Fonckone

bl fiEoY ke o Brdon whie (X009, (Y,d) ae mehr
spaces with ECX and FGE'- Tren
’_fm L[)(\.—,q/

X—>p

i for poch E>0,3620 suh thab

O<d lp)<E = dy(F),9) <&
od xEE

Trg cloger xgks{oPJM closec F(:anbs’ao %}gﬂg.

1
Nas.

for e)(arrfla,, f HO-x* gn R, then x| < £ = My<e b

ony E>0. This implie &Lnoﬂx) - 0.

Note Hut PEE'.

Def- [F FRIR, we webe U H) ol &k for oy €50, IM0
Limit Sudh M '

WM = B0 x| <E.

We can oo defie e (imd of * Seq/\)enhalhd Rb:
T Lok +:eoY e o hrddn whoe (X4, (V,d) ar mehic
Spoces with EESX ond lpeE," Then
E‘l“, l:(x\;a[/
it for ”‘3 Sequefe f?n),e: in E suth at Pn ”"P and, (Pﬂ\nené"’ﬂ,.
EIEN N Y

et Lf’“)neN sal-is,(g the aﬁwn conditions - Then ,E'_n:' =9 W For ey €0,
3550 st O<dyGep) <E =dy(£x),q9) <E .
Then # pnsp, 3neN 2t D<Ldxln,pI <5 forall a>n,

= 0<3y () ) <E B all 0% = () - 4.
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Comersdy, [t £(pad —>q, for o suh seggences () ey -
Ie il“v $0O #£q, tun 32050 sun  Hat for all >0 st dhere
sl xEE with O Ldy(x.PLE ot Hat dy (), 9) 2, .

(}df‘”-ﬂﬂgﬂ"lor\ DH’M SL—a_,{'M\
Let xn ke suh a Owoce of x for o= L Joreach nEN-

Then  xq—p- Howerer, Flxw does not converge {TD‘-'[/ This is o
Condadichion , ord  tnerefpre Le;nf&o;%.

_E/x- Show Yt i sin (‘;Z) Ooes not exiet-

x=>0

-l GO lin #D + lim g

{l

2. gn_ﬂm Ura\m lin £ t;'_maPa(x)

X->P
3.k _'E - lf_": o - = ]
}(2? (Qm - Kl.mE%(:) L both cides v well-dofines)
x=>p

Trese pse  eody ko prove st'nﬁ Yre co«ufondi% results for SURRCe s.

Def let (6.d ad (V) be weric spaces with EEX. FE-»Y is
continiity  Said ko be cobwous @t o Poin.t pEE i for wy £70, there
exsks $SS0  spch Yol
xEE and  dulxp) <& = Ay GO ) < E-

The closer xgel's to p, the dower #(x) 8eh'> to p).
Noe Hut pee e (et E' ke n the defintion of o Limi)
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t%‘o- SU?QQSQ LEESY and PEE - I-LPif’ net o limit POIM’ oF E, e
‘F 1% C.onh'waLE Oj.’?

Tod 1f p s ot o Uit poink of £, 350 st ENR(p,9= it} -
Ten for any €50, axlep <8 = dy UREGHLE

|
Xi}? =0

For b, the Anchoo £: {3R whee HD=0D is condaves
ooy

k1

Note thot the limt is nd defined ; it onl} exists 3f féE',wh‘bh

i5 E)(Gd% not 'H'LL case here.

Theo: lek (4,40 ad (Vdy) be ™ehic spaces with ESX and £EY.
£ s confinuove ok pEE H# for o (pden in E, po—rp
tmplies I'(pn) — Hp).

Note that here, P can be e,qyal ko p.
The Froof 15 \/08 simlar b0 the eorliec one (for the [imit) o

we omit it-

Theo: Lev F-E—Y- 1B pEENE, then £ is conkweus ot b
x[_l)rfp\ #x) = ‘E(P)'

This follows Airéd“ﬁ horn tre  definition.

let vs look ak Conkinvity o0 R now: [oF F:R—-R. £ is conknuows
at p i+ gen €>0,35>0 suh that
F((p-5,p+8) = (Hpr-€, Hp+E)
J

1660 : k€ (9-£,p6)% [+(B e = %pfﬂ; a}

So For &omPlg,, f x(x-D, x€B is continvous on“e.h’ {0.\%
0, «xi£§
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I_FQ/D' Lt (X,d0),(,3y) and (Zd) be pelric cpaces with ECX. b we have
I+ f.e-Yand 6:-(:&1)—)2 e cenkinvovs ot P ord £p) for
Some. pEE. Then goﬁ E~sZ is conbinves ot p

Trs s obvivs using the cequential coiberion for wnkl'ﬂU"JfH-

Let f,%-. X—R Le contiwpss ot p- Then Lﬁiaj,@g‘), and (‘t/a)
afe condiupus et P ([,{2 3&) #O)
This can be )‘xwezl usig the ghove Hroorem. xEX

@D' let f:x—V ghen mobvic sgaces X ond Y. § s conbwove on X F
ool onla I V) I open oc every open VEX.
N fvex -.‘FLUSEVTS

Pﬁ let £ ke conkivovs on X ond \ be open in Y. Let xEF7(W),
Since HOOEN, there eXisk: €50 st B, (), &> V- As £ is confinues
Hee erists §50 st y€ B, (x,5) = HJ)E8, ($1),6). This joplies
F(By(x,8)) € By (£ DV Mk is, Bylx,9 < £'(v) for some
§50. This just says thet F7'($) s opn

Conessdy , suppese £7(N i ppea in X for eweny gpen VY.

let xEX ord E£30. We must fd 4 550 st (g, (9) B, €)
As BYU'—(X))ED iS5 open, I—I(By[p&),fh\ 3 open- Ps x bel.angs Jo Hnic ek
te ekt Follgws - m

Com\_!eﬂ fx—Y is conkinuwvs on X if and onYy (V) s dosed  For C”Ug
deted VCY.

This is essy o show usig te fadk thet” £7(V9) = @"(\DY.
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Ex ld Gl ® - { AeMua(® ~det A30S and S, R = 2AEM 4, (R) -
det A-1%. Baow Yt GLOOR) od SUN B o ofen and closed
(oot nuot compock) respeckivaly in M, (R), tre seb of axn mabrices in
R with the JQistance oekned hU the oormspmdirg distarce i R
Forther show  Hhat GL(nR) is disconnecked .

D}E Lt £: X 5R" phoe X is o wdric SFace--g' i« sad ho be Lourded
Bounded I'F ‘HWZ eXl's‘s sSOme M>O S"t' B\(‘P(x),f))ém -FJF au 7(,6)(

¢
oHen  wrten 0s |£(x))

Tl—w) let X be o compoct meXic e ard Y o be a4 pdic space. [# +:x=Y
- corn?ac,l’ fren  FOX) is cngad'
[Con:htwous imagp & a comPar} b is cnmPod'\
Tod Let (VQ),., we an open cover of E(X). That i,
X< F (JVe) = ; U (W
why?
- (" (‘Q\,EA 15 an open cover of X. Ps X i conpack,
X £ (WD V-V F (V) forsome o ... ol CA

= 5 = £ 0V (D)
g 2e FE (V) U U RO (V)

g V"(I U‘“ U \lD(n
Ly £ ({x:bde VD) €Y,
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T_ha} Ler f:x—R be conkinuous end X log Cme&J" Twen Yree exist
(¥ M ‘F = 3 ‘F( = -
P.gEX suth (p) %; HO o 1Q) ')(ZL Ho

(¢ olteins ibs soptemum  ard i0fimura)

This & goviovs o £(X) i cgmpaci’ ond Hws closed grd Lounded .
Boudedness imples exédene of sp/inf  and closedness imples bt it is

in ‘F(X)

lemma. Lo EXs VY Lo continuove and X be connected- Thon P(x) is connected.
Prob. Seppoe f(X) & disonrrtel Then o exist gpen UNCY with
UNV= & such that £<) - yuv.
Then since XUP;EH)?B = (U F' (WD UFW) whih are Aisjoni—d’

open 55 (g £ is Cp(\hﬁh:uQUS)J vuch % o contradichion.

Theo [(nbermedicte Valwe Theprom]
e let Bifapl—R e onkinvevs  such 4t FD<LP) Given C such thak

Value

Theorem 42(0) <(,<-P’Ll7), M QXJS“; Pb [G-,l:] SU()‘I M HP) -C-
froof  Bs [a,b] & conneced ond compact, ([, b)) is Connected and
CONPo.d’. That is, F([a))) s & closed ond laaundezl inferval.

= (£, < £([apD). The result follows.

Colery, & £lobl =R is condings with Fo) <0 and [(b)>D oo €xisks
cC (ob] wi thdF HD-0.

Vef: ok B xoy whue XY o manc spaces. We say £ is  uniform

i COMOWEBKE o0 X i for evey  €>0, 35>0 ot for all x,aE)(,
o e () < 5 = dy (B, Hy) < -

t“ru'ﬁ differs fom conk\'no-'ka becawee & is 1ndeyendru-k of x and 'ED
fn conk[nu({'a) while esch & >0, we do ok know F Qn(: 8)‘3}0-
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Ex Sow g B0 = B guen Wy B0 =% s et yadom

Thao-

Prook

contiiwevs-

lek £xsy e (obiweus. ® X & compoct, Hhen F i Um%ﬂﬂl&
continupus:
For each PE)( ad E>0, hwe exsle §(G) >p st
1B, (p, () = By (£), 2D
Corsitee {84 (5, 90 ex be o oon camr of X
As X s OOMfa.(k‘ et Ahere loe. Pro-sPa st

X~ 0 BXQ);) S(F‘)/?—)

il

lek  §- min(%_t%a) >20.
[¢ren
We clom  Hhat Jor anj x,ae)(,
dx('x,a) <6 = oy (ﬁ(x))ﬂgj)dﬁ.
Indeed , gven ey 2EX, x € Bx({,m S_%)) for cme  lgmén.
z

Theo dx (’x\a) <6 dx(ﬂ,fm) < dy (Pn,x) + dx(x,j>
< §(pm)
As dy CFLO, B(pr) <F2 od A (F(pm), 1) < S,
dy (M0, flYN <€ -
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Db leb Fi(ap)—» R. Tun bor oy %€ [a,p)
Flx*). lim &) =q it for ey €0,

Limit on r— X

one side mxe C)(.\-ﬁ}s S >0 <. t.
xreneb = 2D -q| < E-

E%\vaalan*"j, & (A)en A seqpence in (x,0) suh that
4:"—:,7(, Hun f'[‘lrn) —q.

Sim}\arlﬂ, For x € (a,b],
p(:r-lq Um #6) =q if for ey €0,

r—x-

Yo exisle $>50 <y
x-6<k <% = |F(D) -q| L€

Equivalently, <& (t)een & a seqpence in (%) Soth  thel
Eisx, dun FHED —q,

Ueaxla e FRSR o codivms of p. Hen
et Flp = Lm #B = F4) = H(r)
Discontinuities {:._,P
Let f: (a,0) =R be disconhnupus of pE(a,). Then eithes
() lim £(£) oc Llim #0) do net exist,
".’—>|; L—’P

(b) they  exist  ond {E;Vfl’_? D + &T?’Hk) , or

(& A l_TP+ (2 o ) + #Hp)
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B ghiskies (@), then Hre AJSConﬁnU"H bk pis caled a Second

kiad dis (.Or\l’(ﬂuf}g .

B £ ephiskies (b)), ten Mo Aisconﬁnu'rh ot pois called o Fist
kiad dis cor\l’l'ﬂuf}g OF o jurp &iéconﬁnui\'g.

B £ sghiskies (¢), then Fre Aisconkinu'rh ot pois called o removeble
dt'soarll’irw'\’r\j. ' “
(ﬁ% o\-sconﬁnuﬂa can be' r&MOan

by charging )

Th_ﬂ It f s & wonghine func}l‘on,‘ﬁr\aﬂ i Onlél hee diccordinuifies of

Pt

the First Kind. Forthar, e number of  disconkinuibits e atmost

covntable .
Suwose Yot [ [a,051—R i¢ monotone ’mc,\'aasm%.

for ong %€ (o) , £C). ik LE(D: x<kzs) ﬂﬁf‘ﬁ“}“’;ﬁ;ﬁa
a6 (0,8, FGD - s {F(D) . acteyl | mhe & F.

) exels as Stﬂﬂ <k <bS s lower-bounded by Fly) . Ha‘) exiss
Sin'ilarly.- (>discontinwities of 4he second kind  cannd occur)

Further, for o xC(o)), ve have [f(x) < HxX) < (-
= removalb\e dis conhnu i*lie/s)

cornet occur

Continuity and Differentiability Page 9



Now, le¥ x be a poik of disconbiuity of £. Than E(x) « £(x".
Chroose (O € ® svh Hut  F(x) < (O £(x¥)-

E—->@® is one-one. ( X <x, = ((x 4;(7(9)
Leer of discontinvhes

he (B is covntable, E musl be countable.
|
Lsubsej’/of' Q)
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.D\'FFWMU{H

D Lek fi[abl—R. ¥ is sad 0 be differenhdl ak xc(ak)
Differentiability ’.irn L(‘t)-"HX) e,x.'sh,-

= t-x

f [3 cliaﬂpmw)c[alal.@ a o W l—l"ﬂ —pCﬂ——Ho} exists.
et t-a

£ % diffeenkiably oS b ¥ lim Hp-HW exists.
= T

@m & noO Similar nohon Jor Genu-ul netric SPQCE,S)
The Veloe of trie Limit is denoted [(sD.
@' ¥ £ o differentebl, o x,then
lim (H)-£@) - & G&s H) é.-:x(f-x) -0

tox t-x
W _ ‘
Ae beth [inik —~>£ 15 con}unuous
exiet ot x.

Dt lek (xd) be o mobe space and F¥—=R W say £ has a
e locel maximom o £ W IS0 st

O hor all x&Bx(pS).
o locad minmym  ak P W JSH>0  s4-
local minimum p&) > 'P(,P) \Eor O-»U Xegx(PJ S).

M' lek £ [&,b] —R be a Fonchion  with locol Maxfmwm/w-m(mvm et~
xelap). IF £ is diffeentobly ot x, ¥en £'6G) =0.

?LD_O_E Suppose \ocal maximym. 3E>0 st- x—§ <3<x+8 - —ff(d)_é":('x)
foc wdklxtd, HO-E) 20 = lim D)D) <0 = F&)<o.

£-% boxt TEox

S(rm\o:\a, we Yuve (020, = ['(x)<0.
(senz H’ﬁn& on K—S(t(x)
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Theo  Lek F,a: [o,b] >R be continueus on [a,b) and Adifferentigble
o0  (ap)- Then

dxela,» ot
@(b) - F()) g0 = (%(b) - 5(033 260

Pk Deking  h: [ab] =R by
h) = @(b) -t g - (%(b) - g(a)} £

Then
h(a) = h(b) = #) 80’) -9 (b) L) .

he conhwors on labl and diMerendphble on (o b
We claim W) =0 for <ome x E(ay) -
I K ois constord, we oxe done.
O&Uuﬁ&,
o. ¥ 3tCly st W) >W0).
= dxEl,v), h) = sup L-,L%') Ko&\'\ % corinupus on
ye (o) Compacs <&t (a,)

Fodhor, x#a and x<b (uuha?)
oh hes a local moximum b x, Hhat is, |'()=0.

b. Similerly, # Ftelp) st- WOh@), b fos a locl
minirom gt Sove  xC(ob) .
This complefes  the prook- ]

C_O%' let £ [ab) =R pbe conkinoovs on  [g,bl ard  Ailfeenhobe on

(oyb\)- Then
Axelo,b) st
4F‘(‘X.\) = ‘ﬁ(b) - F(G.)
b—o
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Coxol et P [an] —-R.
- F ) 20 on @Y, then £ is rr\onol:onicallﬂ inCreasing -
2. F 200 -0 on (a,b), then } o onsted
3 b PG <0 on (p,), then F i mndgnimﬂ% de_cr?.as(rg.

Treo.  [Toglore Theoem]
S\Jﬁ)os& f': [a)bl —R be. & ‘FUnC,‘\'\.On suh  Huat -P(”'D s
e conkinuous on [a,b] and differentiale on  (a,b) .
Then for ot<p im Lab), Here wishs x€ (et,p) st
Hp = Hod + (g #7 6 + (g0 #9@)
71

b (0" V0 4 (B 400

(@-n! n!
Proot- et l
PO = F(O v f-DFO (0 4k (-0 FO0D
TEE
Define M ‘mj,
He) - pl@d + M(g-<Y
De,("ine/ 8 Ea,

g = HOY - plr) ~ M -o0"
We shall doow that Mo FOGY loc some xE (a,b

n'

We ‘ave
o) = 0% -t M e oy LEGD
= We chadl) show o &Cﬂ(x\) .0 for some xé(a.,b)-
As 8(00 -9 =0,
Ax, e L) st gm(x.) =0. Mlso, %U‘ (0-0.
= Fx,elox) st g2 -0. 8@ (0 =0

= Jxn (X %) sk atnw(xn);o. This cgml)\f)'e,a the Pmof?.
(x.€ (ot g) _
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% [ Indexmediode Valwe Theorem dor g;ferertiation]
Intermediate LEJ.’ 'F-'[D._‘b] _9|R b?_ conklﬂ}.m5 on [a)b] M\d dj%‘k\“\bu, o (a')b)-

Value for

Differentiation Supfose ,F'Ca) 4 A <ﬁ’(b) TI—LM\ 3’){. E/((l)b) S't' L,L'K) ;>\.
Cﬂ\\"j&' L connot have diseondinuibies of e Fist kg,

frock  Dobne gii)- #(B -AC-

We must  chow 3IxE(ab) g'0=0.
8 1S LOF‘-{'WLUQJ’; on [a,l)] and Alcgermhdﬂ-t on (ﬂ.)])).
753 atains ¥ infimym of some Pgrni’ Y€ La,b)-
¥ Yoo, tun gl =a(d V telabl

#a'(fb =20

= P>A = Condradichion.
|t a:'D_‘ then SU:D éal_{:\ ¥ tE (ab]

> gk <0

> £ z2xn = Conkradichon,
ae (o, . As 4 e o e qmjnimum, ,a(%j =D

= —t(\é\ = )\'

Thee s aio o gerwalized yercion o the  MVT:
Theo Lek 4: o bd —R"  be conhinggus on [a,\ﬂ ard  diffeentaly on (0-,5)-
Then I xc (o) svth Huat
V()= @DV 2 (b= (F6)

(Use MNT en ¢ 0] R gen by ¢ - (Fla- 5 DY )
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