\Seis CULA R@[eﬁm‘(

Basice of Ses

A cek e an unorderd @ Uechpn of/ "elements”
For e xo-mple, Z_.IR,Z/ ard 1,2 ag seks.

We are given (eithar imﬁ)’dl’lﬂ ar ex?\fgikhé) o unverse] gk’ Aem  which
Clemenks, come .

The & a Very norL—n’ﬂamus pefinbon of & set (Which s ueua.llﬂ dcfind for
o oiomatcally) | bt & Wil suffe for 0w rquiements

We wnke x£5 if the element x is pesent in te sk S and xgS
rtherwise .

We wile AcB for stln A od B iF  For dl elemenks x in N, xEB.

-~

The c,Oﬂ\PW of & cot A, denoted Aco(l:'ts. e st - dd elemends
At are ot in A

The vnion o e B and 8, dancted AUB i the seb o all elemenke
szsej\t in eiher A or B

Tre infursechion of %5 A e B, hneted ANB, i the set of ol
olementy prsent i both A and G.

Given sete A gnd B, A\B i the st of all MPMM K
a.nd n_oj_’ F@Smit w B

Guen o pedicske p, we can comidet the sd of all elownk for
which it heds, dencted o4

A- Ix\ptat or fxplod
We can aep defire a “memberchip predicle”  uwhee P(x\ i xEM.
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S and ?redical:es e e,ssen,‘daﬂj the same {\wa emssed in
two diferet forms-

x eh = xé & ﬁUﬂ‘l’jﬂfw*ﬂf
xEMUB = xEA V x£B
xEANB = «CA A xEP
XEANB = xEA n —1xEB }%mwg ofemlrofs
= xEN 5 x€EB
xEAAD = XxEA © XEB

J

U,N,and A sre asSociahive.

Ex- Prove De MOn’gan's Laves:

SUT = S 0N7
ST = SUT for cds ST

N Scrbote over U amd U Mekrbutes over 0.

e stls ST, SST is cuivaet b Yz x£5 — x€T
S2T 1o ez(/umlml b 9¥x g < xeT.

ST i e_‘l\,wﬂd b ¥x  xeS > xET.

Nofe Ytub <X is vacwously fve for any e K.

If  SET avd TER 4ten ScR,

(Jus{' a  conseuencs o (a—+b) = (b= = 0~—>C)
IF sct, then TcF.

(J ust 'H'@ conmeO ';ih'\Ie,)
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TD show) ciualilzj ol two selc A and B, we USU“UtI Show ACHB
ad R CA.

Recoll that we dd ths when chowing
1x: JoyEZ x-autd = ix:aai (a,b) | x}

We dunde the cwmber oF eemods in & set S by

/”’t |ncl.\_}5ign-Ex(J-U5\bf\ Pn’ndplL chates that
1SuT| = Isl + |7l = |saT| .
This can be ex‘mrlad do buee Sebs as

|eus VTl < [RI+4 15l + [11 —\Rasl = [saTl - [TaR) + [RAsnT)

This  can e odernded 1o any (esunkable) ruwmiber o seks Using
induckion  on te nwmeer of sels

The Cottezion Fdud oF sde S ad T o dhe st
SxT= 3(st): SES and tET)

(5.2 vT-8) «> SxT=-g
S xTl = sl

Thie can e axpardu\ B Huee sez as
RxSuT = §(rsA) : ER, s£5, tETY
This i1s not @Cad'kd bhe same as  ((qo),D but '{Wﬁ are

asSex&\ollj the same: bhoe € a b“eélor\ be}\m He Hwo

Ave) «C = (A U(BxC) (l{' alio  dighributes gnB
CAF\B) «C = (AON (BxC) te other side-

SxT = B U (54D U(axT)
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Relakions

Di C‘(i\len sete A and B, a relation 1 & F\'edicate over  AxB.

It is %UiVaJLn“'Z & cubset pf AxB.
We cestrict oursehge o the cate A=B . name homOjUM @lakions

We 4’5]"““2 wete P(a,\D as alb ,a~b q<b ek

k w\ahon con be rzprwmizi as
— B subsek of SxS
= {@b):alb¥
— A bookan makrix e Meow:T i oLCb
— A direcked a\’e.P\'l where  a—b ff aCh.

(we will S‘fuiz 'ﬂleﬁ& 19-1'2)’)

Sine relatins are jiet seds, we con tranlade oL the <ot oFeraanm inko
relation  pperations . (The vnesd sk is PSS Hen)
Given a relahion R,
—The tungpose of R dsnoted R s 104 (g0 e

(or ronverse)

(Mey = My
— The compoetipn  oF R ard R' iz gwen by

ReR' = {(xg\ IwES (2, w)ER and Lw,.j)eiii
(MDM‘)“&: B (Mg~ ™M) o/o\-«o
U Belean matvix  muttiplication * 1

\ instead of + ond
I\'Ln${201 of X.

Arlhin R g said 4o be

— reflxive i WVx R(x,0 holds:
all the dimgoral enries in the mebrix are trve.
elh the nodes have self- (oops -
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M.

=

— |reHexive i Wx R(x.X)
all the djcggml endries in the mebrix are false -
nd nodes have self- (oops -

- $\1mme.|:f e i Vx\fa (R(x,@(—) g(‘j)x))
the madrix is summﬂ,\:ﬂb
e ore only se\f \oofs and bidireckional QAﬂzs

— M—Sﬂmlﬁic F W Va(@c -\é) v ('R(”C,@ — -lR[\j,ﬂg)
(eppivdent o Yy (@(xg)f\Rf:i?Q)—%X’&S))
Yoo matrix 16 anah.-sdrnmd'r ic.
thore o o bidirechipnel edjas.

Noe Yrak  the equality relohon is beth symmebric and enbi-gymmgric.

o Tarsitie i Yavb¥e (REGD A~ R, — (RG&A).

ReRS R = VioI(R°CR) (R RoRo o
if there i a patt from a ko b in b g 4R g
on e,a\ge (a,b).

- Intrangitive i F s not  trans bive .

The. cpan\y,Jce, r&\;d:l'or\ R-=Sx$ is uﬁle)(i\!e, s\immdric, ard frongibive.

Gen o elakion R we dfie ile  clecive [symmekric/tansibive  closore
s He micimad  elabion R'aR st R « re_('/(exfuglg‘iﬁundrt/ transihye .

2_>,m $o sense Huk e
cannot c2Move any edaes
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D& A lsbion R s sedd fo be an equivalene celakion b it is reflexive,
symmebnie, and transiive.

Gen a celabion, we dehne  tne %uivww class of x by
Eqld = fy:x~yd

Nete thet
o b\& rgf’le,x\'\lu"lﬂ, Q/\/ﬂ’\é Q/\UV\UU{' S in N oumn eqyl\ldﬂn& cass.

it E4lO NEgly) 2, then Eglxd - Eqfy) -
Proo}. lek 2E€ Ett{;c) ﬂEq/L:p. and au"en'bra.rzg aﬁEtth).
We hawe y~z | x~z,anA Awor
> YVZ, 2%, apd TR (oy g\{mmhp
=\ have yoa by fransibivity)
- aLEEALLﬂB > Eq/(x\ SEqly-
S,mil{;!lx, EQ[H) EEq{x) od the fwo ace uLual-

The obbve Hfwe (m?\a Yt the seb gPeq/u{uamee classes partibion the

dpmen.
Foe P, P CS, {?,,.‘.,P,,} is s@d to pa.rl:ih'an §>
& Po--up:S od PinR=f for Qg

These, cam be visualized e the Sra.‘;\n comprisig sevexal cligpes.

A eav)ivallnce, relakion R e o own Sgﬁmw&ffc, reblexive, and  branstive
C\osvre -

\/\)a con  owo  tunk o an ao{o\u, celaion whemin it ¢ not
possive b blow @ sequente ok self'Loop edges ond qex back 1o
where  Yeu chorked from.
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A transive anki-symmeric lakion i acydic.
(f 4 u.lcljc, we Can go asourd {p the previeus e.daz of
e oy, vse wansitivity , and et o contradithion to the anh-ﬂmﬂ,hgj

O———7° t s dso be that tewiive
/\ \ and. acqol.[c relabione  are
\

0,-\\;:’//0 aﬂl’i-S\ijc-

Posets

We debne gn equivalence relabon as gne. Hhat is transitive, ellexive,end  symmekric.
& we reP\ncg, “s\lw\m\ﬁo" with "anh'-sq \'c", we 30{7 a different W
b celabion. <. i an exampe o sudh oo @ahon.
L on seme sd of seke)
Dj‘- A elshon thab e bonsitive, rePexive, 1nd o.nh-s\{mmﬂ—l'h‘c S
kaown o a Far\:iai order.

It we foclr eplace "reHexive” Lth “icdbloxive | we gdt o shrick Parh‘al
oder For example, < .

Note thad we can réf\ﬂa, Onh-sqrr\mﬂ}g with anLUUhd, W edth o the
oJeove
"One’ refers 4p the properky ol being bansibve. and aoyclic -
"Parbia) becavse nok exery pair o eements g cod\?mrdo\b
Cwm{w <)

_Dif" A poset (Farlrimuﬂ orderd] k) s o non -emply set with a Pgrh'w\
ofder pn it

A foseﬁ: 15 tjruuvua Auwl:a) as LS, <)

€ s indesd o pactisl odar on any ek ok sels as 1;“,% seds
PA.R, PcP, PCRAQCR— PcR and PCQAQCP—P-Q.
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Another uamf‘e of e Pgsel' s

DO’/Q" Ly (3, A be o ‘Josek'

Maximdl [minime)  elements need not exisk or be UrigUe-

Consithey / oy ?\’é/ﬂ/b o

ininnal dU"u‘t DF
(z,¢ ” (z*)

@ Pove that dna finude FDSQ} hae ok leatt ore maximal ard
roumgd  elemenk -

-D_&c/ let (3,2) be & posek -
(VXES i+ a aryd:éﬁt Jemonk” if ‘JﬂES .ééx-
() xeS is o least eloment i w/;jes x £y

Cyreakesk [least elemenks need st exist bub # they do, 4oy ore ;“‘i”‘l'

Use aﬂh-Sqw:.,rVdTa .

Given a po.rl—(q) oder £ we can dokre ks ref/\exiva reduchion < la&
alb it a+b and a<b.
Nete tat < is 4o reklexive dowre of <.
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A eion E ie o trnsitie reduchion of € i
- £ is e tmnuibe dosve o .
S Vb (aEb — ZAmEsn(abl 0lm éb)
(thee. is o abbaradiie path fom o o b)

E AT &55211&\'0}131:%1-—8(0.‘)\’\ with e Tk giig% Clmon% G«U %r@fhs with
kiansitive closure <.

t & not even \WQWeXﬂ dear i o kranuitie rdudir £ £ exish in
Sgwal.
o |t is well-defined for fnite 1)05&).’5 Dobine L b b <b and
A wES\fabl 0<m< .
e It need nobt exist for inhnie sets — consider (@\, <)

If He transibve ceduchon gees exist, it i uruktue.

(71+, ) whee o Cb ff I% 15 prime o the kransibive (e_&uc,h‘gn
& (z1). o
(ju&t a consedyence o‘* H’lf_ punflaJW\rﬂi Huorem o(: ori['hmh'c)

] 12

We seo tab s 8Nes o le,e:s dutted view & the divfsib\'lﬂg
relahon.

The tansibve reduction of the reflexive eluchon  cauries all the
informakion o(’r the. Posek.’[his 8[\‘3, nse fo the idea of o
Hasse aliaﬂ(ami which s He ngh of this educhon wth He
orowhend s ’imPUa"fI%L taken 1o point upwards:
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Def-

.

& 5,9 is o fose,t and TES we can a0 dofine a
me.ximo.l/mim‘m.a)/greg)ce,gt/].u.s\,’ eemunt of T

et (s,2) be a Fosek od Tes We ll xES on
. vpper bovd of T if \ftjé'l', y € x.
2 \ower bound ol T £ V&e-r ys\z.

We forbher defing x o be Y lesst Upper bovnd of T b be
e least lemgnk oF {x&%zx s an up{ae,rbourd of T%.

We defing x o be the greg}%k lower bovnd of T t be dhg arca&&t
damenk of IxES: x s o lovelr loyd of T .

Twe idea of a "pa,rln'alq ower Sug%e,sh that  Hrere glo eide o “botat’

order-

lt (S, ¢) be a Posel’. < s said b be a fobdl order & for oL
abeS, cithor 0<b or b4a.
(Evzrg pair of elemente i wmf’mw)

\n this Case, e Hosce di am s J'Vsli a sh’atjw Line.
Ths & o bosic properky “qhw{’ Aislringvishﬂs,w&) (N, 2) fom (N, D).
¥ S is fnite, tun Aere i Qo o urique  raximel /mim‘rna,l element-

% let P- (5, c) be @ poset . (S, <) is sad b be an extension of

P & Vabt> aCb —a<h-
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This sugaa{'s Hhat we miahi be able J0 ‘build" o totol oger dom
Pau'h'aj oreLr.
(this is colled b?o\oaicol so(h'ng)
We can prove \'J\d tduchon on |9 that thi i f:ossiblo. for any
Heite poset-
What gbout  inhnite Poee)’é? The “Oro\u E xtension Prinbf[)\la" 15

ﬂffca% faken s an axiom -
(f can be shown Hhat Hae axiom of Jroice implies His)

Chains
let (s,<) be a poet-

Dt CeS i caid to be a cwin & Vabel, either agh or

b<a.

(C,2) is then a tobal order-

Dd- ACS is swd bbe an onti-duin & Yahep, asbus a<h

nor b<o ynless a=b-
(A, s Hen jut (A,2)

NO‘E M G- subSEi' of' anﬂ d\nin/ar&\'—dr\ain 1S O c,\'wr-in/anH-C,M'n.
O sin%\_o,’wn set o loth & chain o.nd an anki-chan.
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Ex Show that ¥ (s o can ad A s an ankichain, [Anci<) -

I the Hasse dioﬁrw/\ earber, we cow the elemgnts arrargeol 0
“levels” .

DL For any a€s.we ocking its heght by the Muximum size
o o dain  with maximum o..

For finite sets, tis is well-defingd 0t Hie set of chains & finite
and nan-mFJnd ({3 s o chan).

The \rw‘aﬂnt' of a Poeet & dofingd ae  max {he.i&ht(a L €S
vay 11c): chain

lt A,. {a€5: heght @) - h}
We claum Hﬂd’ "Ol' Al h, Ah 15 an W\/{';-D‘Wﬂ~

(Oﬂ‘lerwfgeo F agb with hua"‘i’ @D :-h ad asb
show that heig (1> > htl

We an Hen gl dobie Yo hel‘a\/dc ot He peset lmd, vax { - A, 4 B3

Note that the A% Pa.rH‘h'on S (for hnike S).
b boms b that Hiis s the “winimal " packition o S inb adki-chains

Treo LMirky's Theoem)

The  |east number ob  anti-chain ne,eold l;o Parl'(ln‘on S s wd“d e
size of o lﬂfaﬂg{ chan -

For duin C<s, we need of lemt o) anh-chains to cover C
65 |COR| <] Fc any ank -dain A
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The ﬁallm‘nﬁ simler  result alep holde

T_@ B)i\md’h's Theorem]
The least nwmber of chaing needed bo Parh'h‘on S e cmd’H
fg sizo oF & lara&gt anki -chgin-

We SMU me' ﬁqe. Usl‘ra Mifjk%'s Hworem lakec in 8\’AP|" ﬁ“(ﬂ‘H'
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Funchions

Recall Hut we sFoke of Predimkeg as Somz,ﬂ'u'fa whuch 055'8% a el
o Tve o Falte 0 each Mambgy Ovt the domain-

{Teoe. Fliet s Hhe co - domain.

Mpre ﬂemrallﬁ, o Anchion with  domain A ad  codomain B i
represented . A —B.

E\I()‘ab\&“’\ﬂ'bt in A huexao%kd ono_\jaz\u&m&{;l/mfi‘l'rvufsb~

The ima-g@ of £ i te set of valm in B thod ae meppdd b
Irﬂ[-r') = {_%eﬁ - JxEA F(x) ;H]S

We can Hunk of & fonckion 05 a eakion on PxB suh thd [
dl aeh |[{exegxesi|- 1 EVey & has a vnige b such et
(0D £R;-
We can then gl wftmrut o fndion gs @ oadrix

(USM-UH domain on horizontal axu's)

ond co-domain on verkial axe

When the domain ond co-dovain ar ordewd, we can 'Plot’ the funchign
We on(a show pert of the doman/ co-domain when ‘Hﬂwd e infinile.

g L:A>R and 8:3—?{,) thaie @mFasi{n‘on)duwbeA gof - A—>C is Given
by (gofls) = (qU(e) for exh a€A.

Maore genaxdlg, i is  ddkined only & f A8 od g:C,—>D such thak
Im(Be C.

Note Hat Im(gef) S Imlg)
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Def- leb £ A8 be @ Prcho. £ i seid b0 be
In@ .8 < OfL’fU/a. .surJ'EL{'l'Oﬂ & hral bR, Fagh svdn that [)-b-
- one-onz/an jghon # for ol a,,0,E A, #(@)-F@) > a,za,.
*Qa b\'d'ed-ion it b both an irded’lbﬁ and @ SUrJ'ezhbn.

Note Hak 3iven ony F-h—B ,we ca dofe the onto funchion
Fohs 1ald) sodn b forall xER, £OOF)

A“& s*rulﬂg increasing / ala,crwlhg funchon is one-one.

A fonckion FiA>B i wd fo pe invetbe it Hue ic a fynchon
g B=A  suh Mot gof- iy

Ls He dentity Forction: () =0 for oll aCA:

We daim Hatr one-ote funchok are inverhible -
Ino\eeci,ai\len one-one ¥:A—8 we can define 6:6——>A L%
for 361«\&), 9ly) =% cuch thaf H%):a (-Hub x is vnique a;.)

f' s phe-one

‘EOr 34 ,Im(ﬁ), let 3(3] be some arbl'l.’mnc.f dwﬂni’ in  A-

Note  Hagt Hu'sa need not be inverhible -

S\'mi\arlg, t can forthgr be  shown Anak any wverbble funchon &k pne -one .

Po o bijechion is both onto and ong-one, eveny elerent in the
codomgin  has o vnique Fre,irnaae.

L ath such bhal £o)-b
Trerefora, i §: A8 (o o biechion, we con (vniquely) dehine  gn
Fliesh son tat” FTof = iy, and  4ef7s idg.

Thia [mrh‘&s @"Y\ = £
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5\)?‘)95& ("'.P;—-‘;B where Kk ad B ar Rnite . Thg;n

-ant@)\élm it e1uaﬁ$a whon + & pre-one.

o lIn(N [ <€ o1 with gquality whea £ is onto.

o1 £ s ok, ten (Al > 18]

oIk £ is pre-one, un |AL < (B)
The  cordrapatitie oF fhis: "IE |AV>1B) then £ o not
ore-one’ s A2 basi of the pigeonhole principle -

oIt Fis a bijeohbn,M A\ = |B).

o |£ |Al~I8l, tnen Fio o0 & £ ic oot & £ is a .bg'gd'l'on-

SUWO&, fA>B ad 3!5-')C'- Then
° Im(a ob) C h(ﬂ)
o |6 £od g or ontp | 4hen gob B onto.
¥ aoﬁ is ontp  then 4 1& onip.
*f £ and g are one-one, tren 8of? 5 oL
It gof s one-ong, then £ is png-ong.
o 1} 1 ond g are bijechigns, 4hen aof’ is a bijection.
2 ag!@ % R b\'\"ed'l'on . Ahen ¥ i one-oe gnd g ic onio -
What ¥ we ingtead hae 9. C~D whe Ccp?
Trg FFD\Il'rg all of these |
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