Connmane,ss o) G;(hpadfness

Lecture 18 - 05/03/2021  (‘pnnectednecc,

Vet let X e a bv?ﬂlogimh space. A s@?a.(abbn of X & & paic U,V
ob digioink ndN-emply openl sopseks of X olde Lnion v X. X
s cwd do Ve corrected B it dose net hawe g gpamhm

Paop A space X s conrecked FE Jhe onhd subsele, of ¥ Yt are both open
(2D and  cesed (cloen?) are @ od X-

¥ ON is o separabin, U is dopen-

I A+® e du)fu'\, A,XNA s a sQ.Pami'lbn- O

?/ro? B X ard N are homomorPhjc, X ie connecked i M s connected.

(22)

Lermma Y is a subspace of X, a 5@Pafﬂkl'on of Y & paic of disdoini non-emply

(22) gpbs AR whee uvnion & Y, neiber o whih contains o Limit poink of
the dher T cpace Y ie connected i thore is N0 sepamchon of Y.

Thie i easly shown sine the sebs invelved in @ separslion are  dlopn
Lin \D A {\\’ = A
ANB =¢ - ANINDB= @
> ANB:- ¢.
The oer diceckion is similarly strajgl-utfuvwgra. O
for esample, any ’cvfo\ngica) Space with the indiscrete l:vfolngt& ic connected.

%o Hat @ s nt connecked.
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lemma- 16 the  gebr CD form a separabion of X and Y is & connectd
(3-W)  glespuee ok ¥, YSC or ¥CD.

P ot we can wnte Y=(¥ne) (YD)

Q::penin M

lomma. A union of convecked apaces is  conne ctek B intereechon
(2-5) s ﬂDn'eJﬂf‘t\T'

Pocf. Lot (A be o family oF conrected swbspaces oF X and PEQA,L.
We dam that Y. DA, & connected.
Svppse (D is & seporadion of ¥ and whg thak peC.
Gnce B, is conecded qud Pe(‘_, A cC.

There fore, V- lagA°L cC, Con):rad-foh'rg the non-emptinesg ofD. O

Theo ek A be a conmeded Subspace of X ¥ ASBC R, B isakso
(3b) tonnecked.
(We can odd ony of the Lmit poink \sithoot destroying connechedness)

_Pro/oF Suppese LD & @& se‘FamJ:\'on of B Agcume wha% that Acc. Then
BCACT. Bt TND:= g, yieding o condradichon and proving the
elosm. U

’th:o) The, imoge of a tonnected space vnder @ corinwovs Map is connected.
A
3 o £is srjeckie
_?,-.)o(l let £: X—=Y be conbinwouvs wh2e X is conneded. Suppose D g
o seporchon of V. Sinee # & contivors, 7 and (D) are ale
opn amd Hey fem a separabion of X, resulbig i a eontradichion.

O
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Theo- A ABnike Cartesian Produdi of conneclzd spaces s connecked.

(3-8) (under either the Box or produck fopo, they are equal)

Posk 1t sobficee b0 show thab # X and Y am comeded XY is
conpected- [Usz the facr thab (X, x--x %o )x %o 16 homeomorphic t (Xix-- x Xa-1) %X
P xvg € XxY. Xx gl is conneckdd b is homeomorphic 40 X) and so
1§23 xY. The reevlt fpllows on Uslg Thes 35. O

Show thad R udey the oy topology s die connecked.
Hind-

Showo that R undes the produck bopolegy is Connectad
Hing:

Teo: An  arbibny praduck of connecked cmces i comnecked in the praduck

(29 .
® 3 l:oPDlﬂGHLuu fmf«bnwbd donhaa) to Hut for RY aJnm&)

% A sirnFLg odered cob | hnvi\-a mop than one eement (¢ colld o

lineor confinoum if
e L har the least vpper bound F\‘O\Derbd
. if x<% in L, there existe z in L such that 'X(z(a.

Ueaﬂa. R ic a linar candinoom.

Ta: © L is a lner gonknoum, then L, indervalt n L, and s in L,
(39 o conmeched
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Theo. Llntermedisle \fowe Theorem]

(31) Lot £ XY be eopdinugus, where X i o Conreckd space and Y is an
ordered cek undu the odwed ‘copolaald. ¥ o bEX and rEY cuh
that FO)<r<Hp), thae exisk X quh that #O)-=r.

Pt Suppese  atenoise. Than 00 N C-0,) ash #10 N(r, ) form @
Separakion of F(x). However, the image vder £ of X Is comecked,
fesoltioq in o conbmd.ickion. O

Lecture 19-10/03/21 Podh Cooreckednecs

D (Gen poinks xy of R space X, o path fom x b ¢ s
o conbuops funchion £ (ab) =X such HBut Be)-=x and
Fl) =y (for some dowed inkerval [o,b] SRD.

A spee X is Pwﬂl-wnneded F bhere s g Paﬂ'l beboeen any two
Pal'nt\ 0 X

The. Aoy path-connecked space (s connected.

(312)

Pﬁ_og- Su?foso_ otherurse. Lok X e ‘;G,t\-.—wnmbl:ea\ ad £:[a,bl—Y be g
Fa,l'h in X. lek X. AUB e a sepa.ra.{-ian of X.
Since o is cornecked asd £ is conbinuous, £(lg,)) < A or
f(la b)) B, Ccn.h‘a.(ilﬂhn% tath-conneckedness Cacmss A, B). O

The converse s not te.
Conaider

Q. §{ x«sin(x) - 0<xgll,
known o5 Hy [:OPQUH[S{"; gine  Curve-
Then T. & U(okx-,00). We chiv dat S o ad Pafh—cmnedfei.
let  contious £ [acl-3S begining ot #e orgin and erdmg ok some
poik in & The sek
itelod - D e fobv 1-,11]

o cozed (dve b cgnh'rwﬂa), w0 it hot a l.a_rga,sl.' elemankt | .

Then bthe reskrickion £ Lkl =S & a Pa.th such that

o) e iody L] am £ (o) 5.
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Wileg, 1ot [bcd be [0 end £(£) = (x(B), () Then
x(0)=0 ad for t>D, (>0 amd %LL’\= sin(‘/x(l:ﬁ-

For each n, chope @ O<u< x(/n) suh that Ylwd= (1" Using
e NT (Theo 31, Pue & & O<LE, <Vn sudh thd  x(t)=v.
Hewerer, then, Eq—0 lut léUZn-) = (- deer not convede conhaauchh%_
the canbiwity of y ond proving thy claim.

Chow that & (end Hws T) jo connecked , djs_PnD\rirg the converse of
Theo 322

Def Gien X, define on egpivalence celabion ag x~y if twe edsk a
¢ pnnecked spbspace of ¥ c,onl'om.cra botn x gnd y- The. resulh'n%
egvvalonce clasces 0= cplled the compenents  or  connected Components
ot X.

Component

(Check  brak it is o %JNG.LGDCE elation)

Theo- The, a:m\:onmks of X am connected oh'ﬂ'om:t svbspaces of X whese
(312) pnion s X suh Bt any rwn'w.ﬂq Connected SUbSPﬁE. of X
bRy secks axw"lg one of thom.

T shew that « comporert  C s concetted | Bix x€C and for

each 4EC, lek Ca cC te a conveckdd subspace Coni:a.injna Cy-
)5\1%5250\11 Fa:l:

Then x& 4 0, o Uty = C is connecbed. O

Qimilar  tp connecked comporenfs, e con defire the ?eh\ C.OmPoneﬂJ"S
of X

(x~y # Yo is ﬂu‘:nﬂ'nﬁramxbéﬂ

U:mm\'l'iqu can be hown using Hue pesting lemma)

Path Component
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Treo- The pofin  components of X are path- connected dispink subspaces of X
(318 ohese pnion s X suh Pl any nm—emp'h{ Pah\—(:onne_d:ed SUbS_'FuLE.
of X intrrsecds exocty one of thom.

COW\\EH Rﬂg connected comlyonmt of X s cloted-
(215)
(Ve the fack Hak the Cowe of g connecled space. (s closed)

b follows thd F tHee are Fately vany  eomponends, ead component
i« aleo open-

b reed not be bue that padh-connectsd components ace closed, howewer.
Consider the {ZBPO\I@S{"S sie curve S Then S s Open in § C(ad
ndda&d)mdi\sisdmdﬁandngtqznl.

Dt A s X i sad to ke (pcolly comecked ok xgX i for ey
- rwahbourhooa U oF x, thee & a conrected ne_iahbourhnod Ne U of
ocally

ConnectedX- X 18 LDCﬂ)Usa COth.dJQA -lf il: = LOCGMH COHDECEEA al Qﬂ-gr Pomt
of X

wWe  simi lgﬂ;d defive local Paih-cann?_d:ednesS-

T A g X s Lomhz connecked i for any open U< X, each

(316 component of U is epen i X

Froof Lek X be locally connecked, U be open in X, amd C be o compored”
of U let x€C Tharzis fun o nm;j\nbourhaod NeU of x that
s conreded |k foUoux tat VESC ord  Huefre, C s Open.
On te other hand Suppese Mjcb_cnmi:oner\hbﬁofensekﬂin X
ase  gpen. lek xE€EX apd U o rw'ahbourhwi ot x. We tan take
Fre wm{)onuﬂ-' of D wn):aim'ng 2, comPlE,b'ﬂa e _Fmo-ﬂ g
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Tuo- A space X s locally path-connected ¥ for any opn US X, each
(217D path component & U is open-

The [m-wF 3 near\g iderticll bo the pviove one.

Lecture 20 - 10/03/21  |nkoduchon +o Com?ac{:ness

Theo. ¥ X is a topdagrical space, each path component of X Us ip a
(310) componest o X- Moveowr, & X is locally Path-connected, the
comporents and path components are the  same.
Proof The Fest part is ek since any path oi;r\'Lfatznarllr i< eonnocked
et C be a comporent, xeC, o Pox be o poth comporert:
let X be \om}l‘é Parh'CDﬂrede,d- Suppese PeC. Lt Q be He
vnion of all Paﬂ\ compongis other than P Hud indeeeck c
Twn C-Pu@Q-
Becavse % (s LOr.allg pakh conned?d, each com oﬁxutz?eﬂ
in Xl Paftl.h)lﬂfJ Pad & ae open huie ide e conneckepness
of C, P(‘ana e Claso-
L tiey form @ soarabion o C

Def- A collechion A of sybsels of X & caid bp be a cowrigg i
Cover X: UP‘&A A M O‘JU\ COVUiﬂg, & a C.O"u’flg UJ»lU& CVU\d. subset 8

q)gn.
X k& Swd bo be aompadr F Ony 0pen Cover conkaine a finile SvbCover.

Compact

B Yic a subspace of X o A e o collechon of subsers of X,
Als 20id b coer ¥ 8 Yec UAE.AA'

Too. Let Y e a subspace of X. Thee Y s compack i eveny cowrfn.goﬁ‘/ by

(519) seke open in X contains a faite subcolleckion covering y.
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Theo- Amy closed subspace of a compact Space is compact:
(3.20)

Hink

Theo Bvery compact subspace of & Havsdockf spoce e Closed.
(3-2)

P}’DE' let X be Haysdor® grd Y o com su\asrace. let X, E X\V.

For egadh yEY, chovse nuahbourknais Uﬂ of %, and \!5 of Y
such that Uy an - ¢

Since Y ie comlad, Here exist Yos 7y Yo cuch that
ye U I<ign \{"di =\

BUI: YNU < \/ﬂu=¢) whesre
V- ﬂls;gn U\é: is & nefnbovrhood of x,-
Theredoe | ¥ 15 Qosed. O

The above need not be tue 4o  on- Housdork <paces.
Ccon.s\'dlgr R vndger finite complemen beo\o%@

Lemma. ¥V is & compack sbspace of the Hausdork spree X, amd x, € X \Y, thoe
(322) gre  digpid Opn e U and \ of X guh that %, €U ad YoV

Lecture 21-12/03/21 N on Compact Spaceg
Thoo The (mage of a compack gpoce pader & Conkinuoxs map e compock.
(223)

Theo Lok Fx—Y ko bipctie and cotivoe I X i compct and Y i
(32 Housdedk?, £ is a lhomeomorphism.

(Show Hay £ is ¢ cloed n‘o-f)
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Lemma: [Tule. [emme] [k A od N e spaces with Y com\:ade. SU?\?O"E %o EX

(329)  and N2Wxk«Y s an open subset of X «Y. Then, there ic a
nw'ahl:oufhood W of x, tin X such that wxY cN.

Tube Lemma E‘t\)be B-bub Xp x Y.

Fodf L Us  cover %o xY with te boasie elevents Ux\) (for Hre
{'pfokoa\d, of Xa¥) Ll&ma in N.
Cwee i'x,}x\/ LS wmﬁ&, Yoe & o haite sobcover

Uj“\ll ) T l-)nK\In
We moq assome that %€ Ui for eah i (Why?). Lek
W ﬂlgisn Ui -

Thon W is open in X asd  cortaine Xy .

It ie easly chown that WxY is covered oy e (U, x \D)- Since eadn
Uisi € N, WxYeN. O

Theo- ;ﬂlﬂ, produck of ﬂ'ru‘kel% mony wmfu.d: cpacee is compact-
(2.26

(.H: i 0 foed dwe for arbibs Prodkd‘s,u)\rﬁdn we shall cee lafer
in T\{c,hgrwﬂF's Theore
lﬁ?_g tt subfices o chow the (eevlk for two spaces: Lk XN ke wmpaci ard
A an open subcover of XY
For eath %, €%, ix1%Y cwn be covered by Fintel may A, -, An€A
Than  §x, LY € AU UAm: N, 5o N condeine g tube WY
codaining  {x,3xY. WY is  covered by the A Clcigem.
That is, for  each xey, them is a nefghbovhod Wx of « such that
Wy xY can be coverd by Hnitgy many elements-
The colechon oF olf W, Hms an opn coer of X, so it has
o fate sbcoer W, W, ., W,
Then, X« & (Wox¥) U (WYY U - U(Wex YD,
Fach is overed b\{f,n&elqrvwxﬂ damends from A, co XxY can s yll.

O
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Def- A colleckion £ of subeete of X is said tp have By fnile inferechion
me@xh{ |‘— ‘Fo'r @.Dl! 'Flrube' %,C'\; Cq,, ) Clg.k c .C’J

Finite Intersection Property CI n C; n- n Ck * ¢

Theo-  Lek % be a  tppolggical space X is compadt i dor eveny collchin

(327) € & closed suesele of X with the Binite infersection properly | the
inkexrseciion ﬂcetc s non-2mphy.

Poof  Fonood direchion
SuPFose othewise. Then A: {X\C-ceel i an ofen  cover so hog
o Hinite cobcover A, -5 A But then,  (XNAD N N(XNAW) = @,
cmkfab.w\‘mg the Anite intercection properly o Pro\h'rﬂ He vesult-

Rockumd  direction,

lb A be an open cover ard L= { XNA:re Al Supe Ados
b hoe a hAute  subcoves Then € hor thg fale iatersechion propestiy
Q0 ﬂaeﬂc, £ @ This conkmiice A Lejrg o Cower, {’mving_ the result-

O

let ve losk @ what e compac) subsppces of e real Lire.

'[\-_LD- let X be a S!'m{’hf orde®d ot hp.\ﬁrg the leart upper bourd Propu"]\,
(2-28) In the omer ‘I:OPDLD&I, each cloed and bwndd inkeng) of X is CDmPab{"

R
P_@@ lt a<bard A be gn open cover o [ab]l In the Subspace Jcopologl’
(whih i« e same oax He oder dopolgy swce Tob) ic uampaoﬂ-
Cloim 1. IF 2€[0,0), tore existe YOy in [ab] suh tat [xy) can
be covered by admest fwo eements of WA,
=W x ha an immediske ¢uccescor, let ¥ ke this element. Then
[xN] = $%x.y%, so e claim = obvious.
— Otvensise, chooe AEWA contnining X. Sice A is open, t conluing
an ifeve) o fre form [xd. We can bren lev y e any
element of (x,c).
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Now, let C ke the st of ol poinks y>a sudh that (o, y) can e
Coverd by ﬂ‘nﬂ'z\qrvm:\q eloments  of LA-CWO_ wad o chow Huat bEC:}
By e claim, C+ @. let ¢ be the leat vpper bovrd of C.
Clasm 2. cEC-
Chose ACA confoiig c. A cortains gn interel of the fom (dcl.
It c dex not have an immedole predecessor(pen ofandise, it 6 Similady shown)
let ze(C svh tak zE(d,0) (Why does such a =z exit?).
Tren [o,z) con be (overed Lq ﬁ'm‘%-d;.r mony elemenk A, ., A of
A, w0 it fallows that 1A, - RS USAY is o Pnide sobsek of A
Covering Lo, . poving the result

Frally, 1) us powe thet b=c: Suppse oftenocke Then thae exisk

yE (c,p] such that [c,,\{] can b covered b\{ admeat o elements. Thig
implies  tak [a,y) can be covered by Ffru'hlq maqy elements | cpnhadics"l'ng
the e 4had c s on yper bovd of C, poving He recdt g

Cooloeqy My  cowd ond wourded indevd in R i corpack -
(%-29) L web: Euctidean metric

Lecture 21-17/03/21 Loca) Com?a&nesc

Theo: A swbspace A of R" # i & owed ond hpunded in the Evclidean
(3-30) mekric or square mekrie p.
Pook  1& gubies o COouider e metric p (Why?).
Soppoe A c R is compact.
—Sinee IR e Hausdo®, A i Cloced.
~ Coreder tre collickion of opon seks 186(0, m)- mEN}, whih forms
a cowing of A Since it hae @ finffe subcoves it follows that
A < Bf(oar‘\ e some nEN o A s kounded
Suppest ACR" « cosed gl lounded. Svppose P Lwy) <M for xy EA
Fx some x €A Then A is o sobsd of TU., [(); ~M, (); +M],
whidh i c.omPnrjt (Rnite Fro&ud' ol c_ompod— seds). Since A i closed in
Ewic Sospee, it & compack: O
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Def 1B X ke a space, xEX is said 10 be an (wolated poind oF X iF ixt i

Isolated OPU'I n X-
Point

T Let X ke a non-emply compad Havsdorf? spac. . 1€ X hae no isolated
(3-2\) poirds, it is uncouniele non-ermphy
M' —» We Show that given any opn VX od x€X, ther s o non-emply
open VU suth that x@ V.
Cheoe 0 YEV different fom 2 (Why does soch 0 g exist?). Lt W,
ond W, be disjoin r\ﬂfakbaurhoods of x ord y- V- Wy NU s the
reuiced set — x @V lecavse wCW, ond W,NV= B
— We show that given any f:N->X, #is nd sucjedhe.
Lek x%n-= ) Let veX ke on open se¥ such Hab xeV,
(ogsing V-0 In qereral, given  non-emphy dpen V), let Nn CVa,
be & non-emply open set suth Hat  xa & V,- Then
v, QT/Z .. QVn o ..
Lekt V- ﬁ\ln. Observe ot He above collechon of subeots
hee Yo n[?':-u'le infersechon  properky . Therefoe Vi non-emphy ard
closed Llek xEV. Then x+ xn for any n, completing the ]orooP-
vy L‘Q;Un O

Def A spoce X is said 4o be \oca.\lg compack ok x if thee s some Compack

Locally SUbS?aCE. C of X that Conl'nins 1 nﬁahbbfhﬁﬂi of- X -

comPt e X s locally compact ot each x€X, X is said o ke locaﬂ_u.f compact-
Observe frod any compad space is locally Compedt (hking C=X).

A olightly more non-trivial examge  fs frat R is locally compact -

£ X i Howedo! ond & forme @ lbasic, then X is locally compact & for
A xEX, Hue & BEPR suh bt xEB ad Bis Compack

— Show tak Q s nok \Dcashj COmpncJ'.
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_H'LD- th X be a s_FaLe. X is lDCﬂ.U-Lf CoMPa_d’ G'ﬂ HO-USAOF(!'F iﬂ'— 'H'ID'E. 1S
(332) 4 spz Y suh Hab

. X s o wBSFacg of V. One-Point

Compactification

2. Y\X s @ 5inﬂb|:0n-

a. Y is compact and Hoawsdorff-

Further, # Y add y’ ae two spaces sm‘ESFqu'rg e oboe, they or

homeomorphic  Loith o homeomorphism wWhose  restnchion o X s the

idaﬁH\j map.

Pocd » We  Bist check Uruguness U to homeomppiusm-  let  h:Y—¥' such that
We):=x for YEX ged e sira\e poini’ PEY is mapped Jp the SLrH\e point
PEV. e clarly bijeckive .

ek U be open n Y.

. B P¢ U, h(b)=U « dww open. (X i open in Y or V' since
9y erd  {pY oe  cosed)

» Supppe pEU- Sine C- Y\U is clowd n Y, it i coml:adr in VY.
Further, it s @ commck subspace of %X Sine X is o subspece
of V', Cie a compack subspace of Y. Beomce Y' ic HauxdorH,
C ic closed in ¥ 20 hip)-Y\C & open in v

Theefore, h is epen. Similary, h s aleo conbiwows so it is a

o meoraorphism.

—-._Suw%e X s locally compack ard Hepsdocff Take some point e & X.
let V= X U $eoY. Give Ya Jcopala&{ og.:

Dol < U oPgnin X ore open n Y.

'ii}aﬂ. cels of Hu form Y\C ore open in Y, whare C s a ComPad—
Subspace of X

Why s s a bpolm7

+ B,Y ar open by ¥ rgchd-Nelq-

+ UM UL is epen by i
Qre) N IYNGY) = Yv(e, UG s open by i
U NYNCGY = U0 (NG is open by
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+ Similerly, on arbit@y onion of open Seds i open
U Ux ie Bpen by i
U, ONC) = YN(NLD=Y\C & open by &
UuUs v Vg ONNCR = U v Y\D) - Y\ (C\W) is epen
ol
C n (x\L)
Next, \et ve shew that X i @ sobspae of V. L U be open i V.
« I8 U ig gf',J\.IFe i, VaX s open in X.
- B U=y\w is of e Wi, (NO X = X\C s ppen in X because
C s cloeed in X
(it & opvievs Hat -fpranﬂoren V in X, Hee i N open [i:JC_Y st V=V OX)

Lek A be o open c,ovm'rd of Y. A qwst conkain some open set
G\Q) of Mp i (oo is nok i any seb of hype i)

Consder ol) e ekmerds of A other #han Y\C ard indeeed  Hhem with
X. This Jorms on open  Cover of C.

Becave C ic compact, J%'nii'el\, many of +thew cower £. The corresFonAIn:a.
elemenfs of A ngeHar with Y\C form o Finife subcoer of V.
Theefore, Y & compact-

let %y Y with x3y. £ xYEX, tun Hwre o chary dijoind open
sede cord'ojnirg Hum Oherwice, SuppOSL x EX o.rdgzoo let C
be o compack subtaCe of x con{:ajnina o neigh\aourhssd U of «x.
Then U od Y\C ae disioink  neighbourhonds of x and y-

- Ler pe now prove the convesrs: We claim Huk X i \ocally  compact
ond Havsdorf®: Dernote \:q oo the element of Y\X.
X & Havsdodf by Theo. 1.20 (o).
let xEX- Let L,V be disjoink neighboprhoods  of % and - Then (Y\V)
is cleed 0 VY, ard  +hog coms;ae\-\-' The requited followe since < (V\V).

ae o evespoce o X
Since Y\ =X- U
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Lecture 22 - 19/03/21 Cnvn‘b:.bili'ly Axiotg

Def - & ¥V & o compct Hausdorkf space ard X is a propes svbspace e
Y whee closuee equals YV b Y & @id &y ke @ compockificakon of
X B YW e o sigedon, Y & cdld a one-poit compagifitakon-
Compactification
In Theo 232, iF X & not compack, Y is its one- poird Compackication
or €
~Show that He one- poind compchh'mh'on ol R"L s homeomprphic to S%
C Uiy s M) He Remonn sphee  or  pxkended compex pene:
I N e HFe north pde d S SNy (.
(by Hhe stereographe M‘ecﬁof‘)
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