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‘p -ﬂ sel EC_':)( 15 cp»uaa F. \de.eE,av)o ok B(e,,rB CE.
fosA o o port xEE is g ball Bl for S0 >0

Thes: An arbitrany vruon of oper Sebs s open.
Vb Ly el be oo
Taan  x€ U B, => IAER st- xEE
AEM
=2 Ae>0 ot BlrOSE,
= R Ve = 2k Ex 15 spen. O

)
What obout an acbtary inkefeection- Nol
Considr {K—.‘L\_}T‘)k |, The inkersecton of fruse cebs 15 {o} ,wih 15 Nt efen.
nE ’

Peore Lrut o Puke intusation of open s 5 open

ok mosk . .
EO Lo € be an ogen et in R.Tren E &5, covntabls unvion of digjoit open intenvals

n
. For eacn x€E ,comsider
Ix bd U 1

el
1 l: anegen \dervall

Now, foe wnCE s aitnr TeTy oo HOT =B Trat i, € ie & rlon of dfpnd op en
s s m‘\% ot i B on armost counkabo pnien.

_ e be i Coch
:x::f \:Lam.-«bu of ir\wV:l: s <IRl= IN\) . O
?

:I,mamloanz'ruvlthou{'w R 2
>

J< = 4ne maximpd open interval 4het cantmuns: x.

37 (5(.33 be @ mdfic Space ard ECX. A poin.t rEXA & called & of E
B for Al OO, —
, EN{xt # &. That &5, thete exsf ponds in the

B 0 ? st asbibwrily clote to *-

Ve>0s DYEE st yFx ,d(x,q)(\'

Epxorgle - Consider E- {%:n&NSER-
0 w o Urt goink of E- (Consepene of Ahe Archimadesr property).
Ex Pow thax O is the only lmt it of twe above cet-
doscte Yro st of tmit poiats F a st B by €.
x. Poe thd QR.
Ex: Ll E CR bg o finite set- fove et E's 0
i c W O be o mET Sace and EC K. E is sed o be 4 €' CE.

ote tht @ » whe oPmnordoMQAR)
\so, @ ond R am both open and cvosad (0 R).
QW some releton ‘:ﬂhlw' OFI" %(;Mm’ S‘F:t"w ames ,.qm, and ‘doée,a")

. LD ‘o o maric ad EG % . Thar
e E.u:f::ﬂéqu.
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frodk- LeX E° be cdeced- For xcE, x s not a Limt chk, of E°
= Ard0 st = B(x)r')\{x'g =g

= ENB(x,) =@
2BHHcE = B open.
leb E be open- le¥ x e o lint
Thon ¥e>0 B, N ESN{xY #

= V>0 Blxd N EC+ (.

Po(rdi of EX st xgES

However, J¢, >0 6CX,O CE (as x€E ad £ is -nfen)
Conbradichion! = £° is dered. ]

ﬂ~ D) psrb\"cranj indersechion  of dosed se¥s is A\osed.
1 1) Finite  vruen of  Cclosed ceks is clozd.

>Nt ocbdtay cxompe \J [, 1-2] = (0,1)
Def- Lok (L) be o mede spae ad E CX- Thn the Closore of

b set E, deno¥d E s given b\él
E - EUE

For g)LoN:FLL‘ @:R,

9 (Guen oy E,
1) E & cosed:
D E-E & E s doed.
) £ is e sm% desed seb Hak contuins  E.
/\:)’éw_ wdesecton € 4 cowd seke Yuk condwn E

Pod- 1) We choll show thek B iy open. b yEES >yic noither inE
nor g lirrud Ponni,'op
E.
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2350 BH.O NeNiyl =

= B(_\[,\’) NE = ¢ Mso, 5(7‘0 nEl ;¢
> Blyy NE -9 = 28(yAEE"

= E s dosed.
2) E-EUE'

E-E & E'CE &€ is closed -

) kY 2T be o dosed seb Ths 'lm])\ie,s that g'ce'cF.
ks ECF and E'cF EcF.

=TE is e cmallet cloted b thet conkens E. g

et () be o maiic space. £ is said to be dense(in X)
P E=X- Ex. frgve that E s danse in X

w fecany oen USX, EN=Z.
For wample, () and R\q ace deree in R.

let (xd) be & pgtnt space and ECX- An open cover
(ef E) i« o colechon of open  seld {Glot?!m such  that

£ UG

& ) b o medrc spree @ ECX. E s said o be
compect & exery ofen cover of E hoe & finite subcower

ves f F—‘;x\e)“q( whese each G 5 open, H2N Foli,oly, ) oL nEA
st £C Gu UG,V UG-
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Ex| leX ECR be not bounded. Gan Ebemfmt?

‘—”M‘j compack Se¥ & ‘pounded .

Lt (%) e o rruzhic,spm ad ECX.W E is compack,
en E s (loced.
Ro_o’F' We shall q/u(vdmrg pove tet E° o open .
leb pEE and 4EE. Taen  dlpq) >O.
For each suh g, dogse st O< ¢ < M_Pﬂ)-
7

Consider 1 8(q.)Sqee - This is cleady an opon cower of E.

kb E i COrr?O.rk) e wa finte subcover:

Ec B ) URAwg) U - UBlgns g
,ﬁ;/' Sgng. q/l,q,“...,q/ﬂée.

Lo r= min %_fq",fq},"“,"q,nl :
We now dam that ENBKD = @

Let us assumg othwwse. & xE EﬂBLP;")

Ten  d(up<r and aleo,
ueael<l;.£n 83:.5) > x€B(q;,G)

=y A(M'-‘ D€alx.p +d4 (x.9)

46 £ 2¢,. :
Condradichion!. Ae BB.YCE®, Eis doseA-+ “ s i < (MM“\) u
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Rove taut (01U {£:nENY is comoact.

We. o g9 bowanls the Aumdenzahon o Compect seks in R

Leowa. L&k (%,d) o oo ek space and ECEX ke cpmpﬂ-'-cl’-

Lemma.

P FSe losed, then F i -
F s clos 6c,0mfu o s

Lok (Muen lor 80 cpen cover o F Thon (Madgen U (X \F) s
on ofen e of B T oon, o ofufh sveh that
FSE S VU U\, UuX\P
= F = VU N, U U\L,
= F is compact- .

let (Ien be @ seqpence of closed ard oounded jakesvels in R

o bt T, 21,2 Then Ta @

b To: lan b for each neN.

[+ E - {o,neNb. E4@ ad E i bounddd abow by b, -
Let %= Sup E.

We claim gt x€ 1.

ney

Foe nymEN , CGn < Qe b <by
= x £ b ¥n. We co ae a,<x ¥m.

=2 xE [.flm,bm] Vm

= dd we
= xXE n' Lon,bn] - <r)stuf§osa’fu and
n= - laoundedness ?

l
{(\ )’\FJ nend
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Thi’i [DwMz&bn d:wwfﬂ'dge;ts ,‘n}ﬁ"] let Ecp" £ s mead,
£ and on(:j 4 E s dosed cand boynded.

Proot  Claim |- boy choted and bounded infesal i compoct

5"]"’“5 (Gduen & on open Cover of fo,p) tul doet ot
have & Hinike  subtoves” LT,

Then ok least pre gF  [a, 22 and [,‘%b)b\ does ot
hove oo g(.-.j\'& sv‘oawef,ldc it be IL~\)\JB can .sfrr\l'hrlj sP/ﬂ:
I, Yo gt I, (onfive Pris  pocess W gek o seqpence of
dosed and bounded atexvaly (Ir.)nem st T,2L,2- and
rene of them tos o finite subover  of (Ga)ygy -
Focker, ><,56 1., ¥en d(h,tp £ ?:g_,

1:\—l

levy xe VI, & ué{ Gw = x€G, hrsome oLen
net °

gupms«t
- 320 g(x,O Cla,
These then exists n, 5t b-r <¢ = T, c B()‘:‘)‘Efi\«.

2n°-| Fate. sobcorer

Condradickion', = D(w doced and bovndad interval s aorﬂ?&ci"

Oaim 2. A.«ﬂdosea\ a.n) bounded set in R s co :
Lt € be a closd and boundad st and I 2E be o closed
bovrded inkerval. Then ae T w wmpaoh E s worpack:

a closal  Supet g(l TI.
We have a.lreu;ld Prow_o\ thad a coMpack svbset of R ic coosed and
bounded- This MF\L\TEA the Prooﬁ-

(The prook i similar for RY) B
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le¥ ve now consider what gobs Ve limity points.
aw\)& Y. oty s (finite seks, IN, ere)

T Lok (x,d) be & medric space gnd E S X be compack. Then
any bty svbser of E s o limit poink in E-

Pook | Suppose no peink of £ in oo Umib point o an- infinite subset
FCcE.

= Foc each x€E; J¢ 50t B(x,6INF Mk = g

= g%, %) conkoins okmast  onl poink fon F.

Nete that U B(x,00) & ant ofen couer of  E o compack sek-

Xce

lex FEEE QB(?&J(,“) 2 F conkains ab most n poinds.

Contradickin! (F is an infinite seb)
= Some poind of E is a limt point of F.

Cailu& E‘/Eﬂj whnite  boynded  set in R has o limit pant in R.
(Bolzanp 'W&Ers#mss W\

(Tre st s a scbset of e Closd and bovdad inferval )
Tht conyesse. OI/‘H'U/ above M P\Olds 05 h.)ﬂu.

Theo- Lex U(,cn be o " spoce o ECX o ,uud_ 'm(:\‘m'-b subsgr
of E hae a limt point inE. Then E is wmi:aok

Past- |INe shal prove the esut for = cR.-

Syppose € s not bouded. Foc eadh  nEN, leb x,CE st lxda
Then {x“x“u-kEE hay o limit poink in E- =>E is bpynded.

Suppose E s ot dosd Then AxeE whih s & limit ot o E.
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= $heN  EN 8 (x,3)\ixi=+ 2.
leF Xo: EOR (%,+) Vn.
Then K= x, %, -} =B . We daim K'={x}. Cleas\y, x.EX"
Lk y4x,, JER We shall pow that yé '
Note Yrak \3-7(,,\\ 2 | x—2a +\Lj-7(,| \¥neN
Zl-j-x,|-'1'7
\jq;x,, = dn, st ly-x,| > 3.'7;
= l’j’xo\ >T7;' Nn>n,
= ly=x%| > ly-xl  Yn>n, >ygK!'
2

S E s dosed = E iz compoct: (ot &b
Tey l""""a Hio for O~ genene) e spacy
Note that Hus qves anothes Necessany and  sofficient condihin
for compackness (ew_nj nfindke  subser must have & limit poik in it)

Deb Lk (XA be o mobic space od  YEX. Ten ULY i said o be
opnin Y ik s open in the webn space. (M 8\y)
or open elakive koY L;n“j-:\o'c yresk-‘z:l"d
Theo- | Lok (%.8) be o w@dwic spee ond  yoX. ycV @ oen inY
# tue i on open sk GEx such that y-g0Yy.
Pt

Sets and Metric Spaces Page 8



Page 9

02 September 2020 10:50

—ﬂw@ﬁ;fe, we  (n dbpmg, e subspmcg Jf‘U?Q\O%\j on YEX
05 L YNG: GEX G s opn§ whoh s khe sk of all
o?m seks Y co%‘du{rj e modtie on X feskricked to Y.

Ler (%,d) be o mebe space- X > mid fo be discomected if
Hue exist qon-emply ABEX suh Bk AUB-X , R0B- ¢, and
ANB- @ _

X & sad to be comected if & 1 W Aisconrected -

lek Ecx. BE & disconnected if fue oxiol non-m?ta ABCE
suon Kk AUB-E ASNB. &, and ANBR- g

let USYCx Pow Hat U ynU*

@ X@ AUB s disconnecked.

Thie |'rnP||'f,s tek B is disconmected  there exwt N:n-U“QhS
AB CE suh that pUB-E, A'NB-g, and ANE'. 2.

Connecledness goems €O coreelpte to our inbvitive undmlram\irﬂ ot L
' l
Som&‘l’hirj U\‘L.Conhﬂuaﬁ")
2k —indgvals?

Sets and Metric Spaces Page 9



Theo
Frodt

Page 10

04 September 2020 09:48

le¥ E€R. F E & aol an inderel, £ & disconneded.
Su‘:fosb E i not an interval. e is nO Such
= There. exist  x,y€E ond z@E with x<z<t_.]_(hipl¢k,5isaﬂ>
l A= (co0,2) N ad B-(z,05NE. inkerial by def
PSS (o021 = ANB =g
B e [z = ANg -o

AUB = (R\$2VNE - E
=> E i Aisconneded

The oo,rLt'rg,PosihVe of e above just oy
I EcR s w\nﬂddj E iz an internal.

I gecR i an WY‘TEXVBJ) E & connedsd .

Soppose £ 5 diconneted . Ten 3 AB st AUB-E,ANB -, ord

ANB. &

ek xCA ad yEB- Assurme wiog Hnak x<y -

leb 2. sup (ANxg))

= 2 BANxg) S ANTagl = Anlxy)
G o (ANTxgl) fo the smallest

closed sek c,nrd:aim'vg A(\[x,‘jj

= 2CA = 24.5 = xéz<j~
LS e amd z6Tnyl
Mz¢th¢B
(V¥ z ¢ A, Hen x L2y ard Z¢E. =E is nob an inkenl.
() IF zeM, tn 2¢ B- gug' (o ANB=D)
= 320 st (z-c,ze) NB- g,
= Y2 with < 3<zr, 2 ¢p.
2 =z, 48, 25z 3t 2Lz <y

PNso, 2.4 A 2= sop (AﬂﬁxlﬂJ) and x€ 2z <'j\
o) z,0z
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=2 z,4E.

Therefore, E_ s ot g abervad

. lECR s connecked F adonly # E & on inkervel

Note: Thie connol be extended fo R
(A ciccle is connecred in RE.)

leb (X4 be o mebric space.
I X is Qusconneched -
3. X=cuD where CD are
non-emphy, disjoink, and closed Ectj\\laﬁeni"
3.X=cuD whee (D ar
non -emphy, disjoin, “‘ADPU\'
4. Thee is @ non-em

Py proper
subsek oF X Hwk i both
open ard  closed.

= 2:

Soqpose. X=AUB  ith  RANB- ANB - .
We Qaim A is cloed.

AcSX -Aw od KB-gg =>7ACA

= X = ALR whee AB o non-emphy, Aisjo.’nt, and closed.
2=

This  fotlows d)rzl)'lﬁ .
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Lek (X,d) be a meric Space- X g pai’h—wnn‘id’d i£ for any
Xy EX, Yee 15 o condinuous  funckion P [o,] =X such
Yk flo)=x and ORE

let (X.d) be a maric space-
X is Pai’h-c,onhﬂd'w = X ¢ connected.
Converse is ad hye-
Cong ider {(x,s(n—',z)ékz;
% CRN 03}

V opn connedred on R" = pah—connecked
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