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Se\,ojucnc_es
Def. Let (X,o\) be o medric epace - A 59,1/\)%69 n X is & m{

We typicelly olonole cequenc o fayo,, -3, 1k g or (%7neN

D_B/L A sav)&')ce (ﬂa‘.\eN iN ()843 15 CQrNQJ'let # de£X cuch
ok e Al €5, InEN  cuh bt
n>n, =>4(an,8,) <E

Eq/u}valqy&ﬂ > Op E,B(a, £) V¥n=ne

In this case, we <y that  (an) ey converges b a4 od wite o,—a.
16 (@)oo , we denste 4y poind iF converger b by 1;?@ O

Foc anr\ﬂ, (-lﬂ)nen DO”VUJUD to 0 i« R.

Theo. | B a sequence (oﬂnew convexg e, s Limit s Unigue.

ok
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Teo. | N c,omgﬁmk sequance i< bounddd.
(LF (Pn) heN 15 w“‘#exami’, M {an\'\e“\‘k s bﬂurﬂd)

Proof-

Theo. | let ECX ad a be a limt Fo,mk pf T. Then thee exishs 4 Seiuence
(0)pgn in E sub Had g,—o 0 X.

P(OOP We have oEE’.

for each nEN, et @6 B(a,+) NE\ {0} £ 2.

We dam Yt a,—0 in X
IndeaA,aiven ony €30, A0,EN sh Hek 7 <g Then Vo2n,,

d(an,a) <E.

_rk_@- Lek (S“)neN ond U’"’)nenxl be w“‘lersertt in R such Yd s.ve and >t

|E VeeN | S, &k, Aen s<t. .

Podk | Supsse s>t Cheste  some €& woch b OLEZ T . Then leb nynen
swh dub yasn,, 1se-sl1<€ ad yazn, , |4.-tl <€

Choose N, = max(n,,n).
Then tp, <t+s%f = S'%t oungl sn'>5-s':2§ - S—:—t

This & o conkfadichen. Tagrefore, s< ¢

;_5 gn. >th. .

Corlery Lk (adneny, doem (cepy b comergent 0 R soh thak for oll
NEMN  o,< bn<cn - £ lwma,- ,‘(';,'“...C" , 4hen H‘eﬁ are. alip éﬂl/dal 1o

nN—>ao

Ln
nN=>az
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et (6).eny ad  (badaen be convergent in R
Then I+ 0 +by, — a4l
2. 0nbe — ab

3. <% _»(%) it 0n*+0 Nn and g0

I is 1Bt ax an exetise.

2. \oaty = stl < lsallba-6l + ltllo sl
UDse 4y  boundedness ot Grlnen -

3. can be (rovled similr o 2.

For eadn nEN, ot x, - (°<nu Loz |, p(,.k)QRk vader the d, méric.
Then Xoe=> 2= (o &y - 0t) in REf and or\Jﬂ i} Ky 2oL Hor
each 1.

LeX xn—x = Vesd, dn.EN st n2n,
= dz.(?("“: 'X) <E

= 2 Co(n-l— x;)1< &L - ldni —-xil< &
- Vvelid | and n2n,
The convese = Simlar

et (on)oey be o sequence in medric space (X,d). Consider 6 sequence
of rakucad Aumbers (nk)KEN st- N <n; for 1<)

Then the sequence (&n.‘) rend s said b0 o 4 sub$€qlt)€/nw OF
(lln\nen\\.

The liak of & sobseqene & lled o sobseortial [limt-

Sequences Page 3



\

3

Proof-

Page 4

09 September 2020 10:21

Fove Huat £ a Seztuencﬂ« S co,nvgrsex\k’ oYy  sdbsequence vl
cmvergan b the same limit:

K natual  exbention b e above oo what sequonces hove

a;m!exje;r\f SU\ase_q/UenC%q-
for example  (A1,-1,1, ) i et conwemet bt b o

comexz}/\l subsequence
(1,2,3,-)  hos ne convergent, subsequence.

1Lt (an)gy, be a seqoence in o wmpoct  medric spoce (X,4).
Then it s o conwxaeni sulpseuence .
2. ij stﬂ)lﬂ seaLU@I\CL W0 Rk ey, a wn\lefﬂerﬁf Suhseiuei\c&-

. Congider E = i&.,a,_,--- ! C X s o seb
I E s fiote, Y I n,<n, ... Such thet Qq =G, = - .
Then e sequence (O‘*njuem ('3 C,onve)’jenb-
Obwrwise, ek E be an iohnite cyoset of the CDmFaJ SFGU-CX,J)
= E s o limb point @ W X Oyt Bobano- Westrass Th)
Then for each IceiNJ
b g, 6 & nelad i
where  n <n, < - This s Posible  since each
nag\rdeourhooa oF o containg iofinddy dements of E .
Then (a"leeN & convergent:
2. Aﬂﬁ lpourded sequence i R" is codoined 0 & closed and
bounded  jnberval, which is Compack
By part 1, fne sequence st then have & convement eumseguence.
L]

Nefe tt He conee s ndt e, consider (1,2,1,3,1,4)5,)
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A Sequence (\%3 epN 15 @ Caucﬁr\ﬂ Sequence it for exery €>D, tuxe
exise 0, EN  sudh thd

A (?n R ?“") <t \dn,mzn, :

c,onvefaen)(, LYUeNe. is Cﬂwd\g
lt L be 4o limt of o converawi s8y: (FrhnEN - For any €>0, ek n,EN
ot d,(P,“D <% forell A2 n,.
Tren  Na,m2no, ALP")\?"‘) < o\(Pn,L) +o\[fm,1,) LE.

The coveree & net nec_e,sgaﬂ\ﬂ brue, . Foc Mlz” consider (P pepy in
® gnen by

A \
?n=’ ‘-\' Wore + .F':

Then p,ie Cavchy but nok mn\;erau\t in @

A matric space i€ wid o be COmPL&’te it eveny C,o.udn\a saquence i it

CDIWUSE,Q.

| lek (?Dnew ke a Cﬂ”d“a Sequence. L7 CfﬂneN has o oon\leiatnlf

Su\osu\/ug\ULJ Yun it s c,orwugﬂ.ni'.

S«J??ose, (?“)keN w a oOr\\leraeI\t SUhSQ%W\w Yok oon\maes to P
Thea  3n, - Al D<E2 Yk2n,

dn, - d (Pn, f\ £&, Yk>n,

= ¥n2 cax(0, o) . dlpa.p) £ Alpn,pd ¥ A, , P L E
le:gra_na ﬁk}ﬁ'm((nnﬁ;)
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P"‘ﬁ compad, metrc spoce 15 complefe.

ime\ia,s Yo resut
Pove Hrak any Cnur}ua Sequence S bpunded.

We con s‘\mi\edg dow that IR“ 1S wmfue-

Some wore Limits.

NP
L pso, Un (R) -0

h— 0@

2. \f >0, Um Pl/" =\

n-ec

a. lim o/ = ).

n=>00

4. \F p>0, for AER , limm n* .O.

s. I8 Ix\<\ Hwr tim x"- 0.
N—e0
I. For each €50, iUSIT choose n_ - l_C/g)y?-] )

PR U - >4 PR S p/“—| >0 for esdh n.

Note  that - chn‘)q Z Nxq

= O(V-n é%

S tm Xq=0 =>£m y'/“z\.

n-co

I 0G<, st wh Be b et Lo (/)" -

n—00
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'
3. Lt xp - n 20.

Then = Q—\—'xaﬂ > “(“O"D y g (So.mp. 1dea ae 2)

2
= D&%l {70 = lUm x =1.

h—>00

k. Ler kEN sun that kK.

For n>2k,
Qﬂﬂn > C, o = b (n-ta-D- - - (n-kesD)
k!,
k
> o< . (3)
kl
= nt o< a2
C+p)° P
Then pee (D o 8d lim n® - O.
n—>aa Q—kp)ﬂ

|
5. Sex ol-O0 gnd\ F=(m-‘) in (4).
].l'msu]; ard Lrﬂm-F

We define dhe extended real number ling by R = RU {00, —00} whare
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Lex (odnen be o sequence..

I We write 0 — 0o b for ol K>D, thee exists NeEN such that
Gn> A for adl n>n,.

2. We write an —-= i -0,—» 0o

Lt (sm)peny be o Sequernce of reas and let

E_ = {XEE : x:klih Snk L( Some. SU\)SLGLUQ,(\CQ (sn")kén\\ DL (sn\néN"S

(  Goos oo, we foke it lim as oo>

|t S“k"’ —oo we take ife Lm 65 -po

We  thon  Jdefine lim spp Sn =

N—>0a

sup E ond limpfe, = inffE.

nN—>a6ao

For examdlg., o sa= L-I)n(H'rlT) CE-{1,7% 0 limsps,-l o

N—GCa
tﬂ\ lﬁ‘p $n = "\-

n—od

lt o= i nois odd ad n F n i ewn Theo E- 10,00}
so the Umsvy is so ond ty limint is O.

What if (Sey 1o comvegont 7 Then sine oy subsespence converg o the
lmit, the L-‘m,lIMSur,axd limif  are chUal-
What abosk the converse”?
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T lek (Se)eny be o sequerce o reals suh Hak £ LimSup s,

n—>aa

There Huen exisle  NCIN  cudn thok  s.<t for Jl n> Ny

12 Poce exists o no,JCWJ" there are inﬁinﬁ'da m‘mﬂ n such M
sadt- |8 dhis set is Uﬂbwnolul,*hpn — 0a. Othpange, there is a subsequence

with Umt 2t.Thiy jo o contradichiogn o Y —r'gdf Yok He Lim sup i
the SupTemym 94 the set of SubGEq/Um*qu Limi b, - D

A Sequence (aoen oF reals is soid o be
mongtonjc,a.l.la increasing if G, <0 ¥EN-
mongton cally demzmrg # an 2a4, Yeen-

R muno%onimud inCreasing bounded Sequence  COn verges to k= Supfemum
(as o cef).

(LEH’ @5  exestise)

let (5")neN be a sequencg of resls- Then
Lim sup ¢ = (nf sup { Sm:m2nt
=200 nN-oa
LLrl;nf Snoo¢ sup b mn}

(This  follows direchly from te lemma  bwe gbow)

Note 4ot the above imp“@ﬁ
1< lirnsup Sp = t< SUf{E,m:mzn} ¥n

= t< sn for iﬂL’m'MAdﬂ’\Amdn-
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Se/fes

Lek (o), oy DL B seuuice o ceals.

n

We smaa nZ.O-n COnvefge,e if (él"q nem  Converges. We +then soy

bat 4 i extua.! o fhe |imit of Hue sequence

|

Z Oun Conw,raes if and ony £ for any E>0, Y exisks noEN
A \z all a0,

Ld’cmg Sa = Zan we see Hat the qum Convurges o (SNaen
o Cauhy, wohich, Goivalent b He ghen codibion

It s,. does not Converge, we  Say that it divexae,'a-

LW lanl € cn Y020 ard S.Cn canerae,s, then E an aonvaraes.

2. b 034,20 ad S dg olivuaas,{’}\m 20, divenes:
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e \
% nf Conerges be 20 ff P>l
For p>,
Qo
I—Fé 1+ + | 1-_\?-\—_'_ -\'_),‘\-_L T L+ -
eyl Z F 4« W e ur 7
- I+ 1 1 4 which converaes as p>1.
P
FO(P:‘,
= |
- = 4L x4+ 1 +
nzu‘" 2 3 %
>__'+_'{'_f_| (L \ _|+¢5 §
27 Z 4 il I g-k-g'\'g &g )t
=t SLa which eli\ler@%.
For P(\J
Thie follows diedly ae 27 foe pel- ]

—_—

b 0,20 for ol 0 and (Z‘.&")new is bourded, then i.l On Lon\wgu,.

(s the seg. (s Monstene increasig

MA L\ounw a.bo\/@)

[Cmud’ll{‘é Cr({’EI\bﬂ] . oo
W 620 Jor ol n, Hun ni__,lan Cmvaa% it g:‘, zkazk Converges.

Tnishpuh'nf Hat ether boh ae boondal or beth e prbpindal.
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e |
_E}__- Show that 27, n-(ﬁogln‘)" ConVerges - F>\-

[Root Test] y
For L ER, b ol Um eup Ian\ . _
I (<), Hen %|an converges and >, Hun f_,ltln diwleraes-

_P@'; Suﬁmse o«£<1. |eb B:d<p<I,
[im sup lan\y" <B |
= 3dn, suvh Yutb VnZn,,) lan\/n <B
_ = la) <p"
How@\rul =3 ﬁn COﬂVUEj“ whigh ‘wrxPUeé Hhat gan conveges -

A=l

£ o>, then  thee are mﬁ‘m'{da oy n subh thet |an '/">l
= |an]|>) .
This implies g Qn diveg%' H
Noke Hut 4e root test is inconcusne ik ot=).
&ansfda/ Oa=¥
Theo- | [Ratio Test] and b= 5
let ot= Limsop a;n”

I <), bhen 200 Conversges.
¥ Humwe exisks p, suh that 'Q‘%} > | Lor ol n> N, , then

Slan di verges

Pook Agoin choge B sub that ot<p<l.
There  Hun exigls N, svch that \anno, lanﬂ\<?3lan\

ﬂ—np"'l

<B lanol'
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We oefine e as

€ = l+ 14 1 +

We then have Hut e= lim (;+ _‘r.‘}n

nN=>0a

=

Q+';§n-l—rl+2'_"(l-_'l,‘)+- +L (L) (I—n—')<|+|—+2'!+ 4+

=2 lim svp (l—l'-")‘1 <e.

I:,,, some m,dor ony n=m
(,t_l) > l+|+z'.!(,_ﬁ£)4...+ #(l’-%('—mfs

tmiof (143) 2 deted +op L .

2! m!
. . 1\" S
= Lim inf (I—rF) > e

Howewer, as [mink < b‘msUP, this impll’% thak the Lt s ¢.
l l

2t <e
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