Recurrences

Weve  g\r seen recursive defintione, for  example (N, K)-
S\‘mil.m\,a, ler £(0)= \
o) =n-fa-)  for PEN. — o “cecorsve” definibon.
Then - n-G-D-- | =n!

Corsdar  the fou%.ain% s\iahﬂﬁ vore involyed example -
How many Pai'l'vs oe Hure o the coordinake 3n‘d from (00 to
(h,n) if

oAb eadn skep.uou con ™Move one yait n’%hk o One unik up-
°\gy con NV Css QVer o to B>x reaian-

We can cobuct swodh g padh ¢ e

oPick thy minimum k>0 ot (K K) iy reached.

(0,D)

E—Zﬁ)—’é Nou have to ynove UF J'dsf hefof@
B3 feaching (kK.

s
’ '
L————

(0,0) LJ"""""’
&You hawe fp move righf in the bﬁiﬂi’lfa
Lt vs cll such o poth o Cabalan pefh .
Ten  (05) = (00 = (5,0) = (1,0) > (k&) = (k,K) > (o,n)
s Caolon pol (k& the fst tine we buh i, aUadOﬂﬂJ)
De»ndﬂg Ca as the nwrber of Catalen Paﬁ‘u& fom (po) to (n,n),
c“ = E‘l Ck-.Cn-k COJ"A Co= ‘)

1, 1,2,5, k442,122 .-
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e Fbowces sequence s dafined by
Fo-0
-l
F - Foo +F, fe 0>,

Q- Huw many {'emmd strings o length n ar thue whih do not have
"oD" 0t a subsfrt'n€,7

Sef up a recurrence.-

Al - nwo. of <uch Strings which  stast with O.

Bla) - no- of sych S‘l:rinﬂs not sbﬁrﬁn% with O.

Now, AN = Bln-1)  (the second digt canmek be ©)

B(n) = 2 (Ala-) + Blo-)
(e Fest gt s lor 2 and the secord

o\jgili con bg mlgh,a\a)

Also, AOY-0, B(®)-1 (te emphj S‘i’l’fnj)

B(n) - 26(n4) +9_8Ln-2.) , Blo)=! and B(D-2
The rquir&d covk is Bl +B(n-).

Recursion ard |ndvetion
When 90 wand 4o vae Somaﬂurg abot rewrsivelﬂ dahined e)cpress\'ons,
e kaaua vse, MUC/{'IOH

Claim  Fa & ewn for 020,
_PE_@OE‘ Fo:O Oﬂ-d F3;2 ase €ven.

Soppose Fan is oven for OL ngk-|
Then  F(3K) = F(3k-D + F(3k-2) - 2-F(3k-2) + F(3k-3) .
w

even.

ln fock, it eten holds thet Fn is even #f n=3k for some k>D.
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'dﬂa—\}a, we m"u w“‘n* to aEi [ dQsQA 'FGfIT\ e)c]a\‘ession ‘Fﬁf re-CUfoVd‘d,
dekined q/uenﬁtf%'
For example #o) -0 od fn) = ny =D for n>D.
Then Hn) = n-(n-1)
2
Sovetimes, we just give it @ name- Lke n!, Caond .
Fo and (., even have closed Lorm QXPress{ans-

Conpider H¢ cues oF recurrence velohons
—HO) =C
ITEVEY: |
Fln) = a Fn-D~+ bfn-2) for n>2
(Fn has o=l, bzl c=0, d=1)
S\D{J?gée
X*—aX-b hoy \wo dishinck Comple X solutions x arda
We clain Hut thee exiet Pg  svh thab for alln,
) - px"-‘-%qj.
Let p- %% and 9= d-& (for the base cases n=D gnd n=l)

-y
For all k>2,
suppese. & hods for all psk<n-|.
ten
-

a(p x4 q%f") +b (px"’i + %k-z)
p<Hlax+b) 4 q,a""' ( aﬁ%)
- P;(K + qak

¥ xXaX-pb ha on,ld ore sdvhion , Sax x+0- Then there are P4
such thet for al n,

rf'(ﬂ) = (?410) 'X“.
This can be dhecked sim{hulﬂ-

Later, we shall stdy the abow method more in defail.
(@e,nerﬂf‘a F unah‘onS)
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UrwoLUaa A fecuraon

ke oMen lefu\ o “unipUl” o fecuwion to see what is 80.}.6 on.
For QXa:nplL)
TLO\ =0 ., TLT'): TU\-‘\3 .\-n"

Then T(m) = ik’-
k=0
Pnotier xample,
T =0
)= T(L%]) + |
”’ n= 2k)
Tl = 1+ (2%
= l+)4 -+l =K
In 8enaral,

T = |log, nf (or \'Sdsk Log n)

A rooted tree g g e weith a special nai@dﬁ&\ﬂﬁal’d s the root.

We define v to be vis rareﬂf iﬁtm[;a% fom coot to v cordmine
{’ho,edﬂe ju,vt.
(P«\g non-root node has a urique pasent)
¥ v has parent v, Hen vis called o child of v.
A leat is then defined ag o nade with no child:
Ay non-leat node & called gn intenel node-
U 15 said bo be gn ancector of Vv ad Voa doscendonk of oy if
the root-v path passes  thovgh v.
Nore gt the "ie gneestor’ and “ e descondank” wlshons debing
portiel odgre on the seb’ of a nodes

Thg, subtree roofed af U is the sobtree condaining all of v's descendank.
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Tne depth oF & node je ite dictance fom Phe oot
The MgV\i’ of a woted hwee is the yraximum d_z‘)i’l«-

Level i i the et of nodee at L.
Note thak edgec aue OnJa present beween  adjacent levele-

We Jdfie Hhe axiby ol a rooted tree
o children possessel bﬂ a node-
We call a bree m-arg'ne‘H'lL arr% s £m.

(binary /ternany treo

hd the maximvm  number

In a fll m bree, every wkeral node hae wdlg M. children.
A comPld.'e—Maand Bl :\H-and tee & a Hll m-ayf bree with all
leaves at Hu Same level.

~Suh g tee hg m' nddes ot leyel .
— The  are (m"*'—l) nodes in all (where his e heigid)
]

m —

— ¥ mn=2, tee ar " laves ard  2"-1 inkernal nodes.

Now, consider the recurrence (see Tousers of Hanol)
M(D =1 MM = 2M(n-1) 4
(1)
(M) Ot
A O 0O W

create WD copies o M(k-1) ard add |-

M) i just the number o nodesin & complee and full finary tree
ob gt nl, which s 2.
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@e,ne,r ahrﬂ Funchons

A 5Wa-+fﬂg funchion is an  lterngde repsentzion of an inhinte
vence-

The seuence ﬁ(o\?ﬁl--- 1S (epr%em{ed as
G};(X) - o) + Xx¥ D)+ x2£) +-..

‘Thai' iS, 'FD( ‘F'. [No-b RJ
Ge(x) = fv;o Fk) xk

GWah‘ finctors offen have q suecinct re,ffwﬂjbi"oﬂ
for example, if (= ak for some a, then
Ge(x) = __| for  sofficiedy smal Ixl,

|—a.)<

This enaples us 0 rmnth\gie and analaze, SEQUenCes mote wil(tj-

For aCR, define (i) = ala-1) .- (a-k+)) for ke N
kt

ad (&) =1

o For [xI<l ad a€R
(Hx\)[R - |§o (i} KX, [E)d'endeA Binowial Ww,orem}

We do net prove the above.
However & is  useb| when we ot tofd a co@d form for £
given certan GLL

we have

For  erample, # Gy - T Y 0=
G ] e s G s xS = -

k>0

I'F— GI'F; Q-—IKY‘ ) 'FL\’\).—. k‘\'l
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Gi-(i = _1 B AW - C—a)h- (t) - b'tf-l).ak

V\"Q, ha\p,:
" Gaa = G + Gy

. q%(x) - X G\;,LX) ,A)htrc 8{0\ =0 ang 6(k+|)=F(k) ‘r‘Dl’ k2b.
(,dou can S{mjlar[d shuft for mulﬁ{)l,ic@i-;bn btl Xr)

S F e have A aermahra funchon, we can olten %ei'dn&o\
form expeswns -

But hew do we 85 te 8enuai1n% Enchon in the fist ?letce".
Gg,mm;l'lfg 'Fun(;h'orb!s ﬁrom Recurence Relathione

Corgider Hre Fiboraci sequence
#0)-0, +)=| , fn)= #0-D+f(n-2) For all n>2
he have
M X" = x-Flo=D). x4 X% Flo-2) X2
I we sum Hus vp over n>2, e get
AN X - x AR+ X o)y

n=22 n20

Gp (50 - #00) = ) X = X (G 00 - FloY) + X' Gp(X)

Ge M (1-x3) = £0) + (£()~ £ X

= G (D = _ X (subsk(h)k(na £0) +£0))
| —X=X*
More 8&”&”‘5 £ we hage
£(0) =c , £00Y) =d , A0 = o Fle-N+b-f(n-2) for all n=2
Ge) = e+ (B-a)X
|—aX - b}

(Linea) recyrence relahions ot aquite MJ‘UMUH in frocurene  telofigns.
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Nou?, Suppose K

What s an in terms of Gl;?
Recorsnely, we coan define
1 9(0) = Ho) a L
8(0) - 8("\"\ & L{ﬂ-'\ for N>|.

g(k) X = g[k")'Xk-'x + fk) X"

Gy = 400 + X-Gel) + (00 - Fol
Gyl = X-Ggl) + Gpld)

- G = Gx)

| —x
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F\&\!N\J‘?{Oﬁc m\qsis

In e runping Fime of an alaon‘thm, we o' usuaﬂd inefested in  how
it scoles, not tine exock time -

Fortigr, the exack time gleo C&Q‘Jemis On Verious paramefers such as
fre system € s running en, Yo comyiler ete-

¥ the time s, sey, Sn=Q; we oy care abest n* pat of it
For a dmub\mﬁOF the iﬂful’ Size, it g rous BU rcualnb& b Hmes.
14 9o Lke r

Tef Gven funckios T(M ad o), we write T(a) - OUw) § thre
st k>0 sudh tadk for Al n2k, O Tle) <cfln)

Note that we requie T and £

. i o Were adpally gy +
b be (overkuly) cor e lorite. T(n) ugouﬁidm s

notabional  Glsge .

We typically cocsder T: N-R.
Note Hat ¢ doa not da[:ud en n, & & a coant fader

For e,Xa.m\D\Qa 0% 9 - 0(np?)

2% = 0(2" 4oy )

We Ubl}t),\la vee twe O nolabion to ce e wort-cage
funniag time ol an olgorithan. "8

303 (1) ~Log ()| = O(e)
We can do even better:

| Lo — Log ()| = O (Lag o)
gwen  befter:

l1og (o) - g (") -z leg n| - O L)

Recurrences Page 9



We could do 2ven better iF we have an O whee T i
AlLfQﬂLS\'nﬁ - 0N @foor t(rlaj: dure,aég_g 0-4 te size 8mm-

* B T()- O and RE= o), then T(m +RIm = Ol&)
I C1,Ke,Cr, Koy Contider C=Cr+Cq and k=mx(k1) ko)
o 1f oventially RIDZTE), they TID-RIM - Olrle)
For n> max (k. kr),
O< T— R < T
* IF Tl —0gl) ord gln)= DEM) , dnen  Tln) = OEMY).
& crke, Cqokg, Considar c,'C»rﬁg ond k= max(lke, l«ﬂ)

o |& T is Ufpe.rbwr\d.ed o dgree Pobdnomml with & positive
wethicient for n* T(n) = ol .

= TO)=00) = Tl) 5 bounded above -
There exiels >0 ot Tln) <& for oll n.

—_ T(ﬂ) :O(QLan) Q_)J:e_ -S[DID 6{0[/.‘:»\ LP n d_ﬂ,ubles. it N Creases bd l.
- T(n) = O(n) T s  “lingar” inn.

- T = DY T(n) s “quadiehe” in n
- Tl = ol for some fved d

T s "Polarlofm'al” in n.
—> Tl = O(?.“) for some fixed d

Tl) & “Cxporenkdl” in o

&Ppose TN = aT("/D + cn® foc some  a,b E1N , >0 and
dz0 ad TM-=]. (Divide and a,ONLuU)

(S"Z n=b" <0 onla .'njcp_g% afe encourtersd)
We want o anayze T g e O addion.

@ o d‘uuren

levels
G’g)“/t‘l‘ﬁ“\\ (2 o O%"" )

SIN SN TS
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The bobal of te ™ Lewd i a‘-(n_)'*

b‘
- d z O k
-%T(n)-OQﬂ (l+@)+@+ +'%S))>
(k= lg,n)

1$ q=bt, then

Tl = OLrL‘*ﬂ.oa n)
It a< R , then r Master Recworence Theorem

T = Oln)
|- a).bA , then

T = O(VLL%U;) v

(0= 0 (a2 i) - olnte=))

Now, big O notebion does not give o hgl\k uppes  bourd- for ths,
we indodwee e © nstabion.

Dt We weke T(M = O # T - OBe) ond #n) = O(TLrY).
For EXG-rﬂflEg 3n*—n- Q(n"')

e ¥ T = 0Er) and RN = 8HLY, ten Th) + R = 080

b\le,saathatﬁ andﬁare, a,sgmpknh'ml!lﬂeqyal and write
Hn)ggbn) f

Lim D _ |
N> 3@)

¢ tee exist >0 st -fl(n).'ic-atn). Hun Hn) = eﬁaln))-
(and £g ore evertvally non-negative)
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We say trat £ is asympbobically muoch smaller than ¢ and Lrite
Flo) « aln) & e
o =
£ M) &gy, then o) = O(gl) ot #n) 5 8(8&1))
(foc eventvally pomitive £,4)

Note that © and D 49 mfreq/di@MUWflroexfst

(Ptn);zn for 0dd n ard n for exen n. 'WWI)
f) - 80 bt lim L
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