Det

Coonh'qg
Poobakions  and  Combinatign

Gwen o nen-gmply faite b B (kaown g an @-XP\MbQﬂ, a Shring of
l-"gth keNin B is @ ma_w.a 6’:{“...)\&—5%.

Tare exist o fength-k skvigs over on alphabet of size n.
This  can  easily be proved lydinduoh'an on k.
Note that the emply string is well- defrned -
g s @ stting over an alphalet of size 2.

AL
Alerﬂtg;é—k oiwy skit’g con be ysed 40 re?raseni a sobset oF @ sob of

size k-
More wnuée(a, ek [k, {I,zJ -4 k3 o B.{p,1}. Then qiven any
we con get a subsel of LK) by Ji-a(D ik

Foddwf note tat Yee & a one-one Mﬂ\rﬂ bedween sylpsets m&a&nas

We often epresent (i) as o

A {Jemul'ahon of B, an a.\phnbe,t of sizen,ic O Li&uhbn fom [ 4o B.
Thjs 15 Avs-lr a LU'LaHr\ n s’cn‘n% un'l’h ne ('esge,e-hn% Chraracters
For wam[;le/, Codeb ia Fofmvhhbn of ia,b,c.d,e?-

I 28 L5
P we \oosen the critecia b\é (;gnSIAer\’n% any  siting with np repaaﬁfg,
dhoreckers, we have o one-pre funckion frow [kl b0 B instead of

a b&equ )

Lk Pln,K) repraseni: He rvmbec of suh lerﬂ{‘h k olringe with o
: \'Eﬂl’-ﬂh'}ﬁ drafactere gwen on alprabet of size n.

\

B k>n, then Plok). 0. Dbenice, we claim P(n,K) - Fogr -
0, n=0

(He;v-, n..._{"(n—ﬂ!. n>0 This s cas?g rravd b'E" induchion on n.
(PO = nPnt kD))
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On 4e other fod, how many  gubsels of <ize k does a set of

¢ze n  have?

We coan rq\'esenf subsets oo SArirg S without r'epd-nheﬂ ($2,5,c% = clxbcy
Here e same subset can be rzalarew\i'ul ba m\)”.’\PIp, S-hqn%s
(abc and bea rzPreseJU-' the save sek)
We kaow how mamd, cvch sl:n'f\a,s there avel E)q;ct‘g K. sh’iraﬁ
which invplve those k symbole-

Theelore , the rumber of sobsels s size k is PnE) =«
k! k! (n-K)!

We @pesent i os Clokd or (1) (med n choose K

Notz +hat CnK) = Cln,n-K) .
(d—uoosfna @ svbset of size k = Yy some as\

b‘fWObfn.a o complement of size n-k
C(p,0)-1 - This st s> Zeg.

Clno) + Clo,) + -t Clan)=2" (e ae 2" cubseks)

Voe  gerarally,
Trep-  [Binomial Therem]
For ary x€R ed  nEiNo,

n
Q)" = S o) x*
k=0
Laﬂu’nk of it s chs%fu-g
whiech k «% ko nw”:\'Pla.

This  can e fm\/m’ vsicq induchien . Tp do  sp, show thal’
Cln.k) = Cln-1,k=-1) +CLn-L,k)

Ths can ke 'fhouglwl: 9{- as: leb T ad a€S. (puat be nwmber
of subsels of sze k. that indvde o and e nomber

bat dont indude 4. k,« C (n-1, k-1)
G Cln-1, k) ’
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We new cowider a senes of "balls and bores” Frololems-

In how many ey can you thiow @ set of balls info a et of boxes?
Ths s Aot answers dthmA“\a on whdher Hue (onUs/ boxec
a2 (in)diskiogviduble -

Batl
Bomin [Lokelled | Unloketed
Labelled - Funchin MuéiHse,t’
Unlabelled 4 St Packikion Integer Packtion

We con glip hove some more vaiabs: no box emphy
admost one kall per boyx-

Disﬂranim ba‘UJ,/DieHrg;(shﬂJo[z Boxes
This i jus{: o Furchion  fom A, the seb of blls o B, the <t of bwng.
(oo kall is Hupwn indo & single bin)

The cwmber oF wage o {"U’Dwing is just the number of funchons  from
A B Suh o fechin con be mpresented & shring of length Ji|
over B.

= Tre cwmber oF o fom A b B i (8]

P every box can hold atmost one ball, the funchon i ore-ane, which
corms\aor\.db b a Parmu{’d:lbn of l&r\aﬂﬁ Ial oer B -

= The avmber oF ong-one dorchons from A +o B is P16l LA

P w bex is e,m(:-la, the fonchon is onko:
Recadl #re incdusion- exelusion prneple.. [ VT| = (sl + |Tt\- (s0T] .
More agmmll% given hnike sebe T, - Th,

T+¢

Roye 4ais ba induchon on n.
Wihout loss of ao.namb"a let A= [k] and B [a). We Qeongre to
wmoer of oo hndont fom A ko B by Nlkn)
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We clam " .
NCk,m = Z L-IBL Cln,0) La—ﬂk

\> - C,(n,h("‘")k+ -
The <d- ofF non-pato Foeehnons is
U T;) choe T = $hAs® | ¢ 1)}

1€[nl
Use 4he indwsion-excwsion -rrincjlglﬂ, | The wdinzlﬂ(-j of Hhis o) is

[+ +
2., = N = >, =D (e

fig joib @ funchien [)
fom [0 b [FI\T
= thee ae (n-lTl)k
such  funchions
Given seme |3} how many  sodn T exist? This nomber is e_qyuo&
to C/(n,\‘.[l) ) LeiJC\'rg iz 17l on He r;ahtl

U T:\ = Z(—l)j+l Cny @—j)k

1€ [n] J=t

=

Toarefore, the nomber of onto  Amckions s 0 — this,, ramely,

n .
NCk,nj = 2, L-IBL CL\'\J'L\) Ln—'t)k

j«'disl-"'rgu{ﬁhalolb balls /D{ﬁﬁnﬂuishbu, boxes
We or\ﬂd Core ool He qumber of bells in each box, at the !MJ}
o He balls .

A mutti-set  is like o seb, ok allows elements b0 pecor mulkiple Himes-

Dn.lﬁ mulh]a[iu'la malers: [0, a,9) = [o,b;a).
A molbi-sek (g jusf A mulﬁflidlrg Fonchon M:B- No-
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The cize of & mulbi-sef 1o the oum of itg mull’[f)llll'h"es-

Here , the Q})%Hon i &ﬂ,U'VM 1 ‘Flrﬂdﬂﬂ e number of mulbizers
of size k with the base st as [n].

We want the aumber of (., r\,_,---,r\n)wil'h
n,an, v +n,=k (Hee An=pln))
U muttipiciy
Pﬂg such thing car be reyrzﬁeni'eo\ with n-l "pars” ard k. "shars”.
So  (n,n.,ns,n,n)= (52,0, s
* | ¥[‘t l lrl]at— k<5, n-5

box \ box 2 boy3 .--
Thae i5 2 onc-one Cottespordence  behocen S ‘stacr-bar"
combinahons end Hu (E;luirzd result -
A“‘j sudn  (ombinahon can be  Fermed ey cheosing some -
positions among b nek-l positions, F-'lling, bars frore, ard Flling
o eveywhere  dse.
= The umber oF Combghons is L(n-\-k-—l) n_b

B we went cach box o ke non-emphy, then et tow oo

ball nto tach box and sove the poblem for a swaller n (:n-k)
(e get c(n=1,n-k-)

IF atmost ore ball per box, then oe \&usl want & sek of size

k,so bure are (C(nk) Fossi\oil.‘h‘es-

-Dl'shl\auis\rujolz bells / Lndi:,l-i.-,ﬂuislmbl_a boxeg

We packition the sot A ob bolls inko ualakelled ins.

We must jost fd the nomber of Pafl—il'ioru: o A.
vae debiced  Hus when g""ér'g
%uwdenu relghons

How wany [m&h'ons dooe o set A & K glemends have?
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Lek S(k,m denote  Hrg number of ()arh'h'ms of [k] miD gxadh n Pm-[g
(This i= 42 o bn w\ﬂj case)
"Sh‘ru% aumber of te secod king

More am,ra&l,d> the nomber of ey A cor be Parh'hbnad info o most n
FJI‘TS 19 Z SL\‘)"‘)

~me [n]

Fotrer, By = 2. Slm) 5 te fokd nomber o puckibions of [] .
mE [k}

1———) Beld rumber-

Now, in Sl a), suppose  the parks o labelled  |,2,,n- There ae N(k,n)
swn  prbitions - However, Aisredardirg te lobelling , each parbibon e counted

Ny bimes . (e
N (k,n
= S(kn - n‘

lndish'rgufslmlole balls / Imlish'n(ﬁufshaﬁ;b boxes

“This fmblm s e;im‘s/alm:r 4 wci\'\'ﬂa k gs a Som of n non-ntaaﬁve "rLJ'eaers-
=The awmber oF (x,%,, -, % suh Hat

YtZot o+ Kk od 0<%y £ <%,

B o bex e Uhpig’fl'f\_y\ each ¥ i Posilri\le-
LyThe number of suh  solutions s colled  Hhe Parl'il'(on number .Pn(k)-

£ Hore & hO réslﬂl’l’lbn, the answer is jus{’ ;Pn(n+|<7-
(let Yi= %+ for esch i)

L} e now exerine Hhe Perl'ih‘on numbef -

Pn(k) = \ { (x.,---,xn} DX, 4t =k MA l<_'x, <€ --- é'xn}
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Firsk of all, £, (0 = |

We fhen have
Pa () = pa (K-n) + Py (k-1)

J

Ho cone x,5|

PBUQ—-O for k>0
pa() =0 & k<n

Tnis enpgbles ve b (reCL)rsiqe,LH) define Pn(k) for ewg |<arw{ n.

Balls D1 chingyishubole Indishngvisheble
8@ ¢ L
, o P )
o nk it one-one ben PnK) e i one-one, then C(nk
Dlsl'lnﬂmﬁkablt (‘F oo, ren N(k,n) okl W onto, then ((k-,0-1)
it one-one, then Oorl\| if one-one, then © or |
Inafﬁﬁnaufshﬂdol!p %ﬂls&‘"‘) (i} onto, then Sék.n)) Pn(m—k) (if' ondo, Han pn[k)>

vhee Nk - 3, (Y clap (Y
1= 0

Sk =

N(k,n)

n!

Pr(K) = Palk-mt pui(k-D, pilod =1, po(k)=D for k>0
Pn(k)‘—b ¥ k<n
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