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Rismann |n %rabbﬂ

Given o bounded Roackion f:[abl— R e Jofine

. A pactibion of  [lab)l as P= {a=x,x,, -, Ka=bS
ot o< x <L <L x,,<b:

2. A wlinement ofF a parbition P of [ab] as oxnothe fa:{’i)ﬂ.or\
P! coh that PP

Given 6 bounded fonchen & [yl >R and o Falhhbn
P- ia-—x,)x.)n., xn=b% of la,b], ackine for cach L,
M, — sup LED): 1€ [xi, 22} and
AL inf L Ho: Fe [x;.,, X'.]]!.

Forther  dehine N
V(P = 2 Mi (xi-x)  and

L(?;'P) - Eril o (% — X\-D

Now, dbserve  trat F P' i o paskition of £, then
LIP; D 2 L(PS#) 2 L(P5 ) < UlP;h).

IAJ‘H’L MS "\ObVOJ"O::, we de!\'ﬂe ‘k‘f@ Rl.emwn UPPU sum as
’Iﬂodx = b {U(P )P & Farh'lﬂ'on o La.,b]}
0

ad the R-’emanhr’\ lower sum s
_SJ’LAM - ap { L(P:E) - Pis o Pe:chh'on ot lop1%

(8

£ is sgd 10 be Remann integoble i these bwo o equel and
in this ecrse, Yruic veloe & the Riemann ;n,’cegral of £ on [ab).
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For C%Uﬂd—ﬂ, consider ‘F(:O =x on Lo,].
CO%{AE.\’ Pn = {'E’ : DL e & n}

0(P ;) = Z(_"") = 2,([-(— )
L(Pn; ) - %‘F"%) ~ 3'_-(|-_'n_>

—

Po< ok {U(P..,#) N

"
_iﬁ = SUP{L(F:.)F) :n&l}\]} - 2

| b |
S € |F< |fF<3
o

= £ is Riemean inl'eﬂmb\z and it 1n1:earakl¢ T
I [ ie tonotone, tun £ is  Riemann in{'egrable,-
The P(oop s smilar 4o how e evalua lzd !xdx aloove .

Show He F is not mtearaJom on [0, whee

B - [\x . x€£@NIoY
O etherLoise

It £ is Riemrmm:l .‘nj'egra.H,, onb [a,b], we Ohne

f#()ddx = -jﬁ(x)ﬂx'
b a
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Com\gg

Lt £ [a,0) —> R be boynded. } & Reram .(L{»egmb[g, R for any
¢>0, thue ic a Pg,rhh'gn P of [gp st
U(Pj-@)’\.(ﬂfr)<£

D"l& if.

It £ ic Remann int., 3P,P, <ot
b b
[f-% < L(r,0) awd [F 4+ &% 500

LE/L/ P; P,LJP!_ . Thﬂ‘l
e < U(P;L) —L(Pt)

IF.
Lt P cuk Hur v D-c(D<e.
Now,r\obe thal . '
L(P; ) é_J é’Jr- < U(FL)
o o-
_ b

= 0<¢ 7Jf - [p<c
- [ = fﬂ and 4 sR.'mannnntﬁleL

let + be Riemern infgrable on [ab) ond let Pe {X628,%, ., x= b}
such tat O E) — L(P;8) < ¢.
For each 1=12,-.n, levr t; € [xia, x1. Then

\ i?(’cﬂ (Xi—xi) — l_('r—\ < e.
\ndeed, note Yk ]
() £ SLEGEY (imxd <UD ad 10N 2 5 <O

o

n b
= (7N -uE) < 2?&0 (i —xi) — S{'— 2 0(Pp) - L(P;H)
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Prodc-

¥ £ s cordinwess pn [a,b), then it 1o Rigmpan In)’earab\e,~
As [o,%] is compadk, £ ¢ uru'Fofm\g o Weve (on [a,b]\
For £50,35>0 sy
lx-tl €5 = [f0-FBl <« Zh-) =,k e[0,5)
Lek Y- {X:,&)X\,.w) )((\——bws I.OI‘k\')
1PV = max \wi- %) <8
V€i4én
Then 4

ULeD-L(p#) = 2.0 —md (x5 - %00
< Z‘ @%) (ei —%io)

= &
= For any E>0, Koore 1o a.‘)a.r‘l-ih‘on P st v@8)-L(P,PH<E.

let § be Riemann -.rdregmble ad wm<clf<M. ot @ e a
Condivwous funckion on [mM). Then @ of s Riemamn ia{zgmb\e,-

Fix £>0.
Do p unifo(mlxal corinupys  on [m,"\],
ASS0 with d<Ee st [g-tl<§
= fcp (-] <E st e [nM)

As £ is Riemann in%earablga Mere exiske Po fo=x,,x,, -, % bY
st VEN-LEH <&

Lt M; = SUPp +() mi= f(of +()
x&[xy.,, % x€[xy.,,%x]
M?; SUP (Lpaﬁ (X) rf\’,"l'r = SUP (CPO‘F)C()
XE [xy-1,%:] X€ [xy-,, %]

Av L1410k M —m; <87
B.{ie il nb: M-m=2s}
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Observe trat 16A > MY -m* < ¢ } @
EB = MT-m¥ < 2k

MM& k: SV I (‘hl
te [r'fM] ¢

.. 6 2 ()("_X;-l) < %(M}"mf") ( %X —?(-',,D

EB

= 0(P:H) -L(P:) < &

> %Q«,—m-.) <§ —0O
Finally,
Ml\td( P, (-PO‘F.) - LLP‘; (_(Joﬁ)
- 2 (M) (o)

=L (M -wD) (xi—x; o)+ 28 (MF - ) (xi— x;-)

A i€B

< e(b-a) + 2k (D ad @)

< £(b-a+2K)

wawrg z t

elds the result
b- a-er (j

F £ ad £, oz Remam \r\fearab]L then fi+h is Riemamn crb’reamb\b

ard  Fothe,
J‘(‘F-nc,) J“f— + f(:

lnkzg\’ab\'l“a, followe from the fad W for any parthon P of [a,b],

(PR + L(P;8) < L(P.£x8) 2 LR £,48) < U(P:£)+ L(PR)
ru&h.u- Hroxe exists ?arhhon P for anyg >0 si:

H-H?,_ < U(P #.42) < U(PEY+U(P; B) < JF +f11 +E

= f‘P'.-l--Fl < f’ﬁl + ﬁ}z_
Re-p\acira £ owith b oord £, with B we con infer the esult-
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1 | For  Riemann inj’%mb\a, £ e O(GR,
Jo{f’ - off (xisolx is conhmugus)

2. SUWDSQ’ 'f' s Riemam | rable on [aJc] and [C',.B] whee &<c<lb
Then ¥ s Remann iniaaralaln- n [eb) and
b

J',{L . ‘T,(: + _?',p (SPH’ ory  Partition of [a,b] ad—c,)

3. B £ ard a are Remann ir&éﬂ\'aﬂﬂr with 'P_ég, then
J"F < f a' (Jus’f compare uﬂex/ lover [.’niri'.‘)

4| ey £=0 pe Rigmann mfgmuz such tar £ is codinuos ot %,

ord £ (x,)>0. Then Thare is some inferval around
Jeso (T i

5. For  Riemgon ,'nJ:eﬂra\on £, \H s Riemann inkcgrdolz ond foriner,
b

b

[ #0rae I < jlﬁw\ dx (~1py < B2 BH).

Oo-

Ly £ be Riemenn inl:%mb\ﬂf on [ab). Then br g 2 x 2 b,
X
dekine F(x\zjmw .

a

F is confinuors on  (a,b)- Foctter, f § is cokinwovs gt x, then
Fio difformbiadoe of x  with 00 = £(X)

Peool | Lok %, y4€ Lo,b) with 5y X
F(x)- FLy) . TH’(\A)«: - ?Hk\o\k - fFLDdJr
a o 3

[FL) - F(y)\ £ J‘—Fll’\di’ < M(x’é) (a3 £ 1o bourded)
-

Tws Fis contiwoss on  [ab).
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Proof-

’\\ou) 50{;?95& TS conhnuovs u.i'x,‘l,’\rwl’ is, for £>0, 3&>0

t-x) <6 = [HO) -H)|< e
tclay)

For x-%<t &x+§,

t
FOO-F) - £ - I 2N PR Ty
a2 ] \ [epay

E-* ¥

i t—.l; [ I(Kg) -Hx))d&J\

S | JJSEA& (o2 |-3fx\<lt-x\<53
E-x x

= &

= F & diferenhable af x g F O F0O.

Let -F l)e, R'.Uﬂs.nf\ {ni'ﬂarab\& on [_a,\n]- I.e)" Ygre be a diﬂ,ﬂ'el'ﬁabla.
foachon F on [ab]l st F'(x);“?‘) ¥x € [ab). Thgn

Jb«%wc = Flb) - F(e).

Fix €50 Let +hee be o packhn P. {a=x, x,, -, x,2b} of
[o,6] st uLPB-LiPBHcE.

Now, b\& He Mean Nawe Theorem, for i=1,2 .- n

FGO=FOL) = (=) BY) for some E7E(xei, %)
Pe we have shown earlier, .

\ nz,(x.'—x;-h fl4) — IF(z)dx <

(] a

= ‘ i Flx)-Flx) - .r'r’()()a\s( <&
b
= | (F - F@) - Jroa] <6

= ,T dd = Flp)-FG)
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Theo.

i

Dol

lebk F oend G ‘oo differfiabe on leyb) suh  thet P-F ond
G - q are Riemann in,l,’ea\'alo\p,.

Then b b
J FI) GO dx = F glb) - Fle)Gle) - f"z()()@'ba) dx

et ACR. A i said +o be of measue zem ¥ for any €>p,
Me, exisys O SULUUTCP, of Opg\ inrervals (Iﬂ)né“ st
AcUIn ad 21D <t
whee J((a,b) = b-a

For exampe | ley A= {x,, X,, -5 be & courttgble get-
Fix €>0. For eah n,let Tn= (xn"L, Xﬁ"'_i)

2"1’?_ 2]1.‘,2,

Then AEGL. and ‘%LLLJ-_ % < €.
We ste Hhat any coontably sek ;o of measure 2exo .

I ACB ord Bic & measure zem, show tudt A is of measure zero.
Sew Hat a coprdalde union oF messue zem sels s o meacur zero-

let F: EC(cR) =R be bounded. L&+ BRcE.
We dehine He oscillahon oF & o B La,
w‘,,(B) = dl'of‘n L(B)
- xzugq%x) - ;Zﬁ £
We defie Yo pscillahon of F £ ok xEE by
@px) = inF L (Bl 8))

Riemann Integration Page 8



We see dhat o Honchon f is conhnwovs o x i ), ()= O.
( Show His)

Let c' be o guﬂd’lbﬂ- e dﬁﬁm Af, as H@ sel of disc_mhhmﬁes
ol £

Lek £: [0 b]l=R be bounded. £ is Rierann iqkegmb\n. it and qu,a 12
A, is oF measure zerp.
Suppose A, s of measve zo. ¥ ¢30.
* Thee is a SQq/uerCQ/ of- open interals (—L‘)netd st ALQUIn
and T, 0(1,) <€¢€-
Let T= {ne&N: W (INSET
Ve- U Ts

nET

J [ )
Clearly, 2, MID < 3, 1) < &
For some NEN [t x; = a+(b—ab (;/l\])'

We thon have a Par»lihbn {a;x,,un . xuzb}

e We shalh show Hut Mee exists NEN gxh that ﬁoran#
€112, N? . A2 u);([x‘--.,x;]\) >¢  then Ixio, %) € Ve -
Suppose  ofhprwise,

Then for every NEN, 3ie {1,2,--,N} st
Wy ([xin, x) > and  [xi4, x] ﬂv§ + 0
= JASn, N, Z, € [xi,, %] ot
w,p([scn-\,xﬂ) = Js) - HE >E
ard zy € V-
As (sQNeNis & sequence . in Lo, k], it hae a mVeraenj'
Subsequence (sNleN' Let Sn —y-

lsn-tul e be ond (sy-Znl< ke
N N

=ty —>y ond Zn, =Y

Hewexer «F(SN':) -ty >E = F s disconiwess ab 4
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n=1

- &6-_[.1 for some JGN .

Now, note Aot \/Z is c\eced and LZ'NKB cen 5 0 \‘%
That is, 8¢\16_
= Wy Llj)é e .
Ao T; s open ard € L;,
(SNO ard () e in T foc sumc-'erd'lg, \N’a& k.
ks u),e,('lj €E,
-ﬁ(SND _‘F('ENK) e for Sum'a'ad% huae k.
This is & condradichion!
(Our basis e chosting Sy and ty was -HSN)--I:(I:M)>E)

Thie proves ovr claim.

Fix NeN as Obhliﬂed e ’H/IL PrE\IiOU_S Polna{'
L?J' P; {G': Xo, Xiy 7, XN—'L}'

N

U(P}ﬁ) - L(P')-fr) = 2 b;‘\:" wf,([x.--., X;])

1z

£ k- b-a 4 ([akd)
N

+ Z l"_;ﬁ‘- We ([x.--\_.x.-‘D

l=ieN
&3
whare k- |{ L LXi_l ,Xi] QVE}]

< Eu.)_,,([a,b]} + £ -(b-q)
(o2 ce a Q0N < a)

2 ¢ (boa 4+ wp C[a,h]))

g £ b T wyes the fesylt.
Oﬂaﬂd‘\% b-at w,,[[&,b]) P
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Corwerse/\%, SUPPDse £ is Rigmann inkea(abh» on  [a, bl.-We myst
chow that A,e s of measure zpro-

Aﬂ — ‘{Ke[ebb]: LO_F(X_)>D}
= E_) ‘[x% [0-,\'?] : LO}(K)} ‘/i‘}

l,\)e, slm,\l .?fO\lQ M each og ixc., [a,b'l:w;(x)> I/k]S Is oﬂ MeoSure. Zeip.
For  £>0, there %o o parfifon P:ia=x - x,=b} of la,b]
of- UP, B) — L(PH) < By

n

5 2 we( [enx)) (xiox) < 72k

=1

let F - liefd: (ko xd N 0> %Y # 2]
£ ieF, Hun oy (oo, xil) > Vi

Then  Consides
TI(_ 2 (Xi -—X]-D L 2 “)L([x{J KI-J) (K\"X"..‘
LEF ieF

n
< Zwﬁ([xi,)(i-lj) (xi-x) < E/2k
1=l .

- Zc,"f: LX;—X;-D < & .

Dp fwn  las  coves IL (xic, x) iEF S U {{Xi]S L1<i gnb-

Toe e BN Open

(i-\; (< o‘& Measure ZUD)

Tre rest\-\n'na, open cover Hen  |has Lerﬂj:h <% and tws,
{xeTod]: wplos Vi B0 masve 220 ond sois &y
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