (2, 821,52, Sz3) > 0}.

So, if S is chosen to map I' to R, then the above set is equal to S~ of either the upper or lower halfspace.

Definition 1.12. If z1, 29,23 is an orientation of I', we denote the right side and left side of I' (with respect to
(21,22, 23)) to be

{z: (2, 21, 22, 23) > 0} and {z : (2, 21, 22, z3) < 0}
respectively.
Since (z,1,0,00) = z by definition, the right side of R, with respect to the orientation (1,0,00) is the upper
half-plane.

Theorem 1.17 (Orientation Principle). Let I'1,T's be circles in Co, such that TT'; = I'y for some Mobius transfor-
mation 7. Let (21, 29, z3) be an orientation of I'y. Then, T takes the right side (resp. left side) of I'y with respect to
the orientation (21, 22, 23) to the right side (resp. left side) of I'y with respect to the orientation (T'z1,Tzq,T23).

The proof of the above is left as an exercise to the reader.
Exercise 1.4. Find an analytic function f : G — C where G = {z : Rz > 0}, such that f(G) ={z:|z| < 1}.
Similar to the above exercise, one may show that

e —1
‘g(Z)_eZ-i-l

maps the infinite strip {z : |Sz| < 7/2} to the open unit disk D.
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§2. Integration

2.1. Basic definitions

2.1.1. Integrals of real functions

First, let us recall the definition of the Riemann integral® of functions on R.

Definition 2.1 (Riemann Integral). Let [a,b] be a given interval. A partition P of [a,b] is a finite set of points
To,X1,...,L, Where
GZIOS«/EI ngnflgxn:b

We also write Ax; = x; —x;_1 fori=1,2,...,n.
For a bounded real function f on [a,b] and each partition P of [a, ], we set

M;= sup f(z), m; = inf  f(z).

zi1<x<z; z;i1<x<xz;

Further, set
n n
=Y MiAz,  L(P,f) =) mila
=1 =1

as the upper and lower Riemann sum respectively, and finally,

b b
/afd:v:i%fU(”P,f), /Gfdx:stépL(”P,f)

as the upper and lower Riemann integrals of f.

Next, we define the slightly more general Riemann-Stieltjes integral. Note that this is the same as the usual Riemann
integral when « is the identity function.

Definition 2.2 (Riemann-Stieltjes Integral). Let « : [a,b] — R be a monotonically increasing function on [a, b].
Corresponding to each partition P of [a, b], write Aa; = a(x;) — a(x;—1). Clearly, Aa; > 0 for each i.
For any real function f which is bounded on [a, b], we put

U(P, f,a ZMAa“ L(P, f, o ZmZAaZ,

where M;, m; are defined as in the definition of the Riemann integral. We then define

b b
/ fda=infU(P, f,a), / fda=sup L(P, f,a).
a P Ja P

If these two are equal, we say that f is Riemann-Stieltjes integrable with respect to « on [a, b] and denote the common
value as fab f da.

2technically the Darboux integral?
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We also remark that ) .
where z,_1 < 7, < z}, for each k.
More generally, we define the mesh of P with respect to « as
|P|| = max{Aq; : 1 <i<n}.
So for all € > 0, there exists 6 > 0 such that for any partition P of [a,b] with ||P| < d, then

n b

Z TkAOék—/ fdal <e

k= a

for any choice of points zp_1 < 7 < Tk

2.1.2. Riemann-Stieltjes integrals of complex-valued functions

Definition 2.3. A function 7 : [a,b] — C for [a,b] C R is said to be of bounded variation if there exists M > 0 such
that for any partition P = {a =1t9 < t1 < -+ < ty—1 < ty, = b} of [a, b],

m

v(y;P) = Z [y(tk) — (k1) < M.

k=1
The total variation V() of «y is defined by
V() = sup{v(v; P) : P is a partition of [a, b]}.

Clearly, V(v) < M < cc.

Lemma 2.1. Let 7 : [a,b] — C be of bounded variation. Then,
1. If P, Q are partitions of [a,b] with P C Q, then v(y; P) < v(vy; Q).
2. If 0 : [a,b] — C is also of bounded variation and «, 5 € C, then ay + o is of bounded variation and
Viey + Bo) < [alV(v) + 8]V (9).
We omit the proof of the above, which is direct on using the triangle inequality on the definition of v(vy; P).

Lemma 2.2. If v : [a,b] — C is piecewise smooth, v is of bounded variation and

b
- / (1) dt.

Proof. Tt suffices to show the required in the case where 7y is smooth, since in general we can consider the refinement
of any partition that splits along the pieces along which - is smooth.
The right hand side is well-defined since ' is continuous. Let P = {a = tg < t; < -+ < typ—1 < t;, = b}. By

definition,
v(y, P) = Z Y (tk) = Y(tk-1)]
AR
m b
< Mdt= [ ¥ (t)|dt.
>/ /a :
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Therefore, V(y) < fj |/ (t)| dt, so v is of bounded variation.
Since ~' is continuous, it is uniformly continuous. So, if € > 0, we may choose §; > 0 such that

s—tl <6 = [Y(s) -7 ()] <e.

Also, let d3 > 0 such that if | P|| < d2, then

b m
| @l = 31l — teen)| < e
@ k=1
where 7 is any point in [tg_1, tx]. Therefore,

b m
/ O] < e+ 3 (0 — thr)
a k=1

tk
7e+2/ v (1) dt
k=1 |/ tk—1
m th m te
<erd | [T rm-vanal+ Y| [ v,
k=1 |/tr—1 k=1|/th—1

If | P|| < 6 = min(d1,02), then |y (1) — v/ (¢)| < € for all t € [ty_1,t;] and

m

b
[ @< et v —a)+ 3 it =t
@ k=1

=e(l+b—a)+V(y;P)<e(l+b—a)+V(y),

so we are done since 1 + b — a > 0 is finite and € can be made arbitrarily small. |

Theorem 2.3. Let v : [a,b] — C be of bounded variation and suppose that f : [a,b] — C is continuous. Then, there
exists a (unique) complex number Z such that for every ¢ > 0, there exists 6 > 0 such that when P = {tp < #; <
--+ <t} is a partition of [a,b] with ||P|| = maxi<g<m (tx — tk—1) <,

=) flm)(v(tn) — Y(te-1))| < €

=1

for any choice of points 7 with tx_1 < 73 < tg.
This 7 is called the integral of f with respect to 7 over [a,b] and is denoted by

= /:fdv— /abf(t)dv(t)

Proof. First of all, note that it suffices to consider the case where v is real-valued, since we can write v = v + ¢79,
where 71, v2 are real-valued, to get two integrals Z;,Zs (for 1, v2 respectively), and finally use the triangle inequality
toget Z =171 + 1Zs.

Since f is continuous, it is uniformly continuous. We can (inductively) find positive numbers §; > d2 > --- such
that if |s — t| < dm, |f(s) — f(t)| < 1/m. For each M > 1, let P, be the collection of all partitions P of [a,b] with
|P|| <8, 80 Py 2Py D+ D Py 2 ---. Finally, define F,, to be the closure of the set

Zf(rk)(v(tk) —Y(tg—1)) : P € Py and t—1 < 711 <ty
k=1
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Because Py 2 Py O - -+ it follows trivially that
Fi2F2---.
We claim that

2
diam F,,, < — . 2.1
fam P < V() 21)

If we do this, then Cantor’s Theorem (since C is complete) implies that there is precisely one complex number 7
such that Z € F,, for all m > 1. Then, for any € > 0, we may let m > (2/¢)V(y) so € > (2/m)V(y) > diam F,,.
Since Z € F,,, F,, C B(Z,¢). Therefore, § = ,, gets the job done.

So, we must show that

. 2
dlam{f('rk) ('y(tk.) - ’y(tk_l)) tPePpand tg_1 <71 < tk} < aV(’y).
To do this, if P = {to < --- < t,} is a partition, denote by S(P) a sum of the form >_ f(7%) (v(tx) — v(tk—1)) where

tp—1 < 1 <t for each k. Fixingm > 1,let P € Pp,. If P C Q (so Q € Py, as well), then

S(P) = S(Q)] < V(7).

We only show this in the case where @ is obtained from P by adding a single extra partition point (the general case
follows similarly). Let Q = {to <1 < -+ <tp_1 <t* <t, <---t,}. Ift,_1 <o <t*and t* <o’ <t,. Then,

S(@Q) =D Flo)(v(te) = v(te—1)) + f(0) (V(E7) = ¥(tp-1)) + F(0") (v(tp) = (")) -
k#p

Then, using the definition of d,,,

1S(P) = S(@Q)] = > (f(m) = flow)) (v(t) = Y(tx-1))
k#p
H (1) (1(tp) = (tp—1)) = [(@)(V(t") = v(tp-1)) = F() (4(tp) — ()]
< = " Rt = (twa + | (F5) = 1) (1) = 1(tp-0) + (1) = F(0") (5(t5) = 2(27)|
k#p
< =S halt) — o)+ - ) = 0]+ o () — ()
k#p
< V()
Next, let P, R be any two partitions in P,,, and Q = P U R a partition that contains P and R. Using the first part,
1S(P) = S(@) < [S(P) = S(@) +[5(Q) = S(R)| < %V(W)
It follows that the diameter of the set of interest is at most (2/m)V (), completing the proof. |

Theorem 2.4. Let f,g be continuous functions on [a,b] and let v, 0 be functions of bounded variation on [a, b].
Then for any scalars a;, 3,

/ab(aerﬁg)dv:a/abderﬁ/abgdv

/abfd(awrﬁa) =a/abfd’v+ﬁ/abfda-
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Proposition 2.5. Let v : [a,b] — C be of bounded variation and let f : [a,b] — C be continuous. If a =ty < t; <

coo < tp_1 <t,=>o, then
b n tr
[ra=>[" ran
a k=1"1tk—1

We omit the proofs of the above.
Theorem 2.6. If v is piecewise smooth and f : [a,b] — C is continuous, then f; fdy= f: F@)y (t)dt.

Proof. 1t suffices to consider the case where v is smooth by Proposition 2.5. Also, by looking at the real and imaginary
parts of v separately, it suffices to consider the case where ~ is real-valued on [a, b]. Let € > 0 and choose § > 0 such
that if P ={a=1to <t1 <---<t, =0} has ||P|| <4, then

b n
| 0= Y 0 - 2t-)| < o2
a k=1

and
b n
[ @ =3 fm e~ )| < ¢/2
a k=1

for any tx_1 < 7 <ty for each k.
Applying the mean value theorem on 7 (this requires that v be real-valued), one gets that there exists 7 € [tr—1, tk]
for each k such that

V(te) = Y(te-1)

/
Tk) — ——F——————————.
v (7k) ——

Using these 7 specifically,

b n
| =Y s e - )| < /2
a k=1

/ fan - / o 0 ar

completing the proof. |

SO

< €,

2.2. Integrals On Curves

Definition 2.4. « : [a,b] — C is called a rectifiable path if it is continuous and of bounded variation.

Note that if v is piecewise smooth, then it is rectifiable and its length is

b
/ Y (1)) dt = V(7).
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Definition 2.5. If «y : [a,b] — C is a rectifiable path and f is a function continuous on {7}, then the (line) integral
of f along ~ is

b
/ FOv() dn(2).

Lf—Lﬂam.

This line integral is also denoted as

Lt

For example, if v : [0,27] — C as v(t) = e**,

1 2
/ —-dz = / e " (wett) dt = 2.
v % 0

2m 2 2m
/ z2Mdz = / e (rett) dt = L/ cos((m + 1)t)dt — / sin((m + 1)t) dt = 0.
5 0 0 0

and

Theorem 2.7. If v : [a,b] — C is a rectifiable path and ¢ : [¢,d] — [a,b] is a continuous non-decreasing function
with ¢(c) = a, ¢(d) = b, then for any function f continuous on -,

[vf: voxof.

Remark. The above uses the fact that o ¢ is also rectifiable (Why is this true?).

Proof. Let € > 0 and choose §; > 0 such that for a partition {sg < $1 < -+- < s} of [¢,d] with (sg — sk—1) < 1 and
any sig—1 < 0 < Sk,

[ =3 ste0e0) - e e)s-)| < /2
oy k=1

Similarly, choose d2 > 0 such that for a partition {tg < ¢1 < -+ < t,;,} of [a,b] with (¢ —tr—1) < d2 and tx_1 < 73 < ti,

[1=3 1600 = fortt-)| < /2
v k=1

Since ¢ is uniformly continuous on [c,d], there exists ¢ > 0 less than §; such that |p(s) — ¢(t)| < d2 whenever
|s —t] < 4. So, if {sg < $1 < -+ < 8,} is a partition of [¢,d] with (s — sk—1) < § < 01 and t = @(sg), then
{to < t1 < -+ < t,} is a partition of [a,b] with (tx —tp—1) < d2. If sp_1 < o < s, and 7, = ¢(0}), then we can use
the two earlier inequalities to conclude that
o]
gl vop

completing the proof. |

<€,

Definition 2.6. Let 7 : [a,b] — C be a rectifiable path, and for a <t <, set |v|(t) = V(v;[a,t]). That is,
|v|(t) = sup Z |y(tr) — v(tk—1)] : {to < t1 < --- < t,} is a partition of [a, ]
k=1

Clearly, || is increasing on [a,b] and of bounded variation. In fact, V/(|v[; [a,b]) = |7](b) — |v|(a). If f is continuous
on [a,b], define

b
/ flde] = / SO/t AP ().
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Theorem 2.8. Let 7 : [a,b] — C be a rectifiable curve and suppose that f is a function continuous on {7y}. Then,

/Wf/wf (2.2)

< / Fllde] < V) sup{£(2)] : 2 € {1}, (2.3)

where y~1(t) = y(a + b — 1),

Lf

and for ¢ € C,

Lf(z) ds — /wc £z — ¢)dz. (2.4)

Proof. Equations (2.2) and (2.4) follow near-directly from the definition, so we prove only Equation (2.3). Let € > 0.
Then, there exists 6 > 0 such that if P = {to <1 < ---t,} is a partition of [a,b] with ||P| < J, then

Lf(z) dz

for any t;_1 < 7 < tg. That is,

- <|[ £ = 3 1m0 —1-0)| < o2
vy k=

1

D FOE) () = A(tk-1))
k=1

n

FOrm))(v(te) = (te—1))| + €/2

/Wf(z) dz

E

=1

NE

|Fv(m))| [ (tx) — v (tr—1)] + €/2.

=

=1
We may also assume that for this same 9,

n

DI GENIYI(ER) = IyI(Er-1)) < / £ (2)]ldz] + €/2.

k=1

Recall that |y|(t) is an increasing function. So,

V() = Y I(te—1) = |v(tk) = y(tk—1)]

Lf(z) dz

Therefore,

<D Q@D (1) = (1)) + €/2
k=1

< / )] + e

Lf(z) dz

[ 1l =1l = hl@ = e = Ve,

It follows that

< / ()]

To conclude the proof, note that

SO

/ G < V() sup [£(2)]

ze{v}
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Lemma 2.9. If G is an open set in C, v : [a,b] — G is a rectifiable path, and f : G — C is continuous, then for
every € > 0 there exists a polygonal path T' in G such that I'(a) = y(a), T'(b) = v(b), and

LfAf

Proof. We prove the result in the case where G is an open disk. In the general case where G need not be a disk,
since {7} is compact, there exists a number r with 0 < r < d({v},9G). Choose ¢ > 0 such that |y(s) —y(¢)| < r
when |s —t| < §. The idea is that we shall take several smaller disks and stitch together the polygonal paths on each
of these sections.

If P={ty <t1 <---<t,} is a partition of [a,b] with ||P|| < J, then |y(tx) — v(tk—1)| < r for tx_1 <t < t;. That
is, if vy : [tk—1,tk] — G is defined by vi(t) = v(¢), then {yx} C B(y(trk-1),7) for 1 < k < n. Getting a polygonal

path Fk for each k such that
/’y /
k k

<€

< ¢/n,

defining I'(t) = T'x(t) on [tx_1, tx] does the job.

Now, let us prove the result in the disk case.

Because {7} is a compact set, d = d({v},0G) > 0. It follows that if G = B(ec,r), then {y} C B(c,p) where
p=r—d/2.

Now, observe that f is uniformly continuous on B(c, p) C G. Thus, we may assume without loss of generality that f
is uniformly continuous on G. Now, choose § > 0 such that if |z — w| < §, then |f(z) — f(w)| < e. If v :[a,b] — G,
then 7 is uniformly continuous so there is a partition P = {tg < t; < -+ < t,} of [a,b] such that if t;_1 < s,¢ <,
|7(s) —~v(t)| < 6, and such that for t_1 < 73 < tg,

[ 5= 166600 -1t <
v k=1

Now, define T : [a,b] — G by
(tk — t)Y(th—1) + (t — ts—1)v(tx)

I'(¢t) =
®) tp —tg—1

if tx_1 <t < tg. This is the polygonal path we shall consider. Indeed,

I(t) = 9(n) = 75— (0{ti-1) = 9(m) + e (3(0) = 9(m)
tpy — 1 th—1
IT(t) — ()| < tktk—l’ "Y(ka) - 7(%)! + et ’ (tr) V(Tk)‘
< "Y(tk—l) - ’Y(Tk)| + }’y(tk) - ’}/(Tk)| < 26.
Thus,

Af:/?@@ﬁﬁﬂt

_27 t’”/ F(D(t)) dt

tp —lp—1
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and
Lf—AfF:Lf—%%ﬂ%mﬁh@@—%mqﬂ-Fg;ﬂ%m»W@w—%mqﬂ—Af
< et [ FOmDO0) b)) - [ 1
k=1 r
<o Y DIt [ y4r0) — fr (et
=1 k k—1 tre—1
Seted y(te) = v(tr-1)l
k=1
< e(1+ V()
which can be made arbitrarily small, thus completing the proof. |

The following can be thought of as an analogue of the Fundamental Theorem of Calculus for complex functions.

Theorem 2.10. Let G be open in C and 7 be a rectifiable path in G with initial and end points «, 8 respectively.
If f: G — C is a continuous function with a primitive F': G — C (F is differentiable and F’ = f), then

Afﬂ@Fw)

Proof. When ~ : [a,b] — C is piecewise smooth,

b
/fz/f@@h%ﬂt

b
:/zwwmvwa

a

b
:/ (Fon)(t)dt
= (Fov)(b) — (Fov)(a) (by the Fundamental Theorem of Calculus)
— F(8) - F(a).

In general, we may use Lemma 2.9. For € > 0, let I' be a polygonal path of the described form. Since I' is piecewise
smooth, [. f = F(8) — F(a), so

/f—UW%—FmD

Since € was chosen arbitrarily, the desideratum follows. |

The fundamental theorem of calculus says that each continuous function has a primitive. However, this is not true
for functions of complex variables. For example, letting f(z) = |2|?, if F is a primitive of f, then F is analytic. So,
if F=U+.V, 2% +y? = F'(x + 1y). Consequently,

oU oV

ov _ oV . _ 2, 2
Ox dy Tty
o _ov |
oy  ox

However, %—(y] = 0 implies that U(z, y) = u(z) for some function u, which implies that «'(z) = 2%+y?, a contradiction.
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2.3. Power series representation of analytic functions

Recall the following result which we had used in the proof of Theorem 1.11.

Theorem 2.11. Let ¢ : [a,b] X [¢,d] — C be a continuous function and defined ¢ : [c,d] — C by

b
g(t)z/ (s, t)ds.

Then g is continuous. Moreover, if %—f exists and is a continuous function on [a,b] X [c,d], then g is continuously

differentiable and X
g0 = [ 5 (s)ds.

This is referred to as the Leibniz rule.
For example, this may be used to prove that if |z| < 1,

2
™ eLS
= 2.
o €e¥—z

To do so, let o(s,t) =e"*/(e*®* —tz) for 0 <t <1 and 0 < s < 2m. Observe that ¢ is continuously differentiable since
|z] < 1. Thus,

27
mwz/ o(s,1) ds

0
is continuously differentiable. Since ¢(s,0) =1, g(0) = 27. Now,

27
Iy
/
g'(t) = (s,t)ds
2m Ls
ze
= ———ds.
/0 (eLS _ tZ)2 §
For fixed t, ®(s) = zt/(e*® — tz) satisfies
Lz ze*?
(I)/ - " et =
() (ets —tz)? ke (ets —tz)?

Therefore, ¢'(t) = ®(27) — ®(0) = 0, so g is a constant and g(t) = ¢g(0) = 27 for any ¢, 1 in particular.

Theorem 2.12. Let f : G — C be analytic and suppose that B(a,r) C G for some 7 > 0. If v(t) = a + re‘* for

0 <t < 2m, then
_ 1 [ f(w)
ﬂ”—%nlwzm“

for |z —a| < r.

Proof. Defining G1 = {(z —a)/r: z € G} and g(z) = f(a + rz), it suffices to consider the case where a = 0 and
r=1.
Fix z with |z| < 1. It must be shown that

f(Z)ZAﬂLAf(w) dw == 2ﬂwds.

w—z 2 Jo et —z
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That is, we want to show that

27 LS\ LS
0= Mds—%rf(z)
0 ets —z

_ /O% (fe(e_)ez - f(z)) ds.

For this, let

for0<t<1land0<s<2m, and

We wish to show that g(1) = 0. Observe that

2 27
f(z)eLS / LS
9(0) O f(2) P mf(2)
Also,
27
‘= [ L2, 0)d
g0 = [ G0
27 ebs
= / e F(z+te® —2))(e”® —2)ds
0 _
27
= e f(z+t(e” %)) ds
0
s=27
1 LS
= ;f(z—&—t(e‘ - 2))
s=0
p— 0,
completing the proof. [ ]

If |z — a| < r and w is such that |w — a| = r, then

since |z —a| < |w — al.
Now, multiplying by f(w)/2m and integrating around the circle v defined by |w — a| = r, we get that

o0

f(z) = f - Z Z__;;)H dw.

R i=

But how do we simplify the right hand side? We do not know (yet) that the integral and summation may be switched.
So, let us get to showing this.

Lemma 2.13. Let 7 be a rectifiable curve in € and suppose that F}, and F are continuous functions on {v}. If (F,)
uniformly converges to F' on {7}, then

F— lim F

n—oo
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Proof. Let € > 0 and let N € N such that

for n > N. This implies that

for n > N, completing the proof. |

Theorem 2.14. Let f be analytic on B(a, R). Then,
f) =) an(z—a)"
n=0
for all |z — a| < R, where a,, = f)(a)/n! and this series has radius of convergence at least R.

Proof. Let 0 < r < R such that B(a,r) C B(a,R). Let y(t) = a + re'* (0 <t < 2m). Since |z —a| < 7, if
M = maxe{| f(w)] |~ af =1}, )
el o (1: el

|w —alrtt  — r r

Since |z —a| < r,
- (z—a)"
R

converges uniformly for w on {y}. By the discussion before the previous lemma together with the lemma itself,

=3 (2; / M) (2 —ay. (+)

1 f(w)
an_2m[/(w—a)"+1dw'

is independent of z, () converges for |z —a| < R. However, we now know from Theorem 1.6(c) that a,, = ™ (a)/n!,
completing the proof. |

Since

Corollary 2.15. If f is analytic on B(a, R),

£ (a) L'/ (w Ji(:f))nﬂ dw

- 2L

where v = a +re‘t and r < R.
Corollary 2.16. If f : G — C is analytic, then f is infinitely differentiable.

Indeed, this follows directly from the previous corollary. That is, continuous differentiability implies infinite differ-
entiability.

Corollary 2.17 (Cauchy’s Estimate). Let f be analytic on B(a, R) and suppose |f(z)| < M for all z € B(a, R).

Then ‘M
@) <
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For » < R, so we get that

! ! M n!M
g <™ [ @l o ont Mo
[/ @)l < 271'[Y |w fa\’”l‘ = 27 pntl " rn

Since r < R is arbitrary, we may let r — R™.

Proposition 2.18. Let f be analytic on the disk B(a, R) and suppose that - is a closed rectifiable curve in B(a, R).
Then [ f=0.
¥

Proof. Due to Theorem 2.10, it suffices to show that f has a primitive. We know that
f2)=2 an(z—a)"
n=0

for |z — a| < R, where a,, = f"(a)/n!. Consider the function

an
n+1

F(z)= (z—a)z

n=0

(z—a)™.

Since lim,, o (n + 1)/ = 1, this power series has the same radius of convergence as 3" a,,(z — a)™. Therefore, F is
defined on B(a, R). Moreover, F'(z) = f(z) for |z — a| < R by Theorem 1.6(b), completing the proof. ]

Definition 2.7. An entire function is a function which is defined and analytic on the whole complex plane C.

Proposition 2.19. If f is entire, then it has a power series expansion with infinite radius of convergence.

Therefore, entire functions may be considered as polynomials of “infinite degree”. Polynomials of finite non-zero
degree are typically unbounded. These two insights lead to the following result.

Theorem 2.20 (Liouville’s Theorem). If f is a bounded entire function, then f is constant.

Proof. Suppose that |f(z)] < M for all z € C. We shall show that f' = 0. By Cauchy’s Estimate, since f is analytic
on any disk B(z, R), |f'(2)| £ M/R. However, R is arbitrary so f’(z) = 0 for any z € C. [ |

Exercise 2.1. If f is an entire function that is bounded above by A+ B|z|™ for some positive A, B € R for sufficiently
large |z|, show that f is a polynomial of degree at most n.

Theorem 2.21 (Fundamental Theorem of Algebra). If p is a non-constant polynomial with coefficients in C, then
there exists a € C with p(a) = 0.

Proof. Suppose p(z) # 0 for all z € C. Consider the entire function f(z) = 1/p(z). This function is then bounded as
p(z) goes to oo as z goes to infinity. By Liouville’s Theorem, f (and thus p) is constant, which is a contradiction. W

Due to the above, C is an algebraically closed field.

Corollary 2.22. If p(z) is a polynomial and its roots are (p;) with multiplicity k; (for 1 < j < m), then p(z) =
C(z —a1)" (2 —az)*2 -+ (2 — ay,)* for some constant C, where > k; is the degree of p.
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Given the fundamental theorem of algebra, it is easy to show that any non-constant polynomial p on C is surjective
and analytic. On the other hand, we know that the map z +— e* is an entire function but there is no b € C such
that e®* = 0. So, power series (“polynomials of infinite degree”) cannot be thought of in the same way as ordinary
polynomials (of finite degree). In fact, given a non-constant entire function f, there exists at most one a € C that is
not in the image of f. This is referred to as Little Picard’s Theorem.

Theorem 2.23. Let G be a connected open set and f : G — C be analytic. Then, the following are equivalent
statements.

(a) f is identically zero.
(b) There exists a € C such that for all n >0, ™ (a) = 0.
(¢) {z € G: f(2) = 0} has a limit point in G.

Proof. Clearly, (a) implies (b) and (c).

Next, let us show that (c) implies (b). Let a € G be a limit point of the zero set of f. Let R > 0 such that
B(a, R) C G. Since a is a limit point of z and f is continuous, f(a) = 0. Let n > 1 such that f®*)(a) =0 for k < n
and f(™(a) # 0. Expanding f as a power series about a gives that

oo

f)=) a(z—a)

k=n

for |z —a] < R and a,, # 0. Let
e}
g9(z) = > ar(z—a)* "
k=n

Since g is continuous in B(a, R) and g(a) # 0, let » < R such that g(z) # 0 when |z — a| < r. Since a is a limit
point of z, there exists b with f(b) = 0 and 0 < |a — b| < r. This gives 0 = (b —a)"g(b), so g(b) = 0, a contradiction.
Therefore, no such n can be found and (b) is true.

Finally, let us show that (b) implies (a). Let

A={zeG: fM(z) =0 for all n > 0}.

By the definition of (b), A # @. We shall show that A is both open and closed in G, and by the connectedness of
G it follows that A is the entirety of G. Showing that A is closed is direct — if z € A and (zi) a sequence such that

2k — 2, then since each f(*) is continuous, f((z) = lim (™ (z;) = 0 for all n > 0, and so z € A. On the other
hand, if a € A, we can write f(z) =Y .-, %(z —a)"” =0 on B(a, R) (for some R > 0), so B(a,R) C A and A
is open, completing the proof. [ |

Corollary 2.24. If f, g are analytic on a region G, then f =g iff {z € G: f(2) = g(2)} has a limit point in G.

Corollary 2.25. If f is non-trivial and analytic on an open connected set GG, then each zero of f has finite multiplicity.
More explicitly, for each a € G with f(a) = 0, there is an integer n > 1 and an analytic function g : G — C such
that g(a) # 0 and f(z) = (z — a)"g(z) for all z € G.

Corollary 2.26. If f : G — C is non-trivial and analytic, and a € G with f(a) = 0, then there exists R > 0 such
that B(a, R) C G, and f(z) # 0 for all 0 < |z — a| < R.

The above follows from the fact that the zeros of f are isolated.

Theorem 2.27 (Maximum Modulus Theorem). If G is a region and f : G — C is an analytic function such that
there is a point a € G with |f(a)| > |f(z)| for all z € G, then f is constant.
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That is, if | f| attains its maximum, f is constant.

Proof. Let B(a,r) C G and 7(t) = a + re‘t for 0 <t < 2. Then,

-3 L2

1 2

=5 ; fla+ret)dt.
Therefore,

1 27

F@I< o [ 1t retldt <[5

T Jo

and o
0= [ (#@] - Ifa+ e
0

Since the integrand is continuous and non-negative, |f(a)| = |f(a + re't)| for all ¢ € [0,2x]. If f(a) = 0, we are

clearly done. Otherwise, since r was arbitrary, f maps any disk B(a, R) to the circle |z| = |f(a)|. It may then be
shown using the Cauchy-Riemann equations that f is constant on B(a, R) and is equal to f(a) for all |z —a| < R.

Therefore, f(z) = f(a) for all z € G since the zeros of f — f(a) are not isolated.
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§3. Integrals along closed curves

3.1. Winding Number
Recall that

1
/ dz = 2mn
yZ—a

if v(t) = a + €™ for t € [0,27r]. However, this property is not peculiar to the path ~, as shown by the following
result.

Theorem 3.1. If v : [0,1] — C is a closed rectifiable curve and a ¢ {v}, then

1 1

2T yZ—a

dz

is an integer.

Proof. Using Lemma 2.9, we may assume that 7 is piecewise smooth (Why?).
Let us assume that v is smooth. Define g : [0,1] — C by

A (s) .
o0 = [ s

Then, g(0) =0 and ¢g(1) = f,y 1/(z — a) dz. We also have that

for 0 <t < 1. This gives that

(790G - a)) = O (1) — g (B O (2 (1) — a) =

Therefore,
e 9O (1(0) —a) = eV (3(1) — a).

Because v(0) = (1) (the curve is closed) and g(0) = 0, g(1) = 2mun for some integer n. In the case where ~y
is piecewise-smooth, we can define g by integrating over each of the smooth intervals and the result follows near-
identically. ]

Definition 3.1. If 7 is a closed rectifiable curve in C then for a & {v},

1 1
n(v;a) = / dz
%

21 zZ—a

is called the index of v with respect to the point a. It is also sometimes referred to as the winding number of ~
around a.

Recall the definition of y~! from (2.2), also denoted —v. If v and o are curves on [0,1] with (1) = ¢(0), v+ o is
the curve

~(28), 0<t<1/2,

o2t —1), 1/2<t<1.

(y+0)(t) = {
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Proposition 3.2. If o, are closed rectifiable curves with the same initial (and final) points, then
n(v;a) = —n(—7;a) (3.1)

for all a & {7} and
n(y +o;a) = n(y;a) + n(o;a) (3.2)

for all a € {o} U {7}.

We omit the proof of the above.

The reason for n(-; -) being called the winding number is clear from what happens in the case of a circle. For a+e2™"t

then n(y;a) = n is the number of times this curve “winds” or “wraps” around a. In fact, if |b — a|] < 1, n(y;b) =n
and if |b —a| > 1, n(y;b) = 0.

Recall that the components of a set are its maximal connected subsets.

Theorem 3.3. Let v be a closed rectifiable curve in C. Then n(v;a) is constant for a belonging to a component of
G = C\ {v}. Also, n(y;a) = 0 for a belonging to the unbounded component of G.

Remark. Since {7} is compact, the connected set {z : |z| > R} C G for sufficiently large R, so  has precisely one
unbounded component.

Proof. Define f: G — C by f(a) = n(v;a). If we manage to show that f is continuous on G, we are done since the
image of this map is a subset of the integers and each component is connected by definition, so f is constant on each
component.

Recall that components of G are open. Fix a € G and let r = d(a, {v}) > 0. If |a — b| < 6 < r/2 (we shall fix § more

precisely later), then
1 1
L)
s\z—a z-b

-b 1
<o |/ ],
2r Jy |z —allz = b

By definition, |z — a| > r for any a € {v} and |z — b| > |z — a|] — |a — b] > /2. So,

— 2
u/7d2|
27 4T

0

V(7).

1

(@)= FO) = 5

IN

[f(a) = £(b)]

IN

mr2

For a given € > 0, setting § = min{r/2, err?/V ()} does the job, completing the first part of the proof.

It remains to show that lim, o, f(a) = 0 (Why does this imply the required?). Let U be the unbounded component
of G. For a given R > 0, let a € U such that d(a;v) > R. Then,

@) = e [ |1l < 5o [ 1ol = 52

2rR
R can be made arbitrarily large (as a — 00), so we are done. [ |

1

zZ—a

Now, one would expect to see that for a “nice” f defined on a nice region G, for closed rectifiable paths ~, fv fis

zero. Indeed, this is evidenced by how we saw that n(vy;a) is zero on the unbounded component of C\ {v}. Even
before that, we had seen that fﬁ/ f=0if f: G — C is analytic, v is a closed rectifiable curve, and G = B(a, R).
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It turns out that the last of the above statements is true for a more general class of regions, not just disks. It is not
true on any region however, since the winding number of a path about a point can be nonzero. It turns out that this
winding number situation is the only real problematic case, and we shall see in Cauchy’s Theorem that this “general
class of regions” is the set of regions without any “hole”.

On the other hand, one may ask the question: for a fixed domain G and f analytic on G, for what v inside G is

S, f=0?

Lemma 3.4. Let v be a rectifiable curve and suppose ¢ : {7} — C is continuous. Then, for each m > 1, defining

F,, is analytic on C\ {7} and F} (z) = mF,,+1(2).

Note that this matches the power series expansion for a general function we had got earlier, where a,, which is
related to the nth derivative of f at that point, was evaluated as an integral of the above form.

Proof. Let us first show that F), is continuous for each m. Let a € C\ {y}. We have
1

E*”‘“*”ZL@ﬁOQw—@m )
:/7<w1 w — a>§:1 w— z)™ 1(w_a)k p dw
/ =ra é w— 2)m k+1< —a)F dw (3.3)

So,

Fn(e) = Fula)] < | lotw)lz - w}jm)sz1Hw el

Since ¢ is continous on {v} and {7} is compact, there exists M > 0 such that |p(w)| < M for all w € {v}. Because
a & {v}, r =d(a,{v}) > 0. Let § < r/2. Then, for z € C\ {7y} with |z — a|] < §, we have that |w — z| > r and
|lw—a| > |w—z|—|z—a|l >r/2. So,

m 1
|F(2) — Fr(a S/(pw z—a — dw|
(a)] 7\ (w)l| |;|w_z|m+1 k‘w_a‘}c‘

m 1
= M§S E dw
A :\w—zm+kﬂwfaw"

< Mé |cw|
m+1
vkl ﬂ
2 m—+1

Taking § appropriately small, we are done with the first part of the proof.
Now, let us show the differentiability of F,. Rewriting (3.3),

Fm() < a)_k
z—a ;/ fzm“kdw'
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The limit of this as z — a is clearly well-defined, so F,, is differentiable. Because a & ~ by definition, each of the m
integrands above is a continuous function of w.
Therefore,

lim
z—a z—a

=S v = o) .

Definition 3.2. If v is a closed rectifiable curve and G is a region, we say that v is homologous to 0 on G and write
v~ 0in G if n(y;w) =0 for all w € C\ G.

Theorem 3.5 (Cauchy’s Integral Formula, version 1). Let G be an open subset of C and f : G — C be analytic. If
v~ 0 in G, then for a € G\ {7},
1 [ f(z)

27 v Z—G

dz = n(v;0)f(a).

In particular, if n(v;a) = 0, the integral on the left is zero.

Proof. Define p: G x G — C as

1) 4,
zZ,w) = zmwo 7
R V7 N

Observe that if we show that fv p(z,w)dz =0, then

50 [ = [

~

which implies the required since the left-hand side is just 2mn(v; 2) f(2).

It is not too difficult to show that ¢ is continuous G x G (this uses the continuity of f!).

Fix some w € G. We shall first show that 1),, that maps z — ¢(z,w) is analytic on G. First, let us check at a # w.
We have

o Placthow) = plaw) 1 (f(a +h) —f(w) _ fla)- f(w))
h—0 h h—0 h a+h—w a—w
i <<a —w)(f(a+h) = f(w)) = (a = w)f(a) = hf(a) + (a+h - w)f(w)>
h—0 h (a+h+w)(a—w)

Lol <<a — w)(f(a+h) - f(a)) = h(f(a) - f(w)>>

h—0 h (a+h—w)(a—w)
v = 2 - L= I0))

Since f is analytic, ¥, is analytic on G \ {w}.
For a = w on the other hand,

. 30(w+h>w)_‘p(w7w) .1 f(w+h)_f<w) /
A h W0 h ( h -1 (“’)>
. flw+h) = f(w) = hf'(w)
- iy 00
W, (w) = 5 " (w),

2
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where the final step is direct on using the fact that f has a power series expansion on some B(w, ) for small r.
Checking that 1, is analytic at G is not too difficult on using the power series expansion of f about w (we in fact
get a limit similar to (3.4)).

So, we now have that 1, is analytic. Define

H = {weC:nlyw) =0},
By Theorem 3.3, H is open. Moreover, G U H = C. Define g : C — C by

7 fz/)w Ydw, z€G
9(2) = W) qu,  ze H.

v w—=z

We shall show that g is bounded and entire, and thus constant. If we then show that lim, . g(z) = 0 (this involves
only the second part of the definition of g), we have g(z) =0 on G as well, which is exactly what we want.
Boundedness of the first part is straightforward as G may be assumed to be bounded. For the second part,

|f (w) ‘dw|_M/

7|w—z|

where M is the supremum of f. However, the integral is clearly bounded, and the integrand (so the integral) may
even be made infinitely small as z — oco. If we show now that ¢ is entire, then g is zero everywhere on C and we are
home. |

Theorem 3.6 (Cauchy’s Integral Formula, version 2). Let G be an open subset of C and f : G — C be analytic. If
Y1 .-, Ym are closed rectifiable curves in G such that >, n(yx;w) =0 for w € C\ G, then for a € G\ J, {7},

m 1 m
Zﬁ z—a ;n%,

The idea of the proof is very similar to that of Cauchy’s Integral Formula, version 1, with the only difference being
that we define
H={z€eC: Zn(%;z) =0}
k

and

(2) = S 1fv W) qu, =z € H,
P E W—2z
g Yooz, w)dw,  ze€G.

Corollary 3.7 (Cauchy’s Theorem). Let G be an open subset of C and f : G — C be analytic. If (y4)}", are closed
rectifiable curves in G such that ), n(yx;w) =0 for w € C\ G, then

| f=o.

k=1"7k

The above follows directly from Cauchy’s Integral Formula, version 2 on setting g(z) = f(2)(z — a) for some a €
G\ Up{} Indeed, such an a exists since | J, {7} is a finite union of compact sets so is closed and bounded, but
G is open (if it is closed, it must be C, which is not bounded).

In fact, we may even prove Theorem 3.6 from Corollary 3.7 by using it on the analytic function

f(z)—f(a)7 2+ a,
g(Z) - f/(a), 2 = q.
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Going back to Lemma 3.4, we have that

for z € G\ {7}. The result there says that
1
F™) (q) = m!—/ ) dw.
2me ), (w —a)m+t
Further,
FU™(a) = n(v;a) "™ (a)
since n(7,-) is constant on components.

Theorem 3.8. Let G be an open subset of C and f : G — C be analytic. If (y;))7, are closed rectifiable curves
in G such that ), n(yx;w) =0 for w € C\ G, then for a € G\ U{w} and r > 1,

m

1 w
Fa)d (s a) =7 ; om [Yk (w f(a)>r+1 dw.

k=1

Theorem 3.9 (Morera’s Theorem). Let G be a region and f : G — C be continuous such that for any triangular
path T in G, [ f = 0. Then f is analytic.

Above, a triangular path is a closed polygonal curve that consists of three “edges”. That is, it looks like a triangle.

Proof. Tt is enough to show that f is analytic on each open disk contained inside G, so assume wlog that G is an open
disk B(a, R). We are done if we find a primitive F' of f. Indeed, this would mean that F, and thus f, is analytic.
For z € G, define

F(z) = f;

[a,2]

where [a, 2] is the segment joining a and z. More concretely, [a, 2] is the curve given by
V() =a+t(z—a)

for ¢t € [0, 1].
Fix some 2y € G. We shall show that F’(zo) = f(20) For any z € G,

F(z) = /H f+ /H f=F(z0)+ /H 3

Flz) = F(2) _ 1 /[ ]f

Then,

Z— 20 Z— 20

= f(20) +

/z )~ fla)aw

Now, fixing € > 0, use the continuity of f to get 6 > 0 such that if |20 — w| < §, then |f(z9) — f(w)| < e. Then, when
|20 — 2| < 0,

zZ— 20

F(z) = F(=)
zZ— 20

1
<
|z — 20| [

— f(20)

|f (w) = f(20) | dw]|

20,2]

1

< €|dw]
|z — 20|

[20,2]

:67

completing the proof. |
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Recall Corollary 2.25. Similarly, if ay, ..., a are the zeroes of f (repeated according to multiplicity), then

f(z) = (z—a1)(z —az) -~ (z — ar)g(2),
where g(a;) # 0 for all i. Therefore,

"(z 1 1 1 "(z
FE g
fz) z—a1 z-—as z—ar  9g(2)
Proposition 3.10. Let G be a region and f an analytic function on G with finitely many zeroes a1, ..., ay (repeated

according to multiplicity). If v is a closed rectifiable curve in G that does not pass through any a; and v~ 0 on G,

then P
z
5 T dz = ;n(’y;aj).

We do not prove the above since it follows directly from the prior discussion and Corollary 3.7.

Corollary 3.11. Let G be a region and f an analytic function on G with finitely many points a,...,a; with
f(a;) = a. If v is a closed rectifiable curve in G that does not pass through any a; and v~ 0 on G, then

w7 _adz-z (:ay).

The above follows directly on applying the previous proposition to f — a.

Recall that if v : [0,1] — G is rectifiable and f : G — C is analytic, then o = (f o ~) is rectifiable.
Suppose we further have that v is closed and smooth and v~ 0 in G. Let « € C\ {o}. Then,

ISP RY S SN b O
n(o; ) 2mL /G w—ad 2me F(v@) — 27TL/ f(z)—a’

which we just evaluated above. As might be expected, this is in fact true for any closed rectifiable ~.

What about the scenario of Corollary 3.11 where f has infinitely many zeroes in G? By Theorem 2.23; any limit
point of the zero set Z(f) of f is in OG. Since G is open, 0G NG = &.
We shall show that

Z(f)N{z €Cinly;2) £0} C G

H

is finite, so Corollary 3.11 is still true, since all but finitely many of the terms are zero.

Observe that H is closed and bounded in C, and is thus compact. Further note that since the zeroes of f are isolated,
Z(f)N H is a discrete closed subset of H. But any discrete compact set is finite(!), so we are done.

Therefore, even in the infinite zero case of Corollary 3.11, we have

') _
Tm . f(Z) dz—Zn('y,a),

where the sum is over all points in Z(f), taken with multiplicity.

Proposition 3.12. Let f : G — C be analytic and non-constant, « € f(G) \ {c}, and v ~ 0 in G is such that
n(y;a) = 1 for all @ € f~(a) (this also assumes that {7} does not contain any such a). Then, f(G) contains the
component of C\ {0} containing «, where o = f o ~.

Proof. Let 8 belong to the mentioned component. We must show show the existence of a z € G with f(z) = f.
By Theorem 3.3, n(o; ) = n(o; ). The first quantity is equal to m = ), n(v; zx(a)), and the second is equal to

= ; f{ gz) dz, where zj(a) are the finitely many points inside G for which n(v; zx(«)) # 0 and f(zx(a)) = . Note

that m # 0 by the n(y;a) = 1 condition. If 8 ¢ f(G), then the function z — f'(2)/(f(z) — ) is analytic on G.
Since v =~ 0 on G, this must then be zero by Cauchy’s Theorem so we have arrived at a contradiction, proving the
claim. |
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Further note that above, we get that the number m of points zj(«) (taken with multiplicity) is equal to the number
of point zx ().

Lemma 3.13. Suppose f is analytic and non-constant on B(a, R). If f — « has a zero at a of order m, then there
exist €,0 > 0 such that for 0 < | — «| < ¢, the equation f — ¢ has exactly m simple roots in B(a,€).

This also implies that f(B(a,¢)) 2 B(a,d).

Theorem 3.14 (Open Mapping Theorem). Let G be a region and let f be a non-constant analytic function on G.
Then for any open U C G, f(U) is open in C.

Proof. Fix a € f(U). We shall demonstrate the existence of § > 0 such that B(«,d) C U. Since a € f(U), let a € U
such that f(a) = a. There also exists R > 0 such that B(a, R) C U. The result directly follows on using the remark
after the previous lemma. [ |

Theorem 3.15 (Goursat’s Theorem). Let G C C be open and f : G — C be differentiable. Then, f is analytic.

Proof. 1t suffices to consider the case where G is an open disk. By Morera’s Theorem, it suffices to show that fT f=0
for any triangular curve T in G. Fix some such T = [a, b, ¢, a], and let A be the closed set formed by its convex hull.
Joining the midpoints of each side of T', we get four triangles (A;)%_; as follows. Let T; = 0/\; be paths having the

following ‘directions’. Then,
4
=y

/Tm f‘ B /Tf|

Observe that ¢(T;) = (1/2)¢(T) and diam(A;) = (1/2) diam(A). Now,

/Tf‘ =4 /Tmf"

We may perform the same process on T() to get T2, and in general on T™ to get T+1). This sequence of triangles
is such that if A = Conv(T("), then

Let T € {T;}%_, such that

ADDOAR o A DL

/ f’szx / f’7
T(n) T(n+1)
1

Ty = %é(wm and diam(A™+Y) = 3 diam(A™).

/Tf‘<4” |1

() = S (T),

This yields that

)

1
diam(A™) = on diam(A).
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Using Cantor’s Theorem, since C is complete, (), A™ is a singleton, say {z9}. Fix € > 0. Because f is differentiable
at zo, let § > 0 such that B(zp,d) C G and

‘f(Z) — f(20)

zZ— 20

— f’(zo)’ <e€

whenever |z — zy| < §. Now, choose n such that diam(A™) < §. Since 2o € A™, A C B(zy,5). We now have

that
/ f‘§4” / f‘
T T(n)

— /T F(2) = F(z0) = F(20)(= — 20) dz

<4 [ 17G) = 1) = 1/ Go)(z = 0)] el
§4”/Te|z—z0|\dz|
§4”/ e diam(A™) k|

T

= 4" diam(A™)e(T™)
= ediam(A)¢(T).

Since € can be made arbitrarily small, we are done. |

3.2. Homotopy

Definition 3.3. Let v1,72 : [0,1] — C be two closed rectifiable curves. Then, a homotopy between 71,72 is a
continuous function I': [0, 1] x [0, 1] — C such that

1. T'(s,0) = 71(s),
2. T'(s,1) = y2(s), and
3. I'(0,t) =T(1,t) for any s,t.

If there exists a homotopy between two curves, they are said to be homotopic and we write 7, ~ 2.

When a curve is homotopic to a constant curve, we write v ~ 0.

In a convex set, any two paths are homotopic. as is seen by the homotopy
D(s,t) =ty(s)+ (1 —t)a

between any curve and a constant curve. Similarly, any two paths are homotopic in a star-shaped set, as can be seen
by using the above homotopy with a as the point that is in sight of everything.

Theorem 3.16 (Homotopic version of Cauchy’s theorem). If 49,7, are closed rectifiable curves in a region G and

Yo ~ 71, then
[r=]1
Yo Y1

for every analytic f on G.
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Proof. We only prove the result in the case where there exists a homotopy I' between g, y; with continuous second
partial derivatives. Then, throughout the unit square I? = [0, 12,
0’1 B o°T
ds Ot Ot s

Define

We have that

/f% D20 (s) s=/%f

and similarly, g(1) = fn f. If we show that g is constant, we are done. To show this,

0= [ (#0050 G (50) G (50) + A1) 57 000)) s,
Now,
2
o (om0 5 () = 0e) G (5.0 G 5.0+ A0 55 (520
Therefore, 5 or
g6 = (/o)1) T (1,1) — (£ oT)(0, 1) 20 (0,1)
Since I'(0,t) = T'(1,¢) for all ¢, this is zero. Therefore, g is constant on [0, 1] and f% f= f% f. [ |

Corollary 3.17. If v ~ 0, then v = 0.

Above, 0 refers to any constant curve that maps every t € [0, 1] to some fixed a € C. Similar to how we define v ~ 0,
we may define 71 = 2 on G in general, asserting that the winding numbers at the relevant points with respect to
the two curves are equal.

Proof. Letting ~y be a constant curve, for any w ¢ G,

o=
T =50 yZ— w
_ 1 /
27 vo &= w
1 / 0
= — dz = 0.
27 by G — W

The converse of the above is not true in general.

Definition 3.4 (Simply connected domain). An open set G is said to be simply connected if G is connected and
every closed curve 7 on G is homotopic to a constant curve.

Theorem 3.18. G is simply connected if and only if C, \ G is connected.
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Corollary 3.19. If G is simply connected, fy f =0 for every closed rectifiable curve v in G and analytic function

f on G.

Recall that if a function has a primitive, then its integral along any closed rectifiable curve is zero.
Further, the proof of Morera’s Theorem showed that the converse is true on open disks.

Proposition 3.20. If G is simply connected and f : G — C is analytic in G, then f has a primitive in G.
Proof. Fix a € G. Define
Fe) = [ fe)

where 7y, is any rectifiable path from a to z. Simple connectedness implies that the value of the above is the same
for any choice of v,. Indeed, if v, v2 are two such choices, then the path (1 % vy 1) ~ 0, so the integral along it is 0.
This integral is just equal to f’Yl f— fw f. For zp € G, let R > 0 such that B(z9,R) C G. For any € > 0, we must
demonstrate a 6 > 0 such that whenever |z — zg| < 4,

— f(20)

£ Pl .

zZ— 20

It suffices to show this for z € B(zg, R). To do this, we can let 71 be a path from a to zg and 2 = [29, z]. Then,

F(z) —F(z) 1 _
Z 0 a Z 0 </71*’Y2 f 71 f)

1
- Z— 20 /[zo,Z] f

The rest of the proof follows exactly as that of Morera’s Theorem, and we can show that F’ = f. ]

Corollary 3.21. If G is simply connected and f : G — C is analytic such that f(z) # 0 for all z € G, there exists
analytic g : G — C such that e9(*) = f(2) for all z € G.

In particular, there exists a branch of the log on any simply connected domain that does not contain 0.
Proof. By the previous proposition, there exists an analytic function h : G — C such that h'(z) = f'(2)/f(z). Now,

d

L(O(=) =M (2) — [N () =0,

Therefore, e="*) f(2) is some non-zero constant a, so f(z) = ae*). We easily get some § such that e® = «, so the
analytic function 8 + h(z) does the job. |
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84. Singularities

4.1. Poles and singularities

A function f is said to have a singularity at

Definition 4.1. A function f is said to have an isolated singularity at a if there exists R > 0 such that f is defined
and analytic on B(a, R) \ {a} but not on B(a, R).
Further, f is said to have a removable singularity at a if there is an analytic function g : B(a, R) — C such that

g = [ on B(a, R)\ {a}.
The punctured disk B(a, R) \ {a} is typically denoted B(a, R)*.
Theorem 4.1. If f has an isolated singularity at a, then a is a removable singularity of f iff lim,_,,(z —a)f(z) = 0.

Proof. If f has a removable singularity at z = a, there exists R > 0 and analytic g : B(a, R) — C such that g = f
on B(a, R)*. This implies that
lim(z — a)f(z) = lim (2 — a)g(z) = 0.

zZ—a zZ—a
For the converse, define

0, zZ=a.

{(z —a)f(z), z#a

Clearly, g is continuous. We are done if we show that g is analytic on B(a, R). Indeed, we can then write g(z) =
(z — a)h(z) for some analytic h on B(a, R) that is equal to f on B(a, R)*.

To prove analyticity, we shall use Morera’s Theorem. For a T in B(a, R), if a is not inside T', then T ~ 0 in B(a, R)*
so [g =0 (g is analytic on the punctured disk).

For the remaining case, it suffices to consider the scenario where a is one of the vertices of T' = [a, b, ¢, a]. Indeed,
we may in general “split” the triangle into three subtriangles, each of which has a as a vertex. Let x € [a,b] and
y € [a,c]. Observe that the integral of g along T' = [a, b, ¢, a] is equal to that along T} = [a, x,y, a]. However, )le g‘

is at most MV (Ty) = M(Ja — 2| + |a — y| + |x — y|), where M is the supremum of |g| over some B(a,d) C B(a, R)
that contains T, and this can be made arbitrarily small by bringing z,y close to a, completing the proof. |

Interestingly, the above says that if f has an isolated singularity at a and lim,_,,(z — a) f(z) = 0, then lim,_,, f(2)
exists!

Definition 4.2 (Pole). If z = a is an isolated singularity of f, a is said to be a pole of f if lim,_,, f(z) = co. That
is, for any M > 0, there exists 0 > 0 such that |f(z)| > M whenever 0 < |z —a| < 4.

An isolated singularity that is neither a removable singularity nor a pole is referred to as an essential singularity.

Proposition 4.2. If G is a region with a € G and f is analytic on G \ {a} with a pole at a, then there is m € Z*
and analytic g : G — C such that

fla) = 22

(z—a)™

This is equivalent to asserting that there exists m € Z* such that f(2)(z — a)™ has a removable singularity at a.
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Proof. We have that
1
lim —— = 0.

z—a f(z)
Define h(z) = 1/f(z) on some B(a, R)* where f is nowhere 0. It is not too difficult to show using Theorem 4.1 that h
has a removable singularity at z = a. Thus, there exists analytic h; : B(a, R) — C such that h; = 1/f on B(a, R)*.
Further, let m > 1 such that hy(z) = (2 — a)™h2(2), where ha(a) # 0 and hs is analytic on B(a, R).
Then, (z — a)™f(z) = 1/h2(z) on B(a, R')* for some R’. Let g = 1/ha. This g may be extended to an analytic
function from G — C as
z—a)"f(z), z#a,
sy =i .
1/hs(a), z=a.

Definition 4.3. If f has a pole at a and m is the smallest positive integer such that f(z)(z — a)™ has a removable
singularity at a, then f is said to have a pole of order m at a.

It is seen that if we take m as the order of the pole in the previous proposition, then g(a) # 0.
If G = B(a, R), then the obtained ¢ (for the order) is analytic, and hence,

9(z)=apm+a_gm_(z—a)+ - +a_i(z—a)" '+ (z—a)" Zak(z —a)",
k=0

Consequently,
o0

=) alz—a)"

k=—m

Note that the function obtained by taking only the non-negative values of k in the above summation is analytic on
B(a, R). Also, since m is the order of the pole, a_,, = g(a) # 0.

Definition 4.4. If f has a pole of order m at a and

then
is referred to as the singular part of f at a.

4.2. Laurent Series

Let us now look at how to deal with doubly infinite summations in general.

Definition 4.5. If {z, : n € Z} is a doubly infinite sequence of complex numbers, then

is absolutely convergent if both ZZOZO zp, and >~ | z_, are absolutely convergent.
If u, is a function on a set S for n € Z and Y .~ u,(s) is absolutely convergent for each s € S, then the sum
S uy, is uniformly convergent on S if both > 7 u, and > > u_, converge uniformly on S.

n=—oo
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Given 0 < Ry < Ry < o0 and a € C, define the annulus
ann(a, Ry, Re) = {2z € C: Ry < |z —a] < Ra}.

In particular, ann(a, 0, R) = B(a, R)*.

Theorem 4.3. Let f be analytic on ann(a, Ry, R2). Then,

o0

)= ) anlz—a)

n=—oo

where the convergence is absolute and uniform over ann(a, 1, ry) for any Ry < r1 < ro < Rs.
Further, the coefficients a,, are given by the formula

_ 1 f(z)

where 7 is the circle a + re?™ for some R; < r < Ry. Moreover, this integral is independent of r and the choice of
coeflicients is unique.

This summation is referred to as the function’s Laurent series expansion.

Proof. 1t is clear that the integrals for paths of distinct r are the same since two such paths are path-homotopic.

Define f5 : B(a, Ry) — C be
_ 1 [ fw)
fz(Z)mAw_Zdw,

where v(t) = a + re?™ for some Ry < r < Ry with 7 > |z — a|. Notice that f, is well-defined and analytic on
B(a, R2) by Lemma 3.4. Similarly, consider the function f; : ann(a, Ry, 00) — C defined by

fiz) = 1/Wf<“’)dw

21 w—z

where y(t) = a + re?™ for some Ry < r < Ry with r < |z — al. Once more, f; is well-defined and analytic on
ann(a, Ry, 00).

Let z € ann(a, Ry, Ry) and let 71,79 € (Ry, Ry) with r; < |2 —a| < ro. Let ;(t) = a+7;€2>™ for i = 1,2, and A be a
straight line curve joining a +r; to a + 72, and assume this does not pass through z. Finally, let T' =1 + A — 2 — A
Then, for any b € ann(a, Ry, R2),

n(F;b):L de
2w Jpw—b

1 1 1
—_— 7dw—/ — dw
271 71w—b Vzw—b

=n(vy1;b) — n(ye;b) =0.

That is, I" ~ 0 in ann(a, Ry, R2). By Cauchy’s integral formula,

1 flw) o
Tm/rmdw—n(ﬁz)f(z)

= (n('yl; z) — n(y2; Z)) f(z)
=—f(2).
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Therefore,

e f) o L / ) 4

21 w—z 27 w—z

= f1(2) + fa(2).

We shall now expand f; and fo as power series. Since fy is analytic on B(a, Rg), it is equal to a power series

Yoo g an(z — a)™, where

(n)
a, = 2 (a) = 1 L dz
I

nl 2m (z —a)rt!

by Lemma 3.4.

f1 on the other hand is problematic because the region of analyticity is not an open disk. To resolve this, let

o) = {éaw b, <l <1/,

It may be shown that lim, ,o g(z) = 0, and g is thus analytic on B(a,1/R;) by a method similar to what we did in

the proof of Theorem 4.1. Therefore, g has a power series, so

oo
9(z) = Z a_nz",
n=1
and thus, for z € ann(a, Ry, 00),

- 1
P =2 e
n=1
and the desideratum follows because f = f; + fo.

It remains to show that the coefficients are unique. Suppose that we can write

f2)= D balz—a)"

n=—oo

for z € ann(a, Ry, Ra), such that the convergence is absolute and uniform on ann(a,r1,72) for Ry <11 <12 < Ra.

Let () = a + re?™ for some Ry < r < Ry. We wish to show that

_ 1 fw)
bn - m/y (U} —a)’ﬂ+1 dw.

Due to absolute convergence,

T Nk —
Fw) = Jim 3 bu(w =) = lim Sn(u)
Due to uniform convergence,
1 m
IO e g L[ e,
2me J., (w—a) m—oo 2L )., (w — a)
1 1 @ k
B rr}l—r>noo 27 /y (w — a)nt! kz_m bre(w — a)* dw
- 1
— k—n—1
= Jm 3 g [
=b,n(y;a) = by,

where the second-to-last term follows from the fact that every other summand has a primitive so integrates to 0,

thus completing the proof.
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Corollary 4.4. Let a be an isolated singularity of f and let f(z) =
in ann(a, 0, R). Then,

an(z —a)™ be its Laurent series expansion

(a) a is a removable singularity iff a,, = 0 for n < —1.
(b) ais a pole of order m iff a_,, # 0 and a, =0 for all n < —m.
(c) a is an essential singularity iff a,, # 0 for infinitely many negative integers n.

We omit the proof of the above.

Theorem 4.5 (Casorati-Weierstrass Theorem). If f has an essential singularity at a, then for any § > 0,

f(ann(a,0,d)) = C.

Proof. Fix some R > 0. We wish to show that f(ann(a,0, R)) is dense in C. Suppose instead that there exist ¢ € C
and € > 0 such that f(ann(a,0,R)) N B(c,e) = @. That is,

[f(z) —cl > e

for all z € ann(a,0, R). Consequently,
) el
z—a |z —a

This means that the function ¢ : z — (f(2) — ¢)/(z — a) has a pole at a of order m > 1 (say). Therefore,

(z — a)™"1(f(2) — ¢) has a removable singularity at z = a, so

lim(z — a)™(f(z) —¢) =0.

z—a

Because m > 1, this means that lim,_,,(z — a)™ f(z) = 0. This means that f has a pole at a, which contradicts the
fact that it has an essential singularity. |

We now define what it means to have a singularity at oc.

Definition 4.6. Let R > 0 and G = {z : |2| > R}, f : G — C is said to have an isolated singularity at oo if
z — f(1/z) has an isolated singularity at 0.

We have similar definitions for a removable singularity, pole (of order m), or essential singularity at co.
It may be shown that an entire function has a removable singularity at oo iff it is constant. An entire function
f:C — C has a pole at oo of order m iff it is a polynomial of degree m.

4.3. Residues

Definition 4.7. Let f have an isolated singularity at a and let f(z) = Y™ _a,(z — a)™ be its Laurent series
expansion about a. Then, the residue of f at a is the coefficient a_;. We denote this by Res(f;a).

That is, if f is analytic on ann(a,0, Ry),

L

Res(f;a) = %/f(z) dz,

where v = a + re?™ for any 0 < r < R;.
A natural question to ask is: what is the value of the above integral if v contains more than one singularity?
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Theorem 4.6. Let f be analytic on a region G \ {b1,...,b,}, where each b € G is an isolated singularity of f. If
v is a closed rectifiable curve that does not pass through any of the points a; and v ~ 0 in G, then

L[ £ =S nran) Res(f ap).

27
v k=1

Just like zeros in the discussion after Corollary 3.11, singularities are isolated here. As a result, the above works out
even if there are infinitely many isolated singularities, because only finitely many of the n(y;ax) are non-zero.

Proof. |

Improper integrals occur in two cases: either the integral is infinite or the integrand is discontinuous.
Theorem 4.6 is incredibly useful at times. For example, let us show that

/ T T

oo L+t V2

Define f(z) = 2%/(1 4 z*). Clearly, f is analytic on C\ Z(1 + z%). Let aj = e?*+*1)™/4 for each k = 1,2,3,4 be the
elements of Z(1 + 2%). Now,

2
ay

Res(f;a1) = lim f(2)(z —a1) =

z—al (CL1 — a2)(a1 — a;»,)(al — CL4) '
We can compute the residues to get
1 —u /4
Res(f;a1) = 1° )
1
Res(f;a2) = 16_3”7/4.

Let R > 1 and consider the curves v, (t) = Re™" and v2(t) = (2t — 1)R. Now,

1

2m Y1¥72 f=mn(v;a1) Res(f; a1) +n(v; az) Res(f; az)

1 L
- —um /4 73L7T/4)

= e +e = .
4 ( 2v2

Therefore,

< g2 ™ /
———dr=—— lim .
~/—oo 14 24 \/ﬁ R—oo /., f
It remains to compute the final quantity.
TR,
f= / ——— Rie** dt
»/:/1 0 1 + (Rebt)él

3 m 63Lt
=R /o 1+ Rieht’

We have

s 63Lt s 1 R3
R [ —M— <R3/ d| = .
‘ /0 T+ e | =10 | gl =g

Therefore, limp_, o fw f =0, and the value of the required integral is just m/v/2!
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m

Recall that if f is analytic and has a zero of multiplicity m at a, then f(z) = (z — a)™g(z), where g is analytic and

g(a) # 0. Consequently,

on B(a, R)* for some R > 0.
On the other hand, if f has a pole at a of order m, then f(z) = (# — a)"™g(z) where g is analytic and g(a) # 0. So,

f(2)  -m | g(2)
f2) z—a @ g2

on B(a, R)* for some R > 0.

Definition 4.8. If G is open and f an analytic function on G except for poles, then f is said to be meromorphic on

G.

Theorem 4.7 (Argument Principle). Let f be meromorphic on G with poles at py,...,p, and zeros at z1,..., 2,
(counted multiple times according to multiplicity). If 7 is a closed rectifiable curve inside G with v ~ 0 in G that
does not pass through any p; or z;, then

=/
27rL7

The proof is straightforward using the observation before the previous definition.

') _ > nlyize) = Y n(vipe).
f(z) k=1 k=1

n

Recall that if f is one-one and analytic on some open set G and f(G) = €, then f=1: Q — G is analytic.

Proposition 4.8. Let f be analytic on an open set containing B(a, R), and suppose f is one-one on B(a, R). If
Q) = f(B(a, R)) and 7 is the circle z = a + Re*™**, then for each w € Q,

- 1 2f'(z)
1
=— | —/——d=
;o w) 2m[yf(z)—w :
Proof. For w € Q, f(z) — w has a zero in B(a, R) of multiplicity 1 (due to Lemma 3.13). It follows that

fz) 1 g(2)
fG—w == Tw) g

where g(z) # 0 for all z € B(a, R).

So, "(z z (=
i | 70w L

f=H(w) 0
by Theorem 3.5, completing the proof. |

Theorem 4.9 (Rouche’s Theorem). Suppose f and g are meromorphic in an open set containing B(a, R) with no
zeros or poles on the circle v : t — a + Re*™t. If Z;, Z, (vesp. Py, P,) are the number of zeros (resp. poles)
of f and g respectively inside vy counted according to multiplicity, and |f(z) + g(2)| < |f(2)| + |g(z)| on =, then
Zy— Py =24 — P,.
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Proof. Tt follows that on 7, f(z)/g(z) is never a non-negative real. That is, it takes values inside C\ R>( on an open

set U containing {7}. Let log be a branch of the log on C\ R>q. Then, ((J}//gg))/ has primitive log(f/g) on U. As a
fl9)
)

R
0= 271—L/y (flg
‘g

f'a—1g"

result,

Q
o
|

The result follows from the Argument Principle.
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