Couﬂ’mbih'\'g ond Se,!)om,\?bn Axioms,

DLP- A space X & sad 4 have a covntade bLasie abt X EY i thee
& countabe collechon & of ne,i%\\burhoodc ofF x suh Yot any
ne\ah\aoufhoo& of % conminS on elemenk of B.

A space that hes o covnbble bosic of eadn of ibs poinks is said fo
e ficet countale -

First countable

Poc  exarple, anyf medrizable space e first countable — corsider
{Bd (X, Ya) : T"EN}

Theo- ek X e a topologml) gpoce.
) ) Lk Aax- IF tee is o sequene of poink in A fhak converge b
xEX, then YEN, The converse holds i X is hnt countuble-
b) Let £ X—Y be watinvouvs- B (¥ be @ sequence of poinls in X
tal converges to x, then F(x) = ). The converse hode i€ X i fieet
coordudble-

Pod Recald thal woe hase proved fe above for rerizable X L\{ CONAi derieg
Ed_ (x,‘/n\.
Here, judb conudder
Bn: U N--NU, instegd,
whee {ULY forme o cpunbable basic ok x.
The pmﬂ is re,bJ"\Blloi S‘i’fw'a}‘d"?nn»md —let x, € RANA for eadn n.
For (B), show that #(B < FR). O

eF A {;opo\gaical space X is guid 0 be cecond coyndmble & iF has a
cournkable basis (for  Hae h)Po'lua.l\-
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Second countable

Pop Py sccond courdmble space i fist covntable.
(4-2)
The P\‘DD‘Z is direck.

For esornple, R is second countable — consider { (0,0 = a,bERY.
Similaxly, K" is secod countable as well
R under Mg Pmchue\' h?olagq i cecond covrdabe s el

hPN Un : ULna: (a,b) ‘Fsr a,bER for ‘FlI‘U’!'Ell.f may N gad R on‘.se}

L Why ic Hus cetr countable ?

- Show Huat R” yrder the yoiform bFDlnaa & not cecpnd courdobe.

Theo- A subepoce of o Kt (resp secord)  covntabde space s first (secord)

(k3) coudable, and o Covrdable prody ct of Lirst (esp secord) courdnbe
SPG-CP-& e feek L&Ewn&) couﬂ:tslol_g_

P_\'D}?* We pove fre above for e ccod courtoble cose. B X hps o cosntable basic
B, then {BNA.eeBY & 6 contable basis for ASX as a subspec.
B ¥X; hos counfable basie ®; thar
MU - Uegi for Pl manyi and Uj-X; offersice}
forms o counteble loosis of T X O

Recalh that a subset A ofF a gae X s dense in X B A=Y,
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Teo |eb X be o secord copninble Space.
UV Ew.ra open CDVeﬂrg of X containa a Covnt@be gubcover.
() ¥ has g Covatable dene subet
Foof (@) Llet A be 0n open coveg of X leb B: {Bo:n€INY be @ countuble basis
of X. Fr eathn, possibl, choose an An 2B, leb A ke Hre Collechion
ok these Mg It i clady countable. Forther, & Covers X. Gven xEX, Ll
AEA suh trat 2€R ard B,2 A ke o basc element: Then XEA,, provig the
claion.
) Yor eacd Bn, let %, EB,- Lt De {xq:neEN}. Then D is a countable
derse  sobsel since oy basis element of X (and 50 any open seb)
miersecis D.

Def: A space for which eveny opn cover containe o covlelle subcorer
lndelsf 18 Ccalled a Linde|sf space.
A space havig o cpunfabie dene subset e said b0 be sopamble.

Separable space

Lecture 23 - 24/03/21 Se\aam'cim Axiome

Obviously, any compact seb s Lindelsf.
->Show that R; satishies all countabilty axiome except the Secord.

The product of hwo Lindelof spacss need not be Lindeldf
- Show tt Ry is LindelsF bt Ry x Ry is not-
Hint:
A SULsPace of o Lindelst space need rwt le Lindelsf either
— Corwder the ordeed square IF < [0,/ T (onder the A'th'orwl,] order). Show Hut I, i
compoct (ond  Lindelsh) but the subspace A=« (O is not Lindelsf.
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% SUP\:osz dut one Psin.t sebs oz closed n X. Then X ¢ said 4o be regolar if for
eadr xEX and cloed B digpint from 4, bthee exist Aisjq‘nt cen sds conlaining
Regular % omd B.
Normal ~ The space is sad tp be normal i for disjoind  closed AB. fthure exist disoink
open seds confaining A od B.

Observe thal any nomal Spece is gular  aud any rgau\gr space s Havsdorff-

Lemma. Let one-peint cefs be closed in X
(45 8 X is vegoler # given x€X and o nbd U of %, Hu exisk a reighbouheod
Vol x suh but Veu.
D X e normel iFFgwen a dosed AcX and open UDA, bue i an ofen
st Vo A with Veu.

Proof
"D (R Lt B:X\ ke dowd Thee exist dispind qpen V and W
cordoining x ad B. Then VNB- §f. Tharelore, Y
(Backword) Leb %EX and B dispit From Xk be closed. Lot U=X\B.
let V be a obd ofF x quh bt VU Tan V ond X\V
ore disjint open sets conﬂiajrurg. x and B \’QSPG&I'VE«%- Therefore,
A= l'eaw\ar-
The a:gumerd: for b is fearly idanhea), toking A indead of ixt. O

Theo. A subspoce of a \'Qaubr Spoce (3 rz%ular- A P'odwf o regular Spaces is
(bl ) r‘aau\ar.

Poof. Lok X be regular ond YEX. Ore-point sds are cloted in V. Let x£Y
ord B a cloed cobsg OF Y digonk fom {d. Then BNY-B.
Thefore, x48. USing gulacity, lek U\ e djﬁa‘n’: open  sebs c»onl'm'njra'
x od B. Then (UnY) od (NWYD 0@ digoint open <dds of Y
CDﬂJ?ajruﬂg x and B.
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let (X)) be a family of reguler Spaces and X=1T[ X,.

X ie Havdod?, <o su‘na\ebms are Closed in X. lek x€X and U be @

neiahh')ur\rma). of % let T |, be a base elemet cor&a.ining x  ond

condmined in U- For each of, & V, be o nbd. of %, <Suh that

Vi & U, B U= Xy, choose \x= Y. Then V-TN, i a nefahkﬂ.’rhnocl

ofF x mn X. Sihnce V- TT,L-\ZL,%EVCU, S0 X & vegulac. O
(b\l Thep 2.9)

— Show thab Ry is Hausded® kvt nok cegulr
Hink:
= Show that Ry & normd.
@.T)pwa Second covntable egubr spuice is aormal
fo Lt X be requbr wih counfable basis B leb A ot B be disiont cloeed
subsefs of X- Each xEA hum @ nbd U disjorn fom B. Ohoese a nbd.
V of x suh et Vou. Then, dwee on elemed of (Bcgrd'w'mhg X
ard contained n N,
This gies a counkabe cgven'r% (Us) of A by open cele wheee plosurne
de ot interced B. Similarly chowe o covnlable covering  (Np) of B.
UUn ad Uva o open sds conkiniy A and B, kot need net be disjoint-
For eadn n, (et . .
U= Un A\ UV and Up =V N DU

L=l

Eadr U ad Vi is open. Aleo, (V)) covexs A becavse for any XEM,
XEUq for some n bub x& . for l<cicn.
The Oben seks
U‘= UU"‘ ond V' - UVnI

\ ose Aiﬂ‘omf- ik e easy t show tet U' g V' o disjoink- O
(43
Tﬁ__ﬂg ng melvizable space s noma) -
Poof Lk X be melizoble with meirc d. Lek A, B ke disipt closed  subeak of

X- For esdn &EA, Jwee £, cxh tut Bylae) NB=¢.

Chocee €, similedy. Then, Let

U- g\sa (0:E/0) anh V= U By (bBup).

be ®
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It is easy % show tha Huse ore clisJOird' (_a‘haaarzdeaﬂldq&ﬁlrﬂ
contan  A,8), complebing be  proof. O

Thao- Ana_ compact  Hausdor# space & normal.
(u-a)

Le#t ar  exerpice.

Lecture 24 - 26/03/21  Urysonn Lemma ond Cometely Regular Spaces

Thep - [U\’\ﬁohn Lemma]

(10) Lk A8 be disjoink closed subsels of X- 12 X is normal then for & closed
iaterad  [a) in the vedt e, fnere exisk o continuovs map £ X— [a,6)
suh Bt £(p-a for ey a€h ad £(0:b for evey bEB.

Raof Cle.ar|3, it subfzes o take [o,b] = [0,1.
let P-® N Lo,]1. Por each pEP, we define open Up such that if p <9,
U €U,
hrage P ar on infnite smpone (po) and for converience, let p.©® and
pp=l. Lot U = X\B Became A s doced ad AU, we may choese
05\., n.oma.lifg.) an open U, such tul Acu, c U, <V
\n genead, leb Po- ip, .1k £nt and  suppose Open Up is defined for

PEP, suh Hat p<q = Up C Uy
(n>2)

lek 1 =pan - Since Pasy is Hnite, it Yus @ sirnPle. ord.Ert'na, < (derived
fom 42 vswal ordﬂn'na).
Lek P; and P, e the immedick Prulecesger and Successor Qs\)ed-nle\;,&
in Pan (Why do these exist?)
Now, choose U¢ as ar open set suh  that BP;S UrE_T)rEU.pJ- —
suth a U exists By sing r‘Lor'rm.HHOn the cefs Upi and X\ Lp;-
— This defices Up for PEP such that pdq > Vp &Va,
Exterd this 40 defie p fr oll pe® s Up= @ & p<O ard
D= X & p>)
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Given z€X, Lk QL) - 1pc@: xEUY.
Oosene that B is bounded below (by, sy -
~Lek 00 i QL - inf {pEG: 2 UL
We clam tt § s te desired fonckion.
Note tot 00 € [0\ for any x€ X Cury?D.
For any xEAS Do, £ =0,
For any x€B, xép for ang p<i (L= X\B). By (), F():1.

& emane to show Ydut £ s econtiwous.
Observe  trak

"% xEU., FO 2r
i x@ U, F0D) 27
Thic follows from the denceness of rabiongls.
lek %X amd (cd) be in R containiing £(xa).
Clwose ratiorale p.q. such tat c<p < Flxo) < q<d.
let ©- Uq’\GP-
Then,
- Fr <q = % EVq
- PSP = %4 U
o Leb xeV. Thon $0) €Uy €Uy = £IX) 9%4&
() 4 D2 = M) zp >C

> eV (0D, so s conkinwos by Theo 2-1Gv). O
i
open

(%)

}* Xo € U

Observe tha Hhe convese helds top — we may toke U-=F(Lox)
ond . £ ((Ya, i)

Def A gpae X ig complerrly rgquiar if One-poit  ceds are clesed 0 X and

for eadh x, €EX and cliced A Fx,, Yher s a condiawous fyackon
f:x = (0,1 such Hnst Flxo) =t ard F(A)- T0% -

By e Urysohn  Lemma, no(malidy implies wm‘g\dre re%u\ari bg
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The Osxioms oz labelled g
T, - for any %Y, Hure are  Open UJV suh  thet ‘Xer¢‘é anJ
&-EV%X-
—l-'l-' HQ_US&OFW
T3 . R?-aU\a-r
Tsyz . Cng\e_\'z,\.g I"CZU\GI’
T - Normal

Theo- A subspace of a eompletely m&u\ar space & completaly regular.
LW A produck  of completely reqular <paces is completely regler

LGID b next Paaa)
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Lecture 25 - 31/03/21  Thy Unysohn Metrization Theoem and Tychoneff's Theorem
Theo. [Urysthn Mebrizakion Thegrem]

G412 A feglor second counbable space X is metrzable
Prgg_?_- We shall embed X in a metrizable Spac Y

let V= R ynder tae prdock topology. We have olready seen that Y
is mefrizable uner Hip metric

D(’H;D - sup {mn‘n‘[li(-i-\f.'\.l'k} _

L

(The oot con alo be comed oub by taking ¥ ax R vnder the unbm  topelsgy)
We will in dack embed X o [D,\*

— Cloim | Them exids a covtbable collechon of conbiweps fonchions fn: X — [b,1]
suh Hut for oy 3, EX ard nbd- U of x,, Hoe s some n suth
that £l 20 and £ () D for xEx\U.

* leb (Bn) be a counlsble basi for x. For each paic am wih Bn = Bn,
se Theo- 3-4> to %gl o conbhnuaps Fpnchion g_mde—»[D,l] euch thed
Qam (Br):91F ond Gom (X\Bm) - 10},

“Then given any xEX and neighboorhood U of Xo, we con cheose

o losis element B, with %E8nc U. By rgulerity and lerwe 238,
we can kb By be a bosis elemord with x,£R,CB CB..

(8,-.,;\; then sabiskies our rgyirements.

— For this Ué,,), define F: X—Y Eq
FOO = (B, F200, B0, )

* Becavse Y hay the poduck topology and each £ i conbinuous, F is
conhawouvs -

© For x3y, thee & Some index N such bt £ () 4D ard Fn(\p=0.
So, F(D£FY) and F 15 injective.

- We most show that F is o homeomorphism of X o F(x). We have
oleady <hown thad it is o conbnuwous bijgehen ek U be open in X
leb 2o EF(U) and XeEX with Hxd =z,. ¥ N ke suh Hrat
F(XDd 2O ond H(X\LD = §0}.
ek V= MG (0,)) SR?. gk W= VNFLO) be open in FX)- Now,
Tn(Zo) = Fnlxod D, s0 2z, EW. Fucther, WwN F(X\LD) = P, so W c F(V).
Theefore, F(J) is open and F is @ homeomorphism. |
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Theo. [Eenbeading Theorem)

L13) Lok X be @ spece in whih one-point sels ave cloed Lk (R) ¢4
be o famiy of contiupue Runchon X >R such thak e any x.EX
ord nbd. U o} ¥, thee is ®ET such Hat £ (x>0 and
£.(¥\0) = 16%. Then F-%—= R defined by FR) = £ (%) s on

embedihg of ¥ in R.

A -Pw‘ful.g of conkweve fynckons thad sobishies Hie hﬂfo&usis ob the
aeove Huoem (s casd to sePamﬁ Pom)_s from closed sek .
or a Space  in which one—fofn.t sebs are cloted, Hus o Seen D be

equivalont. to X being completely reguler.

Cﬁ_g\}_ga. A spce X i CDm.PIdeJ,H regular ¥ ik s homeomerphi tp [0,1T for
(L) come .

l’“" [Tietze Extension “Thosem]
lek X be normal ond A be cosed in X
() Pcnﬂ conkiwove map A—> [a,b] SR may be extended to a conhwous
X — [a,b).
(6 Ay conkiwons map A—-R may be extrded tv o conkiwax X-R.

The Tiehe Extension Theoem can be eed kufmvz the Uryscha lemma..
(bt = F\‘ODF vses Hg Urysohn lemma)
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Thoo- [chhom#'s Thecrem]
(445) Pn axpitragy poduct of compack Spacs s compad:

let (Xdyeq be Compact and  X= Tl Xu -
We fist pove 6 (ouple of lewmas.

Claim 1. let X be o <& ad A a colechon OCsuhsthﬂ\n'rg‘th& Foite
atesse ehon Pm:fe_r-)v.l Then thee 5 o D such that lAg‘ngx, P
has He finite idecseckion popety, and o T with P =T 2* has
the finite intercecion propesty.

2@1‘2‘ We we Zome Lemma ) prove. b,

L Given a stricty Pgrl:va,ug ordeced Sek A in uhih even)

swq;\a odered  cubset hag an LPpper bourd, A hot @

maximal element.
Tre otick poset we contider is o st of colleshiong of subsels of x.
Let

C:- 1622, AcB ad B ha the e infersation property}
wh He ahicr parhb\ order ctried inclusion .
We want Jo show Hut € har a mexima cleved D,
let B<C be o simply ordered subset. It sobbices 0 dhow thet
e- U@ ec
écl

and & on uvppr boond of B (whih is obviow)
t is clear that A€ . | Ci,Cp, - ChCe. for eadr | choose
® eB suh Yad Cie Bi.
i@ . 1¢i¢nk is simplté otderad by proper incwsign and s ‘an.ifg_, <D
hoe o ruximel eleved. ®,. Twan C,C,, -, Co EB,. Since B, hay the
biaite inkerseckion properky, N Ci 0, 0 & hor bne fajlke
infersechon prqw"\\d.
Usfrg Zom's lemna melLl:es the Froop—- O

I21¢n
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Lecture 26 - 31/03/21  (omplebing the poof of Tychonoffs Theorem

Claim2. et X be a st ond P c2* be as defined in the previoss -
® It B is o fate infeneckion of elements of P, BETD.
b) IF A is @ subser of X that infersecds evey element of D AED.

Pod oy Llet B egual the integeckon of Fl'ru'{’elld, elemends in P and
T -PUIBl. We chow twt € ha the fnide itemeckon propery,
so E-=D.

Take Finstely many elements of E.
—~ | npre of tnem i B, ther indersechion s r_leo.rbd nonem[r)y-
—|F B s one of tum we can expand B ar & fnk inkecedion
b @b tot tu oen)) intesechin i noa-empfy
D Left as exertise (dea similar b 4)

We Now Come to kg main prook of thchonoFF's Theoem. lek A be
o colleckion of subsets of X ha.vin% te fnite ratersechion prow'{a
We snow et (peu A 2 9

By Cam 1, cdwse DP2A o dehined.

b soffices b show that (lppD + 2.

Congder for each KE€J

Te= LT (D). DEPt < 2™
Becavse P Yay tre finite inkergection Frppgp\a, 90 Ao ’Pd.
By compacness, we may chogse for each o, X EXy such thal

X, € ﬂ D,
e

leb %= (%),.; € X |f we show thak xeD hr any DEP we ar
done -

Lek Dep ard Up be a nbd of Xg £ Xp Sine x%g € -Tﬁ[D—')) we can
choose YED such thad Tiglyp e Ug N T (D).

Thm, g& TT;(Ug.) N D

Fon (B o Claim 2, evesy subbasic  element conkaiturg ¥ belon&s to D

By (@ of (laim 2, ey basis eemend cotmining % belongs 4o P
and  indersecks exery dement of P Therfore, xeD for all DeP.
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