253

C7raPhS

A s&n‘)\@ gmflf\ s a Fqi( of =eke G=(VE) where
Ec {{aby: g bV, atbl,

Recall how we vused 8‘“?“5 for relhons. (We did w2 dicected %rofhs
trere Mﬂeﬂ — basitdla (b)) inttead oF o).

A simPlL &ro{)\r\ [ loasl'catl% a samme)cnb irelexive  (Wahon .
(fa, b} is modeled oe (oub) ord (bye)

In o non-simple graph, we allow more than one edge behseen
flfﬂ-(r of nodes (mvlﬁgraph) Or more amuoj‘hé, we  lgle| EA%@
with weghd>-

The compld'e/ 8rth Kn 1o e ambola with 0 nodes and ol possible
eages between  them.
(E - {{&,bl : a,b&N ard a-f—b})
It is also Known gg a [)\'%L)g/ O-F size n.
A Cgc,l& Ca & @ 8fﬂP|'! with V= {v,)vz, ---Jv,,} ond
Ee £{V,q%: j=irl or iznod jui }

A 8rap\n > cad 10 be biperl—i\:e, F Bure  exist non-emp’r%
digjoink s\, and N sudn tad V=V, UV, ond
Ec {{ab}: eV and beVY. (Pre e no aiges within a port)

For even n, Cn s biPa.rt\'te

A COmP\d’e leiparl:\'l.'e araph Kn,Jn,_ is o biparkle amﬂ'\ with [Vl =n, |
le\ = Ny, ad E-. {{Q,b} ‘. osev.,bevﬂs.
L lEI - n.nj
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QQ_}P_‘_ C:|ro‘)\15 ;.- LEUV,) ad (3, - (En._\ V) are comophic ¢ there
1S o Im]ec/’ﬂbn R V, Suh that {UJ\I?S €E, ofF {PLU\J‘P(V)}EEQ

(Tlv;a Iﬂ-anle, the same "SJTucﬁre")

Wb con ) de,sc,r n'lae 8ra_|)h5 % add'acenca m{"’"us;

b akc d

o
b
a d

Then 4o am{ﬁ\" ere LsomorP\w iF we can mul'e the rows
ond  colomns Cin e seme <once) of Ore  pdrix {’0 ﬂd’ the offur.

A COMPV['ahmoﬂ P‘Db\em ic 4o delermine i hoo atafha ase
lSOmorPha from Hheir GA‘—JQCEHL modrices,
Thete S o aenaxo.l eﬂﬁue,rd’ glaonmm known »por ﬁ-@, aboye 'por

large, m.P"\s

D@f’ A SULS“'Fh o{L G %rofh Gl (V E) s o arafh Q = L\P E’) suth
b VeV and FECE.

To ael’ o 5ubgra|7h
. Reove 7zeY0 or more  Verhices olnn% with the ed%&s
nciderd on  them.

2. Further remove zexd or more e_d%eﬁ

We gd' an indveed subaraph loa om{bh"nﬂ the lai'brsfep-
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\/\Iak\«s and  fodhs

Def- A wlke o \enﬂ\?\ﬂ k20 fom node a o node b o o sequence

o nodes (a=Vo,Vig -y Wb such that for all 0<i<ck,
{\‘f, \I'u—\}e E-

LE o walk has nw re,f!,&{'(rg nbdes, b is o Pa{h

It o wadk ot length k>3 hes v-=v, and hes no other
repaahra nodes, ¥ is called a Oéc,\b

A (ﬂraf\w i< qcacﬁib F it has o cycles (thee is no sub&raﬁv
isom;grfhjc o

Nodes | ord Vv a2 20d 4o ke connected it Hhae exick a path
fom v b v

Eq{uNa-M‘*&, 'H’Wd oe connecked i Here ;& @ welk behween (/[}/d‘l%wﬂ)

The connecredness relabion is gn equivalence relahon.

The equivalince  classes of this rlahion are called He conneclzd
C,OI’V\‘PonU\fS of G-

Given &  simple arapl'\ G- (V)E), te o|€arz@ of yEV s the
number  of e,dgzs incdend  on v. That ig

dﬂ%(v) = I{ u: {qu‘k EEL’I
Nete that 2 [£] = %v deg () (each edge s counted e )

The AZ&\’@& seqyeice of 6 8rg{?h is a sorbed Llist of/(jegrg,e,g
W is invarend peder ia.Omor;Flm'.SM-

We write A(fﬂ; Mo Ae%(\')'
VEN

Graphs Page 3



(e iy ﬂaqfﬂm )
1;;@3-% .;‘L, qm.: 3y ey Y

A famovs qy@'hOn kmwn aé 'an "Senen Bndﬁu ot Kom&slcera" aske
whaher it i pOSb\W b walk “fbrOugh the c;l:& uossu-e 20ch J;r:elgf,
ex once -

We can modd this %agraph:

./ \. or %uiv@lwﬂd: 05 0 Simple arafh: a/ \
\./ i,/
With this  monvation, define an Evlrian dal o o walk v.s{h'rg,

each M\%& oxad’la once-

Tre question then acks € an Evlerion el exisis for the later
\n
l%o\:o; fat i an Eolesion dail ggighs, thae st be obmest 2 pdd
r!f_ﬁme, Nnodes-
\ndeed, define

Erter () = L Lvim, ik wimy

Ext (O - {{V;,v;u}-.sl;s\l'l
ta partibions  oll edger incient on . Fuchtec, [Enbeds) | ~IEsitt)
for all v excep the stod and end nodes

ST can bz 0tmpst hoo 040 degree odes.
(Nemely, the start ard end)

ho the érafh drawn above hes L gid Azan% nags no Evkrign

wa.\\( ex\s
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Po Edlerian crewit s a doedd walk (v, =V visiting each e;i%e,
onee-
¥ an Eulerian crevt exisls, fwe are no odd de.af(e,c nodes-

Fudres, & thee 02 o 004 dggre nodes ard oua,d%e,s appear
in o sinﬁle, connected cDmPoﬂU\i’, bee must exit on Edlerion cirewit!
LTra, iiog 0 soved cydes acd “shiiching” them dogetter)
CT\\;S also ghes an Miont 0"80(‘”‘"\ bo fid an Eulerien
cireoit iF b exighs-
A Hamilborian U{C/\& IS & che, Hat cortains all nodes in
e gra.Fh-
These is no efficiend @Jgor.'mm knowr 40 check i a araph
has o Hamitonian aicle-
Indeed, thie is & "NP-psal" problem.

Given coneed nodes v gnd ¥, te distance behuzen Ham i

e length of o chorkest waﬁk behween thom. (w:)d?e;‘f’%ﬂo
e shorkest walk
must e g path.

We dep dehine He diameter of a 8ra.ph a8 fhe laracsf didance
boxween top nodes jn g gra.Fh.

CT hs & oo i 4he gmfh 15 Nol wﬂred'ul)
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gra?\n CJO\O\'(\'\%

We can  “coler” biParH’re, 6@\15 using hwo colovs sudn  Hhat  Hhere
o N0 edge lotween [ npdes of Ahe came color

=

Mere W““&’ a w\er{n% usig K eolors s props F dee s o
aagg behoeon nodes of He same color.
A funchon oV — [ suh that

‘v[x,:j EN XYV EE — clX) £ Ly)
The least nomber of colovrs possible in g proper CD(DUn'rﬂ of Gis
called the chuomahe nomber of G, denged X (G).

stQ95e B e & 3058(&1)"' of 6|Thzn

G s a k-wlow‘n& = H hay o k-c_p\gr;na.
Tar is, x(H) € x(6)-

In particular, & Ko ® o subgoth of G, 2(6) Zn
P Cn For ¥ A 50 sobgroph x(>2.
Ex Poove thal™ somorphic gropns  have egual cnorad  wmber,

There ® o ePhcient alaori%m krown 4p calevlate chomahe number,
(i s NP-locd)

L& vs Cconsider lgipar/\-i\'e %ra?h&

For all in}eaer n2l, Cpu is nob bi\mrl'i’ae-
(Le# 05 on oxescice, by indychion)

This exlonds 4o e following  theorem.
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Treo- R gragh G (with N(>1) o bipadite i# it has no odd cycle-

Tod: let G be not biparhte.
Then G mwst contain a connecked compone,rd’ Yrat 1 bi‘aarﬁ}a
(with > nodes) (why ?)
Fix some NV in s component ond |y
A= { x: dst (k) ic even’
2= Ux . disk () e oddd
Ao i ie not bipedite, Hue exish edge  e=ixy3 whure
X,NEK o xyEB-
leb B and B e Yo shodest pate fom v b % and V’GD%.
Ropose. Py and Py both pass Haough aode v v

N

3 Px, . . Ovcerve  that [P, 1= V0\  due 4o the

v minimality, of 1Pyl oad IRyl
Ry 1
Ao 1%) and 1P s edoc both even or both odd [P) ond

|Py,) are ether leoth even or both 0dd g5 well.
Usiod Hhis, we can assume that Pu and Py intemedt only

a¥ v. (OHurunee, we can d0 s reduchon fepeate diy)

Tren  PUPy U Lek & o yle of 0dd lengh!
(P, 4ven ¢, then Py )

For te conyerce. Wen G hae no odd ojole, He cplﬂﬂ'fa corr&*POrwl'ra*O

A= { x: it (x,\) e even’ is o vaid gne.
® - {x : AJS‘I' CXJV) < DAA}
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Let G hoe n nodes. X(@:=n ¢ (G is koorphic b Kn.

B G is nel omaphic 40 Ko, Hure pxist yy et §uv}EE
Color U ad v 0 The same color and e.veny other vertex
A]”ZXU\/H*-& = X (Q) € n-y

For a 81—013}1 G,the CU%UQ wmber w(G) s Ye laxges k  such
Yhat (5 hae a Sub%mph Iéomorfhb to K,
2(e) = w(6)

The indegendence ruwmber o£(G) e the lomst K suh At G
has o <t of k nodes wﬂ\nr\.ogdae,samo.-.% Hum.

(Such a Subﬂraph with No eo{%% 5 @ anhdfq/ue,)
ln @ colourng, e nodee of eath colour st correspond o
ol a\nh\diq/uﬂz-

Coréder a c,olpm‘rﬁ of G with X((3) nodes-
Nn- 20 | nodes with color ] < % (&) P((CQS

x(@ 2> h_
U 3)

Teo: For angy @, x(0) < al® +1

feoft Ty indwehon  on fo nwomber of nodes.
Suﬂpgp, for ol (3= (VJE) with  |[vi=k, Xcﬁ)éACC-D'I'\
Lok G=WN,B) with [VI= k¢l
Lex Q;@’,E’) ke obYeined fom G io\k ronin% some. vEN.
(ard all ineidert edges)
(&) = AE) ] < AW@¢).
Colovy (G with A(G) +1 colgurs-
Rowever, "A‘%(\’) 2 A(G) - Just colovr v with a colgur in
{1,-.-, a(a+'¥ 4Hur Jdoes not appear s ne,sa’h\oovrhood-
= xlg) ¢ A(@)+\
Note +at Hue deserbes o (recursive) a]ﬂormxm Jo colovr a
af‘wrh G in A@ +l colours.
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Note Hat g,z;vja,t'r\a holds \n the above |n Ka and Cypyy
Torns oot that thece oo Hu only  case e eq/uali‘éj holds-

A gagh with no eyches s known gs & forest

The Pai'h 8(a1;\a P has
V=11,2, 0% ad E={l ik i€ln-1d]

o+ o s e o (P

Tre  wheel 8oy aph W, (n>3) hos
V= {hott UZ, (hob is some spechic node)
E- {fxnubl: xez,b U 1{x x4l 2 xeZ,}

~—
w Nofe +het Cn & 4
@/ﬁ ( b) Subarafl« of W, -
The  ladder aph Lo has

V- {0,i5 x Lnl
E- {{(0,\3) (Lk - 'LED'J]( U {{(bj)) (b{uﬂ)} : LE{D,I}, i€ [n-1] }

}’—Tj—K (LD NO)‘”- 'H’ui' Proisa suba\'a«\"r\

Lup to (somorphisp)

The cinolor ladder dun Clo e He some 0s Ly but L
fun oddihonal edges {4; A, (b)Y fe beipy.

/& (Cle)
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The hafexculoo, 8"11‘?1'\ On has
V: S&t’ O'F OJJ ﬂ'b\'li S‘I:hhﬂé'
E = i{x,\j} . %X and y di fPer m}'exa()’bd one Fmih‘on}

8 : Q2 e——e Q, - l:T Q- @

Qn hos 2 nodee but Hhg diameter (m" d"-"*("“(x) 1S odg n.

XA eN

H s ﬂrreau\@r and bipartite.
l—‘»' bl  nodet wkh 2ven no. of 1s in one cdour.
0d) o. of1s n another.

&ﬂ-l TR subg«'aph of Qa (vp 4o {SOmorpwsm\

Now Consider 4o %mfh 150morphic o Qn wwe nodes corfe.sPoncl
to soseds of [n) ank e,dge,s existk behween sybseds Haod

duffer bz‘r a s;mﬂle deﬂw‘{l,z.ﬂ
523 SN, f23

{1} {2 {3}
)
Consider e graph B oy whidn has e nodes at the K™ level of s,
namd%, he subsete of size k. |ngert an edge between gny hoo

nodes Hat id:qﬁ@b%
A CU‘L"" n KGpis a sef of <ibsels Widh jaesed Pgu‘w)ise.-

For exarple, S0y LS - 5c -, 18l=k} 11 @ clique Lotk
Cln kY  nodes.

The EcdBs— Ko-Radp Theoem stekes thad # k< Vo, Hun Hhue
are o &araer cliguee than Hus-
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The, Kreser Glra,’)h KGnk 'S the Csvmphmw of this 8((.11)?\,
tat s, thore s an edge behueen digo{ni Subsets-

So in KGn,x F ke Va2, the latgesl’ DILhCL'ZiU& s oF
Size C,(ﬂ-l, k-1 -

L@‘I' (D)) Mﬂﬁ, +he "CDMFJZWW” We_ Uf,ga aloove more C,OnU’ﬂ"’&‘g-
Tae complement of G=(VE) i G - (V,E), whee
E - &%bk;a,bev, atb}\E-

L*ﬂ‘u’& cet s somehmes deno{'z) C(V,2)

We can similedy  defire. +he Union, infersechon, difference and
symmesmc  difference: of fu0 Jophs with #he ame Verfex set.

We con furH‘wr Q)d'md —Hm's +o Hq_g, Vrupn / Indersechon Dﬁ
Gi=(VL,ED ard  G2- (V,,E,) by Takig Yo union intersechon
of the verkeX seke and e,dﬁ?. sele

Given G=(N,BE), G (V,E) where
E'- EU 1ixyl: Jwix,wifwyleed

More. gerarally, GF ks on edge Pyl ith disk G € k-

Gven Gi= (V,E)D od B,-(Y,, gy, teir woss FroAdd’ o
fersor poduct & Gx G, = (Vxvy, B) whew
1o,v), WY eE & {u,0,l6E, ad {v,v,}E E,.

For any 8@.{9\1 G, GxK, i o lbiartite grg{;h.

Gven &= (VLED ond G, - (Y, gy, treic box Fnodud’ is
G.0G, - (NxV,, E) whee
100,,v) LW, Y eE B ({u,0deE ad  w=v,) or
({vvg EE, @l ,=0,)
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Vor examP\&, Qm 2 Q4 = Qmin Ll'SomorPWLeJJﬁj .

The Hamrrurg arafh Hﬂ’CL 1<
KO KgD- OKg (0 espies)

Vekox s is [q1". “Thee 15 an edgebe}ww\ fwo nodes F Ay
oz te same for gl but one co-odinate.

Graphs Page 12



I\/\a%c)ru‘g%s

% A r*\ai’dr\jn% o amPh (;l;(\/,E\) s a o4 of @d%e,s which do et
¢hawe any Vurtex.

A st McE ot for ol eie, EM; g e, = g/(le, - 2.

B od e} ase trivial Matthiog s -
(Yvev, FeeM ¥ yveE)

Aﬂ. ﬂla,Or\'H'bme ‘\,'a*gl!. T Lmd Hn_g Ia{ﬂul./ m}’d’un% N o arqvl—,

Whot about mah)rmgs in biPa!l;itg, 8mPhg?

Dexote \ng G- (X,V,E) & IoiParHl:e 8mph (x vy, E)  whee XY3 &,
XNY-4 ad for al cCE, JeNx|-|enyl= .

Than o complee maﬂun% fom X ® Y e a mac\'LWrgM such that
M1z 1x].,
Suh & mafthing exgh only & Ix1=1v1).

BoIX=1Y], then a  compleke rvm}drunﬁ fom X by ¥ % a complete
mafd/u'nﬂ from YV b X grd thws Parlﬁed’ mgj'ckinﬂ.

?é G|N€,l"l o 8\"11)5 C':|: (\/,E\ and \IQVJ the ﬁ@\a‘ﬂboorhoof\ of v s
T (D) = {uiodeed.
For ey SCEV,
T(s) vLer T(1v3)

ha biparkte graph  G= (,y,E), if S =x, thn TUS) V.

We Sy fhat S s shx\'n,k[n% # |Ts) < sl
lr BCY, we say ot i sheinking in B ¢ [T©®ns|<]sl.
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Theo- [Hall's Theorem]
A bipartte %rap\w G=(%Y,E) |has a complete Madehing from X fo Y
% and or\lﬁ it o sulset of X g shn'rlkl’nﬂ.

ED.;F_' & e 18 a Cpmplefg ma.ﬂ'drung' fom X b0 Y ,then VS ex, Hue most
be g distindd clement 0 Y Lgrre.sPonA.in% 4o each X (ciarresPoruUmgr to
e wolchi = [T(S)]= Is]

Nguu SuppOseL e,ue:% subeet of X is sh:irtkiq&-
We Vof‘(zpm s’("@\’% induchon  en  |X).

X1, bue s tisly & comglere mafehing.
Suppese ® holds for  [X) < k.
Now let Ixl=ka st for al U cX, ll"(u)\ > |ul.

Pk some owbitr xeX ad  neighbour b x.
B ah 4 cuth a y exst oz
({XE [ ngt_.sh(\'nk{r\%

Cose 1. |$ Hhare i a compleke maJ’chirﬂ, fom X\ixl b Y\{.dl  Yeen
there 15 a CDmP\d’e maJ’o\runa fom X o Y.
CAse 1. Supposc Ao s no COm{\d'a md’dung From X\$t bo y\s,%g.
B%’W‘Q/ inguchon hAd-FOH'@st, thare s some S E X\{x¥ st
S s‘(m'rLkirg in Y\fyt.
Houeser, S shfl'ﬂkfnﬁ in Y. This wmples that ITs)| = |8l -
(éé T(©)
hs ls\2k ond o subser oF S B shrinking, thoe  must be
a c_omp\d'z mﬂi'druina o S ido T(S).
Further, we claim Hot Hure is @ complete matdug fom x\s
o Y\T(s) .
Ao Ix\sl <k, £ is enough 1o show that for al| TeX\s,
| T (D NT(S) | > 7l
Then use te fod At |T(TVS) ) = [TV 1Sl
= T (Tus)] = 1l + [T
= [TGUYNTEY] =11
= [TE\TG)| 2|1
= There is @ LOm:r\e:\'e melthing Fom  X\S gy YNT(S) am
hence £Mn X ik Y.
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Corglany The e,dae. set of a rﬂulaf bi?arh'te. %fap\n can be Peu'h'h’onai intp
A md’d/uin.as, Wee & et dearu of Vertex.
Note tat # Ci-(gvg) sakiskes the aboe, XI- 1Yl = 5=

M We prove g usfﬂ% iduchon on Q.-
I a=\ Y gmfh S a nm}chir%.
SuPPogg it holde hr A=k
Let- G=(x.V,E) be of dearee d=k+\.
For ony seX,
algl < & |7l = 131« T(s)

_ no . of v es no . ‘ﬁl @3&@5
incsdend on G incident on 1)

- Tl"-EA'e i< o \?EA’LZU" ("Iﬂil'l'}un% - G (bd— Ha.u's T“L&OI’QI"‘)
oving Yris ma}dfunﬁ ol nedes 0 he remgining 8@1)1'\ have deﬂret
d. Usica thy  induchive hﬂpcﬂ’k@sis poves  fhe resulb

\‘ ertox COVMS

Dab- A Verbex cover oF a greph G=-(LE) s a <ot C of verbites such that
eNen ec)%e e incident on of leadt one verkex of C.
Sot of Like biparkite vt only one side. (Ne€E, efic # )
The <o of blue verhees is a
Vertex cover of He enbir greph:

For any vE,\/) V and VNivt are (’l’h\/fa.D veetex covers .

kb had poblen & 4o deleine the siz, of a cmallel Vertex cover.

V
NP -hord,
n ﬁm.pf
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Thyo.

e

Yoo

Root.

Det-

In bifarl:ﬂ:e 8WPW" the size of  a_ smallect vertex cover s eq/ual h Hot of
o laraeb’f matching .

. gentral 8@"‘5;’”‘% are within o fackor of 2 & eadn phhor-

let G=(v,e) be a (jrarh) C be g Vertex cover of (3, ard M be &
m’rdrur% in G- Then Il =M.

InGl&A, C&nﬁ Jerkex in C can cpver edmost one Uiae in M.

[KB"“SI‘; Theorem)

In a lm‘,;m—ike groph, the size of  the cmallesk vertex cover 15 the size
F the [argest ma'l'd/uh%.

let C be a smallest vertex cover and H’@ﬁ\’aph be 6[-—0(,\/,9'

Let A-cnx ad B=CnNV.

We shall chow that Here is o (,ompld'e m}dur% bom A 4o Y\B.

For ony SCA, suppose trd S i s\minking-'\'hm CYUTENS s

& vertex cover a5 well, and i+ oy c,gnijrmlu'—}% less than Hhat of C, woidy
is @ contradichon. By Hells Theorem,there is o complete mafdning by

A b Y\B and sl‘\/ml.gfl-ﬂ,a. LOW\P|€+€ Vm:l’df\mg from B to YA

This implies be existence of a matthip M sudh gl IMI> | c\,
and .7 (%Uu’ J;-ollpuJS-

>HM¢A%E$ Covered by S are Coverd b\é"l—'(s\-

While find.'ng, a minimum verkex cover s a Adiffwly bagk, Fl'ndn‘r\a s MBxIMumM
MQ+CJ(Ufg isn't.

A mddhing M i a grafh G:(v,E) is a yaximal maerru'ng, i Ahere
exiskk o eCE\M such fub nMmUSex & a mo:l'dru'n%-

We eon aasilg congbruct” mayimal mﬁdn,{na/_g ley repeatedly chooting an
aibsitrary edge and delehing ol edges touhing it vkl there are o

reynQWra e,d%o,s .
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oo Lt M be o maximed matehig i o groph Q- Thare is
a Vertex cover C of G & size 2ML.
Pod-  (onsider Hu st C= Ue. B C wa ot o Vedex cover, thee
—_— eEm
wpold  exist  an elte £ sukh Y e NC= &. Howeler, ax M
IS & maximal maﬂ'dnin&, no Such edge exisk ad C myst be o vertec cover.

goigu_axg._ 18 C e a smalest veter cower and M s a maimal matduing
MY < [c] « 2IMl,

]:lﬂdtn.% the erullett max mel m.ﬂ.}dunﬂ is NP-hard qu WE].L

Dt o goph G = (V,E) with TV, Tis called on independnt <ef or
anidige # no dwo verbices in T are Odjacent.
(fecE , eg1)
Thep

V1D I is an @ﬂﬁc,h}f/ue i and or\lﬁ ¥ T & a werbx cover.
P&&L T is an an}tb‘qya e VeCE e LT
% VQEE e nT= g

< T s a verl cover

l:fnokfng the smallest yetex eover is e.q/ufvallnj' fo flindinﬂ the I_suau’r onhcligue -
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Tr 2es

Def A Hforest is an acyclc gm?h.

A bree K O Conned:ui (lc,.ddfc, 6@':%-

Eadn connecked COMPQHW aﬂ & «"orut < a !cru-

Y cubgraph b a 'rOfU[' g fo t
4 oy ot

Def Gven a tbee, a leof s a aode of degre 1.
Jheo Anz bee with af  least 2 nodes has ak let 2 leaves.

Podt Consider o macmal path vy, (Hhot s no Ve st VoV, is & path)
We must lave k>p (asitis a free) .
oy, e not a leal, F mwst have @ w‘ﬂ/hbow Vi (e 1€i¢ k). However

then | v,V form & c,zjde | Thws | (ard Sirru'[arlﬁ, AR be o leaf

(with >2 wdes)

F Tk o tree, dﬂ[dﬂfg a leat (ith He wrrupom\ira edge) resolks in & Fee.

_@. Given a tee 3 ad node y,v, dure s Mad’ta ong Pmﬂn fom v to V.
E@/"p' We. Fuform induchon on. ¥he viumber of nodes

& Hure s orda one node,dnen there i d@dg WH‘H' ong PQSH" from Hhe
node ko itself.

SUFPO“ ) [’Iﬂpvﬂ\l}fs hodg For k nodes- Now, if A har kil npdes,
delee @ leab L b gob o bee @ (of k nodes) .

Bythe induchon h;d/Po*hw's, s only remains o chck tat Hue is a
nigpe, U-L padh Cer y£)  To s His, lek v osych thet {u 1 s
on edae. As there ®© @ Unigge vy pedh and any  U-L pan mwst
go Aawugh v, the malt follows -

Teo: let Gz (U0 be a tree. Then [El=INI-I.
@; Perform induchon on v & [V, e cuult CW% holds. OHnewise,
delefe o ol and  vse the jpluchon Wa’rhms bo oblun the resvit-

Graphs Page 18



’_@ F o geph G-(v.D) s Conged ad |EI-INI-1iE mwst be o
bree.

_Pb& I there (b&%de,mnwawdddtw\ﬂgdﬂemm
dee ard  the g rapn will shll be connected .
& e the prkil Hue are no cd(;leé» rexnaining, we obtain
o ke T (V) wh Hat el <=1 L This prove Hhe

ehult -

'Wl_g-_ let G- C\I,E\ ve a forub. Twn e number of conrected
components s [VI-IEL.

Ths  follows fron he ok St £ G: - N, E) & e conneted
componenk, then  IN;i-IEl= 1.

The above implies Hipt éiele/h‘ﬂg o i?% A nodp from o e
el N a bt with d-1" connecked wW\ponu\JB-

Dilworth's Theoem

Recall MfﬁSka’s Theerem -
The lesst nomber oF anbi-cheins needed
bo prtition S is exacly e size o
o lagest chan.

Size of ony chan <& size of ﬁ anti - chan decovn?ps\'h'm

CThe Hrgorem Syt %Udf% con be aftained)
This s Similar Qn strucue) bo He resvlt

Size of anéi ma}dung < Qe of wual verl.'ex cover
(Karua's Hreoem S thod ea’ydihd can be
otained in @ WWHE ﬂ’f@[’h)
The dwal oF Mn’rskﬂ's Theoremt  ie. Dilwerth's Theorem:
Size of ary andrchain < size of clhain AgwMPgsiHOn.
CThe Hrgorem S &@Ud% con be aftained)
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@' [Dilvoarhs Thyorer]
The  least aumber of antichaing reeded fo parbhon a poset S is exadty,
equ o the size 9‘1 O [ar%ﬁ’ chain.
Pj"ﬁ‘ ki e_cw'la chown that
size of ary anti-chain ¢ size of oryl Chuin decomppsrion
Now, et |8} =n.
We shall construct o bipertile graph G such thal
o if thee s a v&rtex cover of size <t in G
thoe = an anki-chain of gize >n-t
o if W s o matdning of sie >t in G,
Hrore & a Chain g\ec,omFosiHar* of size < n-t-
Thﬂﬂ Kb‘m‘g's Horem meli&s the @it

/

ek G= (Sx{o%, 5*{'13J E), whee E . {{wo0,v0}: Lev, U? v
e IF C 5 « vedex cover of Size b n G, b et
A-s\i1ptS : (L0OEC o (yNECS
Then for any x,aﬁpc ('x;ﬂep, e cannot \ave "é*a.
(o than we oot have (08 ond (1) eC)
e AV lol=lcl - n—ict, the Kt port LoUlouss .

el M % @ matduing of size ¥ in G, ten conwder te amfh
F- (58 whee E'. {io,v} - Yo, nDieMy.
Fisea «&qut Whﬂ'rﬂ each tonnected oomPQﬂUtl' [ &{’Oﬁ":
>k oEF hos dogre €2 (e edges incidont on (1,0) wnd (u,D)
»F e uﬁcﬁc GF oy, Vg is @ ogele, Vo €N £ -2V, 2y,
wWich is net fass\'blz.)
Eadn of Huse Pnuﬂu. form g dwin in 'H/LLPMCV and
e pwmber pf connecked c,om{agmrds is Isl-IE| = n-t.
Thefore F i< essenh'c&ha a  chain a).ewm‘)ogh'm ol n-t ports -

L)sl‘rg, Konig's Theorem, this me\dm e Prgov'-
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Det-

Mirsua's Thearem and  Dilworths Theorem ae stabpmonde  abpot
Ane COMp axy's 0N 8(&')‘/! o tHhe F%d:
I# (3,¢) s a ?ﬂébl?, ite Comparison gwh s Gr—LS,E) whele.
E- $iu,vs - 04V and vV
\¢ Gl 15 @ com?ar\'son 8‘—0?»\) 0““3 50}]8(9?\(\ of G s @ C,OM\DOUF\'SOYL
6@9\0 as oadl.

Wth Hus in mind | # S i a mse)c ol G s i comp dison afp{;h.
—a Can in S is jut a4 clgpe in G while gn andi-chain i
an  Anhclique:
=0 Onain  decomposition of S s g colouing F G whik an
anti-chain decomposition is @ colpuring  of G

[M{rskgs ard Dilwocths Theovems )
\f¥ 6 a Compeurison  graph, w(®) = X&) -
F Gic o companson graph, w (= x(B)

A awuph Gis a Fefkﬁi’ ara,[)\’\ i for every induced Subgmgh ol G.
#(6): w( ).

he it '{'Ums oot, Hue s g4 (non—lfrivmb rewlt that stakes Yt
o %ra?\m LS Pexﬁgd it and Onxa £ ik ngplemenl’ is PU’fa}
(Perbot Gragh The grem)

Given e peteck guph. thustem, either of Misky's ad Diwerth's Theoens
can auilg lae,.prO\MA fom A other,

COMparicon The complement of oy
Anﬂ is f!’m ngh C;e?mm 3mPh s
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