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§1. Introduction

Definition 1.1. A subset S of a Euclidean space is said to be convex if for any uy,...,u, € S and non-negative
A1, ..., A such that Ay + -+ - + X\ = 1, the affine combination Z:Zl Aiu; is in S as well.

We primarily consider convex bodies, that is, compact and convex subsets of Euclidean spaces here. To put it more
succinctly, a convex body is something that “behaves a bit like a Euclidean ball”.
A few simple examples of convex bodies on R" are:

e the cube [—1,1]". Here, the ratio of the radii of the circumscribed ball to the inscribed ball is y/n, so it is not
much like a Euclidean ball. We sometimes denote it by BY since it is the unit ball under the ¢+, norm.

e the n-dimensional reqular solid simplex which is the convex hull of n+ 1 equally spaced points. Here, the ratio
of the radii of the circumscribed ball to the inscribed ball is n. This ratio is “maximal” in some sense.

e the n-dimensional “octahedron” or cross-polytope which is the convex hull of the 2n points (£1,0,...,0),
(0,£1,0,...,0), ...,(0,0,...,0,£1). Note that this is the unit ball on the ¢; norm on R™ so we denote it as
B?'. Here, the ratio of the radii of the circumscribed ball to the inscribed ball is y/n.

More generally, a k-simplex is a k-dimensional polytope (Definition 1.4) which is the convex hull of its k + 1 vertices.

Definition 1.2. A cone in R" is the convex hull of a single point and a convex body of dimension n — 1. In R"™, the
volume of a cone of “height” h over a base of (n — 1)-dimensional volume B is Bh/n.

Since BT is made up of 2™ pieces similar to the piece with non-negative coordinates, which is a cone of height 1
with base analogous to the similar piece in R" 7!, the volume of the non-negative section is 1/n!. Therefore, the
vol(B7) = 2™ /nl.

1.1. The Euclidean Ball

The fourth and final example is the Euclidean ball itself, namely

n
By = xeR”:Zw?Sl

i=1

1.1.1. Finding the Volume

Let us now attempt to calculate v,, = vol(B%). Note that we can easily get the “surface area” of the ball from the
volume by splitting it into “thin” cones from 0 and observing that the volume of each cone is equal to 1/n times its
base area. Therefore, the surface area of the ball is nv,.

We perform integration in spherical polar coordinates using two variables - r, which denotes the distance from 0 and
#, which is a point on the unit ball that represents the direction of the point. We obviously have x = rf. The point
0 carries the information of n — 1 coordinates.

We can then write the integral of a general function on R™ by

/n f= /: /SH fro)r=tdodr (1.1)

Here, df represents the area measure on the sphere. From our earlier observation, its total mass is nv,,. The r?~!
factor appears because the sphere of radius r has 7" ! times that of the sphere of radius 1.

An important thing to note about the measure corresponding to df is that it is rotation-invariant. If A is a subset
of the sphere and U is orthogonal to A, then U A has the same measure as A. Therefore, we often simplify integrals
such as 1.1 by pulling out the nv,, factor to get
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_ > n—1
. f=nv, /7":0 /SH?1 f(r0)r" =" do,—1(0)dr (1.2)

where 0,,_1 is the rotation-invariant measure on R”~! of total mass 1. Now, to evaluate v,,, we choose a suitable f
such that the integrals on either side can easily be calculated, namely

1 n
frx—exp —§fo
i=1

Then the integral on the left of 1.2 is
/nf/n.l_[lexp - rll/ooexp 5 :(\/271')

and the integral on the right is

- 2/2 n—1 22 1 n2p (1
m}n/ / e "2 o,y dr:nvn/ e "2l dr = 0,272 (= + 1)
0 Sn—l 0 2

Equating the two,

7T’n/2
Up = ————~
r(%+41)
Using Stirling’s Formula, we can approximate this slightly better as
~ /2 [ 2me n/2
o N 7E R '
V2re—n/2 (2)

This is quite small for large n. The radius of a ball of volume 1 would be approximately \/n/2me, which is very
large!

1.1.2. Some Surprising Results in Concentration

The above is possibly the first hint one should take that following your intuition is probably not a good idea when
dealing with high dimensional spaces.

Let us now restrict ourselves to considering the ball of volume 1.
What is the (n — 1)-dimensional volume of a slice through the center of the ball? Since the slice is an (n — 1)

dimensional ball, it is equal to
1 (n—1)/n
V1™ =0, () ~

n

This is approximately equal to /e (using Stirling’s formula once again). More generally, the volume of the slice that
is at distance x from the center of the ball is equal to

T n—1 22 (n—1)/2 _ (n—1)/2
Ve <> =./e (1 - 2) ~ e (1 — ) ~ veexp(—mex?)
T r n

Note that this is normally distributed but the variance 1/2me does not depend on n! So despite the fact that the
radius grows as y/n, the distribution of the volume stays the same. For example, nearly all the volume (around 96%)
is concentrated in the slab with ||z1]] < 1/2.
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This might lead us to believe that since the volume is concentrated around any such equator around a subspace, the
volume should be concentrated around the intersection of all such equators, which seems to suggest that it should
be concentrated around the center. However, for large n, we obviously know that most of the volume should be
concentrated on the surface of the sphere — for d < 1, the fraction of volume between radii dr and r is 1 — d" ~ 1.
These two points seem to be directly contradictory! However, as might be expected, this is once again because our
intuition fails when dealing with high-dimensional spaces.

The measure of unit ball is “concentrated” both near the surface and around the equator, for any equator. To
make more sense of this', while each z; is small, the overall distance from 0 is quite large since the small individual
coordinates are compensated by the large dimension n. The former leads to the point being close to the equator and
the latter leads to the point being close to the surface of the ball.

Another fun thing to think about is the following. Consider the cube [—1,1]™. Construct a ball of radius 1/2 at each
of the 2" vertices (+1,...,41). Now, construct the ball with center (3,...,3) that touches each of these 2" balls.
Then note that for n = 4, this ball touches (the center of each face of) the cube, and for n > 5, it actually goes
outside the cube!

To conclude, let us write the volume of a general convex body K in spherical polar coordinates. Assume that K has
0 in its interior and for each direction § € S"~1, let r(#) be the radius of K (in that direction). Then,

r(0)
vol(K) = nvn/ / s"tdsdo = ’Un/ r(6)" do. (1.3)
Sn—1J0o Sn—1

Definition 1.3. A convex body K is said to be (centrally) symmetric if —x € K whenever z € K.

Any symmetric body (other than the trivial {0}) is the unit ball under some |[|-|| - on R™ (for example, the octahedron
was the unit ball under the ¢; norm). For a general symmetric body K, the volume is given by

vol(K) = vy, / 101" don_r (0) (1.4)

Sn—1

1.2. The Cube and other Polytopes

So for example. since the volume of the cube [—1,1]™ is 2™, we can use it to estimate the average radius of the cube
as
n
Up r(@)" =2" = r(0)" ~ — | so the average radius is approximately 1/ —
Sn—1 Sn—1 e e
That is, the volume of the cube is far more concentrated towards the corners (where the radius is closer to y/n),
rather than the middles of facets (where the radius is closer to 1).

It can actually be shown? that the fraction of volume of the intersection of the cube and the ball is less than
exp(—4n/45), which further emphasizes the point that nearly all the volume lies in the corners.

Definition 1.4. A body which is bounded by a finite number of flat facets is called a polytope.

A polytope is essentially the intersection of a finite number of half-spaces Note that the cube is a polytope with 2n
facets.

Earlier, we remarked that the cube is not much like a Euclidean ball. So a question that might come to mind is: If
K is a polytope with m facets, how close can K be to the Euclidean ball?

1The answers to this mathoverflow question might further aid understanding
2Consider the random variable z; = 2 where z; is drawn uniformly randomly from [—1,1]. Show that E[z;] = 1/3 and Var[z;] = 4/45
and use the Chernoff bound to get a bound on Pr[}", z; < 1].


https://mathoverflow.net/questions/210291/how-to-explain-the-concentration-of-measure-phenomenon-intuitively
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1.2.1. Banach-Mazur Distance and Spherical Caps

Let us define this “closeness” more concretely.

Definition 1.5 (Banach-Mazur Distance). The Banach-Mazur distance d(K, L) between symmetric convex bodies
K and L is the least positive d for which there is a linear image L of L such that L C K C dL.

Henceforth, we refer to the Banach-Mazur distance as just distance.

This corresponds to the how we thought of inscribing/circumscribing a ball earlier, since the ratio of the two radii
we considered is just this distance.

If we wanted to make this distance a metric, then we should consider logd instead of d (the current distance is
multiplicative and for any K, d(K,K) = 1).

From what we mentioned earlier, we know that the distance between the cube and the Euclidean ball in R" is at
most y/n. We shall prove later that it is indeed equal to y/n.

As might be expected, if we want a polytope that approximates the ball very well, we would need a very large number
of facets.

Definition 1.6. For a fixed unit vector v and some € € [0,1), the set
Cle,v) = {0 € 5"+ (0,0) > ¢}

is called the e-cap about v or more generally, a spherical cap (or just cap).
It is often better to write a cap in terms of its radius rather than in terms of €. The cap of radius r about v is

e A

It is easy to see that a cap of radius r is a (1 — g)—cap.
As we shall see in the proof of Theorem 1.3, it is useful to know some upper and lower bounds on the area of an

e-cap.

Lemma 1.1 (Lower bound on the area of spherical caps). For r € [0,2], a cap of radius 7 on S"~! has measure
(under o,,—1) at least %(r/2)"" L.

Proof. Suppose n > 2 and let o = 2sin™"(r/2). We can assume that « € [0, %] since we can prove the other case
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similarly. Then the measure of the cap is given by

A(n,a) = /Oa w(sin@)”_2 dé

_(-prE+n e
Conl (252 1) VT o

T (2 a
— 7717( P ) sin"_2(9) dé

sin"~2(6) d@

It is easily shown that

for all n > 2, thus proving the inequality. |

Lemma 1.2 (Upper bound on the area of spherical caps). For € € [0,1), the cap C(g,u) on S"~! has measure

(under o,_1) at most e~ "< /2,

Proof. Let a = cos™*(g). We may assume that o € [0,7/2]. Instead of finding the fraction of area of the spherical
cap, we shall instead find the fraction of volume subtended at the center by the cap.
When ¢ < %7 note that the entire volume is contained in the ball of radius v/1 — €2 centered at eu. The fraction of

volume of this ball is equal to (\/1 — 52) < ene?/2,

On the other hand, when ¢ > %, this entire volume is contained in the ball of radius 2—15 centered at 2—16u The

fraction of volume of this ball is equal to (2&)~" < e~""/2. [ |

1.2.2. Bounds on Almost-Spherical Polytopes

Theorem 1.3. Let K be a symmetric polytope in R" with d(K, BY) = d. Then K has at least exp(n/2d?) facets.
On the other hand, for each n, there is a polytope with 4™ facets whose distance from the ball is at most 2.

Before proving the above theorem, let us reformulate what a symmetric polytope is in another way. Suppose you
have a symmetric polytope K with m pairs of facets. Then it is basically the intersection of m slabs in R™ each of
the form {z : |(z,v;)| < 1} for some v; € R™. That is,

K={x:|{z,v;)] <1lfor1<i<m} (1.5)
We can then consider a linear map from K — R™ given by

T:x— ((z,01),...,{(z,0m))
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This maps R™ to a subspace of R™. By the formulation of K given in 1.5 , the intersection of this subspace with
the unit cube is just the image of K under T! This is just an n-dimensional slice of [—1,1]™. Even conversely, any
n-dimensional slice of [—1,1]™ is a convex body with at most m pairs of facets.

Proof. For the proof, let us write what it means for each v; (following the above notation) if BY C K C dBj.

e The first inclusion just says that each v; is of length at most 1 (otherwise, one could consider v;/ ||v;]|, which
would be in B¥ but not in K).

e The latter says that if ||z|| > d, then there is some 4 for which (z,v;) > 1. That is, for any unit vector 6, there
is some ¢ such that

<0, U,’> Z

=

Since we want to minimize m while satisfying the above two conditions, we can clearly do no better than have
|lvi|l = 1 for each i. We want that every § € S*~! is in one of the m (1/d)-caps about the (v;).

e Obviously, to do this, we should attempt to estimate the area of a general e-cap (¢ = 1/d here). Given
Lemma 1.2, we get that

S 1 o n
——— =exp| =5 |-
~ exp(—ne?/2) P2

e To show that there exists a polytope with the given number of facets, it is enough to find 2 - 4"~ points
V1, ..., Um, such that the caps of radius 1 centered at these points covers the sphere. Such a set is called a 1-net.
Now, suppose we choose a set of points on the sphere such that any two of them are at least distance 1 apart.
Such a set is called a 1-separated set.

Note that the caps of radius 1/2 centered at each of the points in a l-separated set are disjoint. Since the
measure of a cap of radius 1/2 is at least 47" (by Lemma 1.1), the number of points in a 1-separated set is at
most 4™.

It is then enough to choose a “maximal” 1-separated set (a 1-separated set S such that SUx is not 1-separated
for any x € S"~1) since it is then automatically a 1-net!

Therefore, there is a 1-net (and thus a corresponding polytope) with at most 4™ points.

1.3. Fritz John’s Theorem

At the very beginning, we had mentioned that the distance of the cube [—1,1]™ and the regular solid simplex are at
distance at most v/n and n from the ball respectively. However, how would one go about proving that the distances
are eractly /n and n?

1.3.1. The Statement of the Theorem

Fritz John’s Theorem aids us in this pursuit.
He considered ellipsoids inside convex bodies. If (e;) is an orthonormal basis of R™ and («;) are positive numbers,
then the ellipsoid defined by
- <xvej>2

T —— <1
has volume equal to v, [[; ;. The theorem states that there is a unique maximal ellipsoid contained in any convex
body, and further, he characterized this ellipsoid! Also, if K is a symmetric convex body and £ is its maximal
ellipsoid, then K C /né&!
We can then use this characterization combined with an affine transformation to prove that the distance between
the cube and the ball is y/n.
We state John’s Theorem after performing the affine transformation, since it is easier to understand what’s going on
then. Roughly, it says that there should be several points of contact between the ball and the boundary of K.
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Theorem 1.4 (Fritz John’s Theorem). Each convex body K contains a unique ellipsoid of maximal volume. This
ellipsoid is BY iff B} C K and for some m, there are unit vectors (u;)7* on the boundary of K and positive numbers

(¢;)7* such that

and for each x € R”,

> cilw u)® = el (1.7)

%

1.3.2. Some Consequences of Fritz John’s Theorem

Before proving the theorem, let us discuss some of its implications.

The first condition essentially says that the (u;) are not all on one side of the body — this is more than simple linear
dependence since the ¢; are positive. Intuitively, this makes sense because if the points were concentrated towards
one side of the body, then we could move the ball a little bit in the opposite direction and then expand it a little to
get a larger ellipsoid.

The second says that the (u;) are something like an orthonormal basis, in that we can resolve the norm as a weighted

sum of squares of inner products.
Equation (1.7) is equivalent to saying that for all x € R",

T = Z ci{x, wi)u;.
i

This ensures that the points do not lie close to a (proper) subspace of R™. This makes sense intuitively as well since
if they did, we could contract the ellipsoid a bit in this direction and expand it orthogonally.

Equation (1.7) is written more compactly as
Zciui(@ui =1,. (18)
i

Here, u; ® u; represents the (rank-1) orthogonal projection onto the span of w;, the map given by x — (z, u;)u;. Note
that this map is just equal to u;u; . This implies that the trace of this projection is equal to Hul”2 = 13. Equating
the traces of either side of Equation (1.8), we get

Zci =n. (1.9)

Finally, note that if K is a symmetric convex body, then the first condition is obsolete since we can just find any
(u;) satisfying the second condition and replacing each u; with +u; and —u; with each having half the original weight.

Let us now consider a couple of examples to better understand the implications of the theorem.

e For the cube [0, 1]", the maximal ellipsoid is B as one would expect. The points of contact are the standard
basis vectors (e;)} of R™ with their negatives, and they do indeed satisfy

Zei®ei:In-

3We could have also got this more directly by using the fact that the trace of (a matrix in some basis corresponding to) a linear
transformation is the sum of its eigenvalues. For an orthogonal projection, this is just equal to the rank of the target space (which is 1
in this case).
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e A slightly more nuanced example is that of the regular solid simplex. Unfortunately, there is no simple or
standard way to represent the n-dimensional simplex in n dimensions. It is, however, far more natural to
represent it in R"*! by considering the convex hull of the n + 1 standard basis vectors (e;)} . We also scale

it up by a factor of \/n(n + 1) (so that the ball contained is BY) such that the n + 1 points (p;) we take the
convex hull of to get the simplex are given by

pi = v/n(n+ 1)e,.
This simplex can be parametrized as
n+1

K={zecR"": Zmi =+/n(n+1) and z; > 0 for each ¢
i=1

Similar to the cube, the contact points of the maximal ellipsoid are the centers of each of the facets. More
precisely, these n + 1 endpoints are given by

nn+1) jlass
u; = " ; ej — e

Affinely shifting the hyperplane such that it passes through the origin (making zy = 7”;(_:?1) >, € the new

origin) and setting the constants ¢; as ¢ = 47 for each i, for any z in the (unshifted) body,
S w2 Y 1
;n(nJr )ei{x — o, u; — xo) C; ]; it | +n+1 (z,z0) = (T0, 15y = {T0, T0) o
2
2 Ti !
¥ (%)
2
= [z — ol

It is easily shown that ), c;(u; — x9) = 0 and that each (u; — x) is of unit norm, thus proving that the
ball touching the centers of the facets (which is an affine shift of BY) is the maximal ellipsoid inside the n-
dimensional simplex.

Now, let us prove one of the claims that we made at the beginning of the section.

Theorem 1.5. Suppose that K is a symmetric convex body and Bj is the maximal ellipsoid contained in K. Then
K C \/nBj.
Suppose that K is a convex body and Bj is the maximal ellipsoid contained in K. Then K C nBg.

Note that while we have stated the above assuming that B3 is the maximal ellipsoid, any convex body in general
can be brought to this form by performing an affine shift.

Proof.

e Let 2 be an arbitrary point in the symmetric body K. Our aim is to show that ||z|| < y/n. Let (u;)7* be the
points as described in Fritz John’s Theorem. We may assume that if u is in this set, then so is —u.
Now, note that for any ¢, the tangent plane to K at u; must coincide with the tangent plane to By at u;
(otherwise, we would get a contradiction to BY C K). Then, since K is convex, any point in the body must
be in the half-space defined by this tangent that contains 0 — this means that (z,u;) <1 for each i.

)
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Then, for each 4, we have (x,u;) <1 and (x,—u;) <1 (since we’ve assumed that if « is in the (u;), then so is
—u). That is, |(z,u;)| < 1 for each i.
Using the above along with Equation (1.7) and Equation (1.9), we now have

||£CH2 = Zci<xvui>2 S Zci =n,
i i
which is exactly what we set out to prove!

e Let x be an arbitary point in the convex body. From the first part, we already have that (z,u;) < 1 for each
i. We also have (x,u;) > — ||z| (since ||u;|| = 1). Then,

0= i (1= {wui)) (ol + (o i)

= Y clmuw)® <Y ezl + (1 |al) <$,Zcmi>
= Zci<$7ui>2 < Zci [|]] (since ch-ui =0)

= |lz|| < n. (by Equation (1.7) and Equation (1.9))

Let us now prove Fritz John’s Theorem.

1.3.3. The Proof

Lemma 1.6 (Fritz John’s Theorem Pt. 1). Let K be a convex body and for some integer m, let there be unit

vectors (u;)7" in OK and positive reals (¢;)T* satisfying Equation (1.6) and Equation (1.7). Then BY is the unique
maximal ellipsoid contained in K.

Proof. Let

n \2
g={oer: Y 14
(0%
=1 J

be an ellipsoid in K for some orthonormal basis (e;) and positive (co;). We must show that
o [[; aj <1 (this implies that By is a maximal ellipsoid) and
o if Hj a; =1, then for every j, a; = 1 (this implies that By is the maximal ellipsoid).

Now, consider the dual of £ given by

E* = yER”:Za?(x,ej)z <1

=1

Observe that we can more concisely describe £* as {y € R" : (y,z) < 1 for all z € £}. To show this, first apply a
suitable linear transformation to reduce the problem to the case where £ = BY.
Now, note that since £ C K, for any = € £ and any 4, (z,u;) <1 (as proved in the first part of Theorem 1.5). This
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implies that for every i, u; € £*! We then have

2= e’
ZO‘J_ZO‘J €
J J
_ 2 2
=Y aid ciluie)
J 7

= | @ 2ol
i J

SZCz‘:n (since u; € %)
i

Then, using the AM-GM inequality,
[Tos < | 3002] =<1
‘ S ‘ aj <1
J J
This proves the first part. The second part follows directly as well, since if equality holds in the above equation,
then every a? must be the same (the condition for equality to hold in the AM-GM inequality). ]

This is the easier of the two directions in Fritz John’s Theorem. We now prove the harder.

Lemma 1.7 (Separation Theorem). Let X and Y be two disjoint closed convex bodies in R™ with at least one of
them bounded. Then there exists some v € R™ such that for all x € X, (x,v) < band for ally € Y, (y,v) > b.

We leave the proof of the above to the reader.

Lemma 1.8 (Fritz John’s Theorem Pt. 2). Let K be a convex body such that BY is a maximal ellipsoid contained in
K. Then, for some integer m, there exist unit vectors (u;)7"* in 9K and positive reals (¢;)T"* satisfying Equation (1.6)
and Equation (1.8).

Proof. We want to show that there exist unit vectors (u;) in 0K and positive constants (¢;) such that
1 C;
;In - Z E (uz ® Ui)
?

Since Y, ¢; = n, we essentially aim to show that +1,, is in the convex hull of the (u; ® u;) (in the space of matrices).
To this end, define
T = Conv ({u ®u : u is a unit vector in K}) .

We refer to such u as contact points. We want to show that %In € T. Suppose that it is not (we shall finally show
that this implies BY is not a maximal ellipsoid). Then Lemma 1.7 implies that there exists a matrix H = (h; ;) such
that the linear map ¢ from the set of matrices to R defined by

(aig) = Y hijai;
0j

satisfies I
© <”> < plu®u)
n

for all contact points u. Now, since the matrices on either side are symmetric, we may assume that H is symmetric
as well (Why?). And since the matrices on either side have trace equal to 1, adding any constant to the diagonal
elements of H leaves the inequality unchanged. Therefore, we may suppose that the trace of H is 0. But this just
says that ¢(I,) = 0!

Therefore, we have essentially found a matrix H such that for any contact point w,

u' Hu > 0. (check that o(u®u) = u' Hu)
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Now, for § > 0, consider the ellipsoid defined by

Es = {x eER":x" (I, +6H)zx < 1}.
We claim that &s is strictly inside K for sufficiently small §. Note that for each contact point wu,

W (I +6H)u=1+35 (uTHu) >1
so no contact point (of BY) is in . For each contact point u, consider a neighbourhood n,, such that for all x € n,,,
x (I, + §H)x > 0 — we know that such a neighbourhood exists due to the continuity of z +— = (I, + §H)z. Let N
be the union of all these neighbourhoods.

We now want to show that for any € 9K \ N, ' (I,, +dH)z > 1. To this end, let Ay, be the minimum eigenvalue
of H. For any z € 0K \ N, 7 Hz > Amin ||z||°. That is, for all such =,

:ET(In +0H)x > (1 + 6Amin) HxHQ :

Observe that inf,cor\ v an||2 > 1.7 We may also assume that Ayin < 0, since the claim holds trivially otherwise (we

have ||lz||*> > 1). Then, we may set & as a positive real which is less than ﬁ <1 - f8K1\N”|2) Then for all
min inf, ¢ T
x € 0K\ N,
1
(L4 0 l]* > fJ* | 1= (1= s | | 21
mfyeaK\N 1yl

Therefore, £ does not intersect 0K and is strictly inside K for sufficiently small 0!

Now, we claim that £ has volume at least equal to that of BY. Indeed, its volume is given by v,/ [ Ai, where ();)
are the eigenvalues of (I,, + dH). Since the sum of the eigenvalues is equal to the trace of I,, + §H, which is n, we
can use the AM-GM inequality to get

1
121&5 E;Ai =1,

which is exactly what we want, because equality holds iff the eigenvalues are all 1, that is, the ellipsoid is B (so
this leads to a contradiction). |

Note that we can concatenate the proofs of Lemma 1.8 and Lemma 1.6 to show that ¢ maximal ellipsoid is the
maximal ellipsoid (contained in a convex body).

There is an analogue of Fritz John’s Theorem that characterizes the minimal ellipsoid that contains a given body —
this is near-direct from the notion of duality that we used in the proof of Lemma 1.6. So for example, it follows from
this analogue that the minimal ellipsoid that contains [—1,1]™ is the ball of radius \/n. This also enables us to say
that d([—1,1]™, BY) is exactly equal to \/n.

There are various extensions of this result. Recall how towards the beginning of these notes we had mentioned how a
general convex body K is essentially a unit ball under some norm. Fritz John’s Theorem essentially describes linear
maps from the Euclidean space to a normed space (under which the unit ball is K) that have largest determinant
under the constraint that the Euclidean ball is mapped into K. There is a more general theory that (attempts to)
solve this problem under different constraints.

4if it was equal to 1, then for any & > 0, we would be able to find an z such that ||z]|> < 1+ ¢ (we trivially have that ||z||? > 1).
However, this is not possible because 0K is compact, we have removed a neighbourhood around each contact point u, and contact points
are the only points in K which have norm 1.
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§2. Volume Inequalities

2.1. Spherical Sections of Symmetric Bodies

Consider the n-dimensional cross-polytope Bf". The maximal ellipsoid in B is the Euclidean ball of radius 1//n. If
we take some orthogonal transformation U, then obviously, U B} contains the ball as well, and so does B NU B}. But
what if we instead consider the minimal ball that contains BT N UBT? We have the following remarkable theorem,
which we prove later.

Theorem 2.1 (Kasin’s Theorem). For each n, there is an orthogonal transformation U such that B} N UB7 is
contained in the (Euclidean) ball of radius 32//n.

The important thing to note here is the fact that just by intersecting just two copies of the cross-polytope, we manage
to reduce the radius of the minimal circumscribing ball by a factor of v/n! Indeed, this intersection is what we call
“approximately spherical” since its distance from the Euclidean ball is then at most 32. The constant factor of 32
can be improved upon as well.

For the same orthogonal transformation U, Conv(Q UUQ) is at distance at most 32 from the Euclidean ball as well
(where @ is [—1,1]™).

How would one go about constructing such a transformation? The points of contact between the ball of radius 1/4/n
are those of the form (:I:l :I:%)

nott

The points furthest away are those near the corners of the cross-polytope. So we would want to take a transformation
whose facets “chop off” these corners.

Recall that in the beginning, we had explained that the volume of the cross-polytope is 2" /n!, so if r(0) is the radius

of BT in the direction 6, then
2" 2 \"
0)"do = <|{—) . 2.1
/an r(o)"do nlo, (ﬁ) (2.1)

This feature wherein r(6) is not expected to be much more than 2/+/n is captured in the following definition.

Definition 2.1 (Volume Ratio). Let K be a convex body in R™. Then the volume ratio of K is defined as

vi(K) = (tﬁfgf)l/n

where £ is the maximal ellipsoid contained in K.

Equation (2.1) then says that vr(B7) < 2 for all n. Let us now prove (a slightly more general version of) Kasin’s
Theorem, scaling everything up by n for the sake of convenience.
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Theorem 2.2. Let K be a symmetric convex body in R™ that contains Bj. Let

1/n
[ vol(K)
r= (VOI(BS))

Then there is an orthogonal transformation U of R™ such that

KNUK C 8R*Bj.

Proof. Denote by |- the norm under which K is the unit ball. Observe that since By C K, ||z|, < |jz| for all
x € R™. Note that if U is an orthogonal transformation, then the norm corresponding to K N UK is the maximum
of that corresponding to K and UK (at that point). Therefore, because the norm corresponding to 8R?BY is #
times the Euclidean norm, we just want to find an orthogonal transformation U such that for all § € S»~1,

1
max (U0 10]0) > s
It suffices to show that for all # € S™1,
10Ol + 1100 o 1
LR, L N e 2.2
2 ~ 8R? (2:2)
Now, note that the function N given by = — % is a norm on R™. Also, it satisfies N(z) < ||z for all z.
We aim to show that N is “large” everywhere. Let ¢ be a point on the sphere such that N(¢) = ¢t. Then if
|6 — ¢|l <t, then
N(0) < N(¢) + N0 —¢) <t+6 — ¢ <2t.

That is, for 6 in a spherical cap of radius ¢ about ¢, N(6) is at most 2¢. Lemma 1.1 implies that such a cap has

measure at least % (i)n71 > (&

5 )n Then, considering the integral over only the spherical cap, we have

1 1 t\" 1
do > - = =. 2.3
/Sn_l N(0)2n 7 = (2t)2n (2) 98ngn (2.3)
Now, we claim that there is an orthogonal transformation U such that
/ L o< g2 (2.4)
———do . .
gn-1 N(0)?" -

Because N (0)? > [|6]|  [|U0]| . it suffices to show the existence of an orthogonal transformation U such that

1
e 40 < R*".
/s 101l 1061

We prove this probabilistically. Consider the average over all orthogonal transformations U of some function f on
the sphere. This should just be the average of the value of f over the entire sphere. That is,

avey [(U0) = / £(6) do(6).

Snfl
Setting f as the function given by
1

0 — —,
1011z
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we have the following;:

1 1 1
g do (0 = n 7 do (0
ey (/s [wel Ty )> /s (ang ||U0||K> o 47
1 1
= —d —do(0
- </s ol "“”) o 47
2
1
= —do(f) | =R,
</S o 7" )>

where the last equality follows from Equation (1.4). Since the average of the integral over orthogonal transforma-
tions is at most R?", there must be some orthogonal transformation U such that the integral is at most R?" and
Equation (2.4) holds! Then, combining Equation (2.3) and Equation (2.4), we get

1 2
23ntn§Rn = tZ@

That is, for any ¢ € S, ||¢|| x > gz, which is exactly what we set out to show in Equation (2.2)! [ ]

Due to the probabilistic nature of the above proof, we do not actually get an orthogonal transformation U. However,
a question that might come to mind is - do there exist symmetric bodies for which we can explicitly construct U?
Consider the simple case of the cross-polytope. As mentioned towards the beginning of this section, we would like to
“chop off” the corners. A relatively obvious method to do this that comes to mind is to construct a transformation
such that the direction of each of the new corners coincides with the directions of the centers of the original facets.
In 2 dimensions, such an orthogonal transformation just means we rotate B? by 45°.

However, does such an orthogonal transformation exist for the cross-polytope in any general dimension? Stating
it more rigorously, we want to determine for each n if there is an orthogonal transformation U such that for each
standard basis vector e; of R™, Ue; is 4/n times one of the vectors of the form (i%, ey i%)

That is, we are looking for an n x n orthogonal matrix with each entry as :I:ﬁ. Such a matrix without the /n factor

(it then merely requires that the rows are orthogonal) is known as a Hadamard matriz. For n < 2, there obviously

exist Hadamard matrices
+1 +1
(1) and (-i—l _1> .

It may be shown that if a Hadamard matrix of dimension n > 2 exists, then n is a multiple of 4.° However, it is
unknown which multiples of 4 Hadamard matrices do indeed exist for. It is known that they do exist for n a power
of 2, but even these (known as Walsh matrices) don’t give good estimates. There are good reasons® for believing
that we cannot explicitly find an orthogonal transformation that would give the right estimates.

Now, with the aid of Theorem 2.2, proving Theorem 2.1 is near-straightforward.

Recall how in the beginning of this section, we had stated that for the same orthogonal transformation U that is
mentioned in Theorem 2.2, Conv(Q UUQ) is at distance 32 from the Euclidean ball, where @ = [—1,1]". However,
we cannot get an approximately spherical body by taking the intersection as we have in Theorem 2.2.

Dually, we cannot get an approximately spherical body by taking the convex hull of a union for a cross-polytope.
Both of these ideas (of taking the convex hull and the intersection) are combined in the following fascinating result
of Milman’s.

5Let H be a Hadamard matrix. We may assume that all the elements in the first row are +1. Let a, b, ¢ and d be the number of
columns starting with (+, +,+), (+,+, =), (+, —,+) and (4, —, —) respectively. We trivially have a + b+ ¢ + d = n. Using the pairwise
orthogonality of the first 3 rows, we get 3 other conditions which enable us to conclude that n = 4a.

6see Ramsey Theory.
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Theorem 2.3 (QS-Theorem). There is a constant M such that for all symmetric convex bodies K (of any dimension),
there are linear maps @) and S and an ellipsoid € such that if K = Conv(K U QK), then

ECKNSK C ME.

Note that M is a universal constant independent of everything. Here the “QS” means “quotient of a subspace”.
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2.2. The Prékopa-Leindler Inequality
2.2.1. Brunn’s Theorem

Consider some convex body K in R? and the map v : R — R such that 7 maps to the length (the Lebesgue measure
in R) of the intersection of the line = r with the body K. We can think of this as “collapsing” the body onto the
x-axis like a deck of cards. To understand this better, consider the following image (from | ]) which represents
the graph of v for K.

K

It may be shown that for any convex body K in R2, the corresponding function v is concave on its support.

How would one go about generalizing this v to a higher dimensional K, say in 3 dimensions? As might be expected,
the function v : R — R maps r to the Lebesgue measure (in R?) of the intersection of x = r with the body K.
Does this v need to be concave? No, it does not! Consider a cone - say the one given by

{(z,y,2) eR? 1 y® + 2% <2 2 > 0}.

Then since the area of the intersection grows as z2, the function is quite obviously not concave. However, the cone
is a “maximal” convex body in some sense, it is just barely convex and the curved surface is composed of lines. One
might now note that the function r — /v(r) for the cone is indeed (barely) concave! Brunn perhaps noticed this
pattern and proved an analogous result for higher dimensions.

Theorem 2.4 (Brunn’s Theorem). Let K be a convex body in R™, w a unit vector in R”, and for each r, define
H,.={zeR": (x,u) =r}.

Then, the function
v : 7 vol(H, N K)/ (=1

is concave on its support.

A consequence of this theorem is that given any centrally symmetric body in R™, the (n — 1)-dimensional slice with
the largest area orthogonal to some fixed unit vector « is that through the origin!

2.2.2. The Brunn-Minkowski Inequality

Brunn’s Theorem was turned from an idle observation to an extremely powerful tool by Minkowski in the form of
the Brunn-Minkowski inequality. We omit the proof of Brunn’s Theorem as it is obvious from this inequality, which
we state shortly.
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Before we do this, let us introduce some notation. If X and Y are sets in R™ and «, 8 € R, then we write
aX+ Y ={ax+By:zeX,yeY}.

This method of using addition in R™ to define the addition of sets in R™ is known as Minkowski addition.

In the context of Brunn’s Theorem, consider three parallel slices A,,As, and A; of a body K in R™ at positions r,
s, and t. These slices can be thought of as subsets of R"~!. Further suppose that r < s < t and we have A € (0,1)
such that s = Ar + (1 — A\)t. Note that due to the convexity of K,

As 2 )\AT + (1 - )‘)At
All Brunn’s Theorem says is that
vol(A,)Y =1 > Avol(A4,)Y/ =D 4 (1 — \)vol(A4,)Y/ (=1,

This has reduced the original problem, which was in R™, to one in R®~!. More generally, we have the following.

Theorem 2.5 (Brunn-Minkowski Inequality). Let A and B be two non-empty compact subsets of R”. Then for any
A€ 0,1],
vol(AA + (1 — \)B)Y™ > Avol(A)Y/™ + (1 — \) vol(B)*/™. (2.5)

It is quite obvious that given the above inequality, Brunn’s Theorem is true. Here, the non-emptiness of A and B
correspond to the fact that we restrict v to the support in Brunn’s Theorem.

It is not too difficult to show that Equation (2.5) is equivalent to
vol(A 4 B)Y/™ > vol(A)Y™ + vol(B)/™ (2.6)

We omit the proof of the Brunn-Minkowski inequality and instead show how it follows from the far more powerful,
near-magical Prékopa-Leindler inequality.

Before we do this however, let us show how the popular isoperimetric inequality follows from the Brunn-Minkowski
inequality.

Theorem 2.6 (Isoperimetric Inequality). Among bodies of a given volume, Euclidean balls have the least surface
area.

Proof. Let C be a compact body of volume equal to that of BY. The ((n — 1)-dimensional) “surface area” of C' is
equal to
1 B%) — vol
vol(0C) = lim vol(C + eBy) = vo (C)

e—0 9

Equation (2.6) implies that

VOl(C—i— gB;L) > (VO](C)I/” + EVOI(BS)I/”)R
Y

v

ol(C) + ne vol(BY)Y/™ vol(C)(m—1/m,
Then,

. nevol(BY)Y" vol(C)(—1/n
>
vol(0C) > gl_rg% 5

= nvol(By) = vol(0B%). ]

It may also be shown using the Brunn-Minkowski Inequality and the weighted AM-GM inequality that for any
compact subsets A, B of R™,
vol(AA + (1 — A\)B) > vol(A)* vol(B)' = (2.7)

The above equation is more commonly known as the multiplicative Brunn-Minkowski inequality, while Equation (2.5)
is known as the additive Brunn-Minkowski inequality. It may also be shown that while this is weaker than the Brunn-
Minkowski inequality for particular subsets A and B, the two are equivalent if we know Equation (2.7) for all A and
B.
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Multiplicative Brunn-Minkowski implies additive Brunn-Minkowski. Fix some X € [0, 1] and let

A
vol(B)1/n
X T—x
wl(B)7m T vol(A) T/

N =

Applying Equation (2.7), we get

A B
Hv—2 Lt a-v)—2 )1
vo ( vorayrm )vol(B)l/”> =

Also,
Ve A aw_ B A+ (1-\)B |
vol(A)1/n vol(B)Y/n  Avol(A)Y/™ + (1 — \)vol(B)!/»
Therefore,
Vol(A + (1 — A)B) > </\ vol(A)V/7 4 (1= A) vol(B)l/")” :
which is just additive Brunn-Minkowski. |

This form is slightly more advantageous because there is no mention of the dimension n or the non-emptiness of A
and B.

2.2.3. The Prékopa-Leindler inequality

The Prékopa-Leindler inequality that we mentioned earlier is essentially a generalization of the Brunn-Minkowski
inequality to a more functional form, similar to how the Cauchy-Bunyakovasky-Schwarz inequality is a functional
analogue of the Cauchy-Schwarz inequality.

To get a little more intuition for how the Brunn-Minkowski inequality is connected to the Prékopa-Leindler inequality,

define f as the indicator function on A, g as the indicator function on B, and m as the indicator function on
AA + (1 = A\)B,." Then Equation (2.7) says

L= (L) (L)

What is the relation between m, f, and g that perhaps leads to this inequality being true? If for some x and y,
f(x) =1 and g(y) = 1, then we have m(Az + (1 — A)y) = 1 as well. Therefore, for any x,y € R®

m(A\z + (1= Ny) > f(x) g(y)" .

It turns out that this condition is enough to conclude Equation (2.7)!

Theorem 2.7 (Prékopa-Leindler inequality). Let f, g and m be non-negative measurable functions on R™ and
A € (0,1) such that for all z,y € R,

m(Az + (1 - Ny) > f(2)*g(y)' . (2.8)

forz (L) (L)

“the indicator function on X for X C R™ is the map from R™ to {0, 1} such that f(z) = 1 if x € X and 0 otherwise.

Then,
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The astute reader might notice that this is something of a reversed Holder’s inequality, which says that if we have
non-negative functions f and g and define m by m(z) = f(2)*g(2)' = for each z, then

fos () (1)

The difference is that in the Prékopa-Leindler inequality, we have

m(Az + (1 —N)y) > sup ]"(3(;))‘9(:5)1_’\7

z,y

whereas in Holder’s, we only consider the pair (z,y) = (z, 2).

Proof of one-dimensional Brunn-Minkowski inequality. Suppose A and B are non-empty measurable subsets of R.
We use ||-|| to represent the Lebesgue measure on R.

We can assume that A and B are compact®. We can now shift both sets and assume that AN B = {0}. However, in
this case, we have AU B C A 4+ B and so, due to the almost-disjointedness of A and B,

A+ Bl = [[AU B| = [|Al| + [ B]| -
This is just Equation (2.6). [ ]

Proof of one-dimensional Prékopa-Leindler inequality. We have non-negative measurable functions f, g, and m. We
use ||-|| to represent the Lebesgue measure on R. For any function i : R — R and ¢t € R, define

Lp(t) ={x € R:h(x) >t}

Then note that by Equation (2.8),
L, (t) D AL (t) + (1 — N Ly(2).

We can then apply the one-dimensional Brunn-Minkowski inequality to get
| Lo (8)]] > [[ALf(£) + (1 = N Lg(8)|| = M| Lp(&)|| + (1 = A) || Lg(2)]] -

Finally, we can assume boundedness of all three functions and use Fubini’s Theorem to say that

Jm= [lenela

2)\/HLf(t)Hdt—l—(1—)\)/||Lg(t)||dt
YRR e
() Us)

where the last step follows from the weighted AM-GM inequality. |

Proof of Prékopa-Leindler inequality. We prove this inductively. Suppose we have m, f, and g from R® - R (n > 1)
satisfying Equation (2.8). For any z € R and any function h : R® — R, we denote by h, : R*~! — R the function
given by h,(x) = h(z,2) (for 2 € R"7!) — we make the last coordinate constant and consider the resulting function
on the remaining n — 1 coordinates. Now, let a, 3 € R, 2,y € R"~! and let v = Aa+ (1 — \)3. Then,
my(Az + (1 = Ny) =mAz+ (1 — Ny, da+ (1 —N)F)
> f(z, @) g(y, B)'
= fa(@)*gs(y)'

8due to the inner regularity of the Lebesgue measure.


https://en.wikipedia.org/wiki/Regular_measure
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That is, m., fa, and gg satisfy Equation (2.8) (on R"~1). We can then apply the inductive hypothesis on them to

get A 1-X
feormz (L) ()

Now, for any function h : R™ — R, we denote by h:R — R the function given by

v fy-
Rn—1

Note that the functions m, f, and § satisfy the condition for the one-dimensional Prékopa-Leindler inequality!
Therefore, condensing the iterated integral to a joint integral, we get

L= (L) (L)

which is exactly what we desire! ]

This proof is quite magical - we use the inequality on R”~! and R! with barely any extra work to conclude that it
holds for R™.

To conclude this section, we state another surprising result (from | ]) in a similar vein to the nice observation
that is Brunn’s Theorem.

Theorem 2.8 (Busemann’s Theorem). Let K be a symmetric convex body in R™ and for each unit vector u, let
r(u) be the volume of the slice of K by the subspace orthogonal to u. Then the body whose radius in each direction
w is r(u) is convex as well.

2.3. The Reverse Isoperimetric Problem

The Isoperimetric Inequality solves the problem of finding the body with the largest volume among bodies with a
given surface area. How would one go about solving the reversed problem — finding the body with the largest surface
area among bodies with a given volume? We must phrase this more carefully such that it makes sense because as
it stands, we could make the surface area arbitrarily large (consider a large thin disc). So the more common way of
phrasing it is — given a convex body, how small can we make its surface area by applying an affine transformation
that preserves volume?

Theorem 2.9. Let K be a convex body, T" a regular solid simplex in R™, and @ a cube in R™. Then, there is an
affine transformation K of K such that the volume of K is equal to that of 7' and whose surface area is at most that
of T. If K is symmetric, then there is an affine transformation K of K such that the volume of K is equal to that
of @@ and whose surface area is at most that of Q.

The primary focus of this section is to find the bodies with the largest volume ratios — this is answered for symmetric
bodies in Theorem 2.10, which we encourage the reader to look at now.

Given this, we can prove the second part of Theorem 2.9 as follows.
Choose K such that its maximal ellipsoid is BY. Then K has volume at most 2" (since this is the volume of the
cube with maximal ellipsoid B%). Note that

vol(8Q) = 2nvol(Q)~V/™,

Therefore, we shall show that ~ ~
vol(AK) < 2nvol(K)—/m
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Indeed, we have

vol(K + eBg) — vol(K)

vol(dK) = lim

e—0 9
(K +eK) — vol(K y
< lim 2 (K + eK) = vol(K) (because By C K)
e—0 3
- 1 n_ 1
— vol(R) lim 4" =1
e—0 e
= nvol(K)
= nvol(K)Y™ vol(K)(n—b/n
< 2nvol(K)m=1/n, (by Theorem 2.10)

2.3.1. Volume Ratio Estimates and Young’s Convolution Inequality

Theorem 2.10. Among symmetric convex bodies, the cube has the largest volume ratio.

The above is equivalent to saying that if K is a convex body whose maximal ellipsoid is BY, then vol(K) < 2". By
Fritz John’s Theorem, there exist unit vectors (u;) and positive (¢;),

i
Consider the polytope

C={xeR": |(z,u;)] <1for1<i<m}. (2.10)

We clearly have K C C, so it suffices to show that vol(C) < 2™.
The most important tool we use for this is the following.

Theorem 2.11 (Young’s Convolution Inequality). Suppose f € LP(R), g € LY(R), and % + % =1+ % Then,

1 glls < I1F1, Nlglly » (2.11)

In the above, f x g represents the convolution of f and g and is the function given by
o [ f@hgle =)
R

In compact spaces, equality holds in Equation (2.11) when f and g are constant functions.
On R however, we can add a multiplicative constant ¢, ; < 1 on the right and improve the inequality. Here, equality

holds when f and g are appropriate Gaussians x — e~ and z e‘b$2, where a and b are some constants depending
on p and ¢ (see [ D).
Young’s inequality is often written in an alternate form. Let r be equal to 1 — 1. We then have S+ % + 1 =2. Let

h be a function such that ||h||, = 1 and

[(f )R, = IIf =gl I7]l,.-

We know that such a h exists by choosing that which satisfies the equality condition in Holder’s inequality.
Therefore, rewriting the above in terms of h,

1= gy < £, gl N7,
More explicitly,
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/ / F)g(@ — wh) dydz < |11, lll, 141,

Equivalently,

[ [ 1wigta ~ wit-a)ayaz <17, sl 1],
Note that (y) + (x —y) + (—x) = 0. Consider the map from R? — R? given by
(z,9) = (y, 2 —y, —x).
The image of this transformation is equal to
H = {(u,v,w) : u+ v+ w = 0}.
Therefore, if % + % + % =2,
/Hf(u)g(’v)h(w) < I£ 1, lgllg 1211, -

We integrate over a two-dimensional measure on the subspace H.

2.3.2. A Generalization

So this is all well and good, but how is it related to volume ratios? | | did more than just say that equality
holds when the functions are appropriate Gaussians. It actually generalized Young’s Convolution Inequality to
higher-dimensional spaces and any number of functions. Note that the map from R? to R3 that leads to H is given
by

T = (<.73, U1>7 <:C’U?>v <1‘,’U3>),

where v1 = (0,1), vo = (1, —1), and v3 = (—1,0). The generalisation led to the following:

Theorem 2.12. If (v;)}* are vectors in R™ and (p;)}* are positive numbers satisfying

>, =n

. Pi

and (f;)7* are non-negative measurable functions on R, then the expression
m
R
" =1
m
1117
i=1

Pi

is “maximized”® when the (f;) are appropriate Gaussian densities f;(z) = e_Oli:t27 where each o depends on the
(pi), (vi), m, and n.

However, this seems quite unwieldy. The constants «; are quite difficult to compute since they result from non-linear
equations of all the variables. When we talk about convex bodies however, this issue completely disappears and gives
a surprising connection back to Fritz John’s Theorem!

9the quotation marks because are degenerate cases for which the maximum is not attained
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Theorem 2.13. If (u;)]* are unit vectors in R™, (¢;)7* are positive reals, and (f;)* are non-negative measurable

functions such that

m
E cits @ u; = I,
i=1

/]Rn iljlfi(@,ui))ci < ﬁ (/ fi)ci

i=1

and

A couple of things to note here are:

e The maximized value is 1 now! The inequality is sharp.

e The ¢; play the role of the pi As observed earlier, the (¢;) sum up to 1 just like the (pi) should.

e We replace each f; with f;* to make it easier to state the equality condition.

When each f; is equal to ¢ — e~

m

/R T fitwune = [ exp =3 citwu)?

n - -
=1 i
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We now prove Theorem 2.10.

Proof. Let K be a convex body with maximal ellipsoid B, (u;)7* and (¢;)}* be the points and constants as mentioned
in Fritz John’s Theorem, and C be the polytope defined in Equation (2.10). For each 1 < i <m, define f; : R - R
to be the indicator function on [—1,1]. Observe that for € R™, f;({(z,u;)) is non-zero for every ¢ if and only if

[{(z,u;)| <1 for every 4, that is, z € C. Therefore,

vol(C) = / Hfi(@,ui))%

m [

<I1(/4)
i=1

= ﬁ 26 = 2™,
i=1

which proves our claim.

The analogous result of Theorem 2.10 for general convex bodies, as might be expected, says that among convex

bodies, the regular solid simplex has the largest volume ratio.
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§3. Concentration and Almost-Balls
Before we formally begin this section, we state without proof some results in probability that will be helpful later.

Unlike usual convention in probability, we take that a Bernoulli random variable takes —1 and +1 (instead of 0 and
1) with probability & each.

Theorem 3.1 (Hoeffding’s inequality). If (¢;)} are independent Bernoulli random variables and (a;)} are reals that
satisfy Y, a? = 1, then for ¢ > 0,

n
Pr Zaisi >t < 267t2/2.
1=1

We also have

Theorem 3.2. If (X;)} are iid random variables, each of which is uniformly distributed on [—3,1] and (a;)} are

reals that satisfy . a? = 1, then for ¢t > 0,

2=
n 2
Pr Zain' >t §2676t .

=1

Given a point z € R", . a;x; is the distance of z from the hyperplane orthogonal to (a1, ...,a,) € R™ that passes
through the origin. So the above theorem essentially says that if we uniformly randomly pick a point from [—%, %]n,
then it is close to any (n — 1)-dimensional hyperplane passing through the origin. This might be reminiscent of how
a majority of the volume in a ball is contained in (relatively) thin slabs.

We elaborate further on this phenomenon in the following section.

3.1. Concentration in Geometry
Given a compact set A C R™ and = € R™, we write
d(z,A) = inf{d(x,y) : y € A}.
Note that for € > 0,
A+eBy ={zeR":d(z,A) <e}.

Denote such a neighbourhood (A + eBY) of A by A..
Then the proof of the Isoperimetric Inequality we gave using the Brunn-Minkowski inequality essentially says that
if B is a Euclidean ball of the same volume as A, then

vol(A.) > vol(B;) for any € > 0.

Observe that we have removed Minkowski addition and reformulated everything in terms of only the measure and
the metric. A more general question that one might ask is:

Given a metric space (€2, d) equipped with a Borel measure p and some «,e > 0, for which sets A of
measure « do the “blow-ups” A, have the smallest measure?
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3.1.1. The Chordal Metric

First, consider the example of = S”~! and d being the Euclidean metric inherited from R" (also known as the
chordal metric). The measure is 0,,_1.
It was shown (with great difficulty) that the sets A are exactly spherical caps in R", which are the balls in S™~1.

This might not seem like a big deal, but it does lead to some very startling results. For example, consider some
hemisphere H (o = 1). Then for any set A of measure 1, 0(A.) > o(H.). Further, since the complement of 4 is a
e-cap, we can use Lemma 1.2 to write

o(A) >1—e /2,

This means (for sufficiently large n), that nearly the entire sphere lies within distance € of A, although there might
be points that are far from A.

Similar to the observation made at the beginning where the majority of the mass was concentrated around any
hyperplane through the origin, we see that the majority of the mass is concentrated around any set of measure %

Let us now reformulate this same property in another way. Let f : S"~! — R be a 1-Lipschitz function:

£(0) = f(&)| < |0 — ¢|| for any 6,6 € S

Let M € R (a median of f), be such that o({f > M}) = o({f < M}) = . Due to the Lipschitz nature of f, for
any € > 0, if = is at distance at most ¢ from {f < M},

o({f>M+e}) <2
Writing a similar expression for o({f < M + ¢}) and combining the two, we get
o({If = M| < e}) 2 272,
That is, any 1-Lipschitz function on S™~! is practically constant!

For future reference, we also state two more results. Here, med(-) represents a median of the function, that is, a
number M such that o({f < M}) > 3 and o({f > M}) < .

Lemma 3.3. Let f: S" ! — R be 1-Lipschitz. Then
|med(f) — B(f)| < 120712,
Proof. We have

|med(f) — E(f)| <E (|f — med(f)|)
k41 k
< kzzowpr |:|f_med(f) > %

<0723 (ke 1)2e 72
k=0
< 12072

3.1.2. The Gaussian Metric

Second, let us consider the example of R™ equipped with the standard Gaussian probability measure p that has
density
y(x) = (2m) "2 lel/2,
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The solutions to the problem for a@ = % were found to be half-spaces. That is, if A CR"™ and u(A) = %7 then for any

>0, u(As) > p(H,), where H = {z € R™ : 1 <0} and so, H, = {x € R" : 21 < e}. We have
— 1 e 2 2
H)=— e 2dr < e /2
W) = [ <

w(As) >1— e 12,

A more general result about the Gaussian metric states that

and therefore,

Theorem 3.4. Let A C R™ be measurable and p the standard Gaussian probability measure on R. Then

2 1
d(z,A)*/4 du <
e w< —-—.
/ (A)

In particular, if p(A) = 1,
w(A) >1-— 2e=< /4,

Proof. Define the functions

frx— ed(w’A)Q/‘l’y(m),

g:x— Lay(x), and

m:x— y(x),

A. Then, for any x ¢ A and y € A,

6cl(ac,A)2/4 . (27T)7n67(|w\2+|y|2)/2

where 1 4 represents the indicator function on

f(x)g(y)

< (2m)~mellm=vIP /4= (lal* +y]®) /2

(
(2m) e llatull®/4

()
_ )

Using the above, it is obvious that for any =,y € R",

f(z)g(y) <m <x—2ky>2

We can then use the Prékopa-Leindler inequality to conclude that

(L) (o)< (L)

p(a) [t <1,

That is,

which is exactly what we want to show.

For the second part, we have
pd(x,4)* /4 <2.

For any € > 0, the integral on the left is at least 652/4u({d(x, A) > €}). We then have
p{d(r, 4) > }) < 275/,

which directly results in our claim. ]
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The reader might have noticed that we have proved slightly different bounds from what we claimed at the beginning
of this subsection (£2/4 instead of €2/2), we can get arbitrarily close to the given bound by changing f, g and X

(which we chose to be 3) slightly. Henceforth, we use the £2/2 bound itself.

3.2. Dvoretzky’s Theorem

Theorem 3.5 (Dvoretzky’s Theorem). There is a positive number ¢ such that for every ¢ > 0 and natural n, every
symmetric body of dimension n has a slice of dimension

ce2

13
k> ———— 1
= log(1 1 e-1) 8"

that is within distance 1 + ¢ of the Euclidean ball.

The above theorem essentially says that any symmetric convex body possesses almost spherical slices.

While the original proof was by Dvoretzky, Milman found a different proof of the above theorem which is based on
concentration of measure. A few years later, Gordon removed the log(1 + ¢~!) factor from the denominator.

We describe Milman’s approach without making explicit the dependence on n (for the sake of simplicity).

Loosely, the proof goes as follows:

e Section 3.2.3 - Using Theorem 3.7, restrict to a “good” subspace that is not too much smaller than R".

e Section 3.2.4 - Bound the expectation, and thus the median, of the norm corresponding to the body by some
constant multiple of 1"%.

e Section 3.2.1 - Find a general bound on a valid k in terms of the median and use the bound from the previous
step.

3.2.1. Expressing the Result in Terms of the Median

Let K be a symmetric convex body such that the maximal ellipsoid in it is the Euclidean ball. Let |||, be the
metric under which K is the unit ball.

We then want to find a k-dimensional subspace H of R™ such that the function f : 6 — |||, is almost constant on
the k-dimensional ball H N S™~!. Now, for any = € R", we have ||z|| > ||z| ;. This implies that

1015 = 0l x| <116 = ¢l < 16— ¢l

so f is 1-Lipschitz on S™~!. From the discussion in Section 3.1.1, we know that on a large part of S"~!, f is
approximately equal to

M= fdo.

Sn*l

We can view any such subspace H as an embedding 7" : R¥ — R™. For any unit vector ¢ € R, || T9|| , is close to M
with high probability. Then for any unit vectors (¢;)7", || T%|| x is close to M with high probability for some choice of
T. What we would like to show is that if we pin down ||T');|| - at sufficiently many points that are “well-distributed”
around the ball (in R¥), then the radius will be almost constant on the sphere as well.
To make this more concrete, we bring back some terminology that we used in the proof of Theorem 1.3. Define a set
{41,...,%m} to be a §-set in SF~1 if for any 2 € S¥~1, d(x,1;) < § for some i.

Lemma 3.6. Let ||-|| ;- be a norm on R¥. Suppose that for some v > 0, each point 1 of some d-net on S*~1 satisfies
M1 —7) < [l < M1+ 7).
Then for every § € S+~ 1,
M(1—~—29)

M(1+~)
1—46 '

<6l < 5
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Proof. We may assume without loss of generality that M = 1. Let

101l &

C= sup [0], =
B 1]

0es

and 6y be the point on S”~! for which this supremum is attained. Let 1)y be a point of the J-net such that
160 — ol < 6. Then,

C = [l6oll x
< [[P0 = ol + [[t0oll
<CO5+ (1+7).
Therefore,
1+~
C<——:.
—1-9
Now, for any # € S"~1, if 9 is a point of the §-net such that ||§ — || < §, then
L=y < |1llk
<0l + [1v =0l
1+~
<6 — ).
<10+ (155)
Simplifying gives the other side of the inequality. ]

Now, let us bring the problem to the above form.

From the discussion in Section 3.1.1, we know that for any v > 0,
M1 —=~) <|0llx < M(1+7)

on all but a set of measure (at most) 2e~nM**/2,

k—1
We can find a §-net A (of the sphere in R¥=! that has at most % : (g) points.

Now, rather than considering every k-dimensional subspace of R, we can instead fix a particular embedding of R¥
in R™ and subsequently consider every orthogonal transformation U of this space.
Rephrasing it in these terms, we want to determine if there is an orthogonal transformation U such that every ¢ € A,

M1 =) < US| < M(147).

For a particular 1, the set of “bad” transformations is of measure at most 2e~ "M v*/2, Further, a necessary (and

sufficient) condition for there to be a valid U is that the total set of bad transformations is of measure less than 1.

This yields
A\ k1
(5) -emereen

which gives a k in the order of
TLM2’72
2log(4/6)
Both the v and the § contribute to the £ as mentioned in Dvoretzky’s Theorem, so we should aim to bound M by a
reasonably quantity to get the log(n) estimate we gave in the beginning. In particular, we should show that

1
M = / 6] x do is of the order of 4/ 08T
Sn—1 n

To show this, we must use the fact that By is the maximal ellipsoid in K. Before we prove the general case, we
examine a specific case.
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3.2.2. Dvoretzky’s Theorem for a Cross-Polytope under the Gaussian Measure

Consider the case where the measure is the Gaussian measure on R™. Then,

M= [ 16ldo
Sn—1
r(z
= & / |zl du(z) (converting from polar coordinates using Equation (1.1))
R’!L

var (234
1
> == [ el duta)

and the body K under consideration is the cross-polytope. The corresponding norm is = ﬁ > |zi|. We can split
this integral to n separate integrals (in terms of each coordinate) to get

1 > 1 2 2
M>—/ z| . d x:/ z|l——e " 2dr =4/ 2
7= [ Il dn) = [ el -

This proves that for this example, there are in fact almost-spherical sections of dimension of the order of n!'°

3.2.3. A Weaker Version of the Dvoretzky-Rogers Lemma

To aid us in our goal, we give the following lemma.

Theorem 3.7 (Dvoretzky-Rogers Lemma). Let K C R™ be a symmetric body with maximal ellipsoid BY. Then,

n
logy 1

there exists some subspace Z C R™ of dimension k = { J and an orthonormal basis (u;)¥ of Z such that

llwil g > % for all 7.

The above is quite similar in spirit to Theorem 1.5. Instead of bounding the body between BY and /nB%, we bound
the restriction of the body to a subspace between a ball and the parallelotope defined by the separating hyperplanes
between each (2u;) and K.

The basic idea of the proof is as follows. Either the body K touches the inner ball at a “large number” of places,
in which case we can construct the (u;), or it stays away from the ball in some “large” subspace. In this case, we
restrict to this subspace, inflate the inner ball, and repeat the process. Since we cannot inflate the inner ball forever
(it must be contained within \/nBY), this will end at some point.

Proof. Consider two cases.

o If every subspace Y C R" of dimension > n — k contains a vector u with |lul| = 1 and ||lul| > %, then choose
one such vector from each of k£ orthogonal subspaces of dimension n — k + 1 to construct the required.

e Otherwise, there exists some subspace Y of dimension greater than n — k such that for every unit vector u € Y,
|ull x < 3. Let K and B be the restriction of K and BY to this subspace respectively. Observe that 2B} C K.
We can then recurse on the subspace Y scaled down by a factor of %

Since K is contained in /nBY, this process must terminate in at most i := logy(n) — 1 steps. Because n — kig > k,
the result holds. u

Note that we could have repeated the above proof to get a similar result that is off by a constant factor if in Theo-
rem 1.5, we had the weaker bound of something like n or n*? instead of \/n.

n

o7 there are alternate proofs that give much better results. One

While we have found a subspace of dimension

in particular gives dim(Z) = 3.

10¢xclamation mark, not factoriall
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3.2.4. Bounding the Expectation

Henceforth, we restrict ourselves to the subspace Z as defined in Theorem 3.7. We can do so because the reduction
in dimension from n to makes barely any difference.!! Assume that Z = R™.

n
logn

We now want to get a lower bound on the median of x — ||z||, (restricted to S"~!). Instead of doing this, we
shall bound the expectation. This is justified because as seen in Lemma 3.3, the difference between them is O(n~1/2)
which is irrelevant compared to the quantity we aim to bound it by.

Let ||| » be the norm that defines the corresponding parallelotope.
We clearly have ||0]| - > ||6]| . Therefore, it suffices to instead bound the expectation of ||| 5.

Now, we show that it in fact suffices to consider the cube [—2, 2]™ instead of the parallelotope! The norm corresponding
to the cube is 3 ||| -

Lemma 3.8. Let vy,...,v, be vectors in a normed space with norm ||-||. Then

n
Z Zaivi > 2" max ||v; ]
3

oce{—1,1}n ||i=1

Proof. Assume without loss of generality that v; has the largest norm. Then,

n n
Z ZO’Z"Ui =2 Z v1 + ZU’ifl'Ui
=1

ce{—1,1} ||i=1 ce{—1,1}n"1
n n
=2 Z v+ | v2 + ZO’Z',Q’Ui + (v — | v2 + ZO’Z',Q’Ui
oce{—1,1}n—2 =2 =2
>2 Y 2|ul
oe{-1,1}n—2
=2"[|oa-

For the sake of simplicity, denote the function z + |z|p by fp and z — 3 |lz||, by fc. We want to show that
E[fp] > E[fc]. We use an averaging argument as follows, writing each z € S~ as >, a;u; for some (a;). We then
have

IE[fp] = 2" / fp(z) do(z)

gn—1
= Z / fp Z T; 0 U5 dCT(fﬂ)
sef—1,1}n /5" i=1
= /n71 Z fp Zaiaiui dU(.’ﬂ)
oce{-1,1}" i=1

> [ o max asu] doo)
Sn—1 7
n 1
> 2" . — max |«;| do(z)
Sn—1 2 i

_or /S Jola)do(w) = 2"Blfe].

1 For a more convincing argument, one could just work in the subspace of dimension %
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Finally, we shall show that for some constant c,

1 logn
Blfel =5 [ llolodo(e) > /<

n

To show this, we give an elegant probabilistic method that uses the fact that the n-dimensional Gaussian is symmetric
about the origin. Let Z = (Z,...,Z,) be the standard normal. We can draw a point uniformly randomly from

S"~1 using ﬁ Clearly,
1Z]
Blfe] =5 | 17].
1Z]
Now, note that

Pr[||Z]| = v/3n] = Pr[| Z||* = 3E[|| Z]|") <

Wl =

That is, || Z]| is less than some constant multiple of \/n with probability at least 2. On the other hand, for any
constant z,

Prl| 2], < 2] = (Pr[|Za] < 2])"

( oo 2 7t2/2 dt) n

2 (4122 3, )
1— ——e (=172 dt)
( V2T

IN

Setting z to v/logn — 1, we get

2 n
Pr|||Z]| . <z < 1—n_1/2) ,
121 <4< (1- =

which is less than 1 for all n. Therefore, || Z||, < c2y/n with probability at least 2 and [|Z| > c;y/logn with
2

probability at least £ for some constants c;, co. This implies that ”” Jﬁ" >c log % for some suitable ¢, since we know

that it occurs with probability at least %, which is exactly what we want.
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§4. Computing Volume in High Dimensions

A very popular problem in high-dimensional convex geometry is that of determining the volume of an arbitrary
convex body.

For a fixed dimension n, this problem isn’t too difficult if we want to measure it up to some precision €. We could
assume that the body K is enclosed in a box B = X,_ [a;,b;], subdivide this box up to precision ¢, and count
how many subdivided boxes have non-empty intersection with K. This (after normalizing appropriately) can be
considered efficient in a fixed dimension, where polynomiality is measure in % If we measure it in n on the other
hand, this method is useless.

We are looking for algorithms that are efficient (polynomial) in the dimension n.

There are a few issues that arise when we even want to formulate this problem.
e What does it mean when we say that a convex body K is “given”? In what form is it given?
e What does “efficient” exactly mean?

We have already answered the second question above — we are looking for algorithms that are polynomial in the
dimension n. We either want the exact volume or an approximation up to some small relative error € > 0. If it is
the latter, we would also like the algorithm to be polynomial in 1. Note that e takes only log(1/e) bits, so this is a
relaxation in some sense.

4.1. Sandwiching and Deterministic Algorithms

Let us answer the first question that we mentioned — how is an arbitrary body K represented? What information
do we have access to?

4.1.1. Oracles

We represent the body using an oracle. We explain the different types of oracles one may consider over the course
of this section.

Definition 4.1. A body K is said to be well-guaranteed if it contains rBj and is contained in RBY for some r, R > 0.

We restrict ourselves to well-guaranteed bodies since otherwise, we may ask any (finite) number of questions about
the body (say of the form “is x € K”) and receive a no every time. This doesn’t allow us to make any useful
inferences about vol(K). The fact that K contains B ensures that it isn’t too small and the containment in RBY
ensures that it isn’t “at infinity”.

A body K is given by an oracle K if we know nothing about it other than the fact that it is well-guaranteed with r
and R and we may ask questions about K, and receive answers to said questions. Depending on the questions and
answers, we get different types of oracles.

We primarily use weak separation oracles and strong membership oracles.

Definition 4.2 (Strong Membership Oracle). For a fixed convex body K, the strong membership oracle (correctly)
answers questions of the form “Is x € K77.

Now, for x € K, we know that there is a hyperplane separating them by Lemma 1.7. This gives rise to the strong
separation oracle.

Definition 4.3 (Strong Separation Oracle). For a fixed convex body K, the strong separation oracle (correctly)
answers questions of the form “Is x € K?7”. If the answer is no, it also returns a hyperplane S separating x from K.

This hyperplane is returned as a vector s € R™ with |[|s|| = 1 such that (s,z) > 1 and (s,y) <1 for any y € K.
This leads to the weak separation oracle.
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Definition 4.4 (Weak Separation Oracle). For a fixed convex body K, we can fix an ¢ > 0 and ask the weak
separation oracle questions of the form “Is z € K for the positive number £?”. However, in this case, the precision
of the answer is € in the sense that

(i) If d(x,0K) < €, we can get any answer.
(ii) If B(z,e) C K, we get the correct answer (yes).
(iii) If d(z, K) > €, we get the correct answer (no) and a vector s normalized by ||s|| ., = 1 for which (s,y) < (s,z)+¢
for every y € K.

A weak membership oracle is similar, where if it is within € of 0K, it may return either answer and if it is farther
than €, it returns the correct answer.

The complexity of the algorithm is measured in the number of calls to the oracle, since this is usually the most
expensive step.

4.1.2. Sandwiching

We earlier mentioned that we only consider well-guaranteed bodies. As might be expected, the ratio R/r is quite
important. Defining it slightly more concretely,

Definition 4.5. Given a convex body K, let £ an ellipsoid centered at 0 such that £ C K C d€ for some d > 1. We
are then said to have a sandwiching of K with sandwiching ratio d.

We are given a sandwiching of sandwiching ratio R/r initially. It is natural to want to obtain a sandwiching that
has a lower ratio to make whatever algorithm we use more efficient.

Further, note that by Theorem 1.5, the minimum possible sandwiching ratio of (an affine transformation of) a body
is at most n.

The information given to us initially (r and R) are not even necessarily useful all the time. For example, one could
have a very “pencil-like” body in R™ such that the inscribed ball is far far smaller than the circumscribed one.
Thus, before we even begin our algorithm, we would want to do some preliminary sandwiching — perform an affine
transformation to get a sandwiching with a more manageable sandwiching ratio.

Lovész showed in | ] that it is possible to compute an affine transformation K of K in polynomial time such
that ~

B} C K C (n+1)y/nBj. (4.1)
We first introduce the following common tool.

Lemma 4.1 (Basic ellipsoid method). For a convex body K C R™ along with some R > 0 such that K C RBY and
a weak separation oracle, it is possible to find a point in K in polynomial time.

We prove it for the case where we have a strong separation oracle. The algorithm basically works by cutting down
our search space until we find a point.

Proof. We construct a sequence &, ..., & of ellipsoids with & = RBY. Given &, check if its center x, is contained
in K. Otherwise, we have a half-space H, such that K C H,. We set &,.41 to be the ellipsoid of minimal volume
that contains K N H,. The sequence terminates when the center of an ellipsoid is contained in K.

It may be shown that
n O\ (/2 n O\ (@ D/2
vol(&rq1) = <n T 1> (n — 1) vol(&y).

NI
vol(€rq1) = <n2 — 1) 1 vol(&y)

Rewriting it more suggestively,

1 (n—1)/2
< (1 + ) vol(E,) < e~ Y2 vol(&,).
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The thing to note here is that e~!/2" is independent of the ellipsoids involved. Since we have K C &,
vol(K) < vol(&) < e ¥/2"(2R)".

That is,
k < 2n?log(2R) — 2nlog(vol(K))

so there is a polynomial upper bound on the number of steps. ]

If each ellipsoid is given by
& = {x ER™: (z—xp) A (x —p) < 1},

¢, is the vector returned by the separation oracle and g, = \/%ck, then
C)C Akck

1
Tp41 = T — mAkgk and

n2

2
Apt1 = —5— (Ak - MAkgkgszk-)

Since there is rounding anyway (irrationals might become involved due to the /%), it turns out that it suffices to
have a weak separation oracle.

A pair of ellipsoids like that in Equation (4.1) is often known as a weak Léwner-John pair for K (the sandwiching
ratio must be (n 4 1)y/n).

Theorem 4.2. Let K C R" be a convex body given by a weak separation oracle. Then a weak Lowner-John pair
for K can be computed in polynomial time.

Again, we prove it for the case where we have a strong separation oracle instead. This algorithm is nearly identical to
that of basic ellipsoid method, but at each step we perform a little extra computation to check if the corresponding
ellipsoid scaled down by a factor of (n + 1)4/n is contained in K.

Proof. We construct a sequence &, ...,E; of ellipsoids with & = RBZ. Given &,, first check if its center z, is
contained in K. if it is not, then use the basic ellipsoid method to get an ellipsoid that does; we abuse notation and
refer to this as &, as well.

Next, let the endpoints of the axes of the ellipsoid be given by x, + a; (for 1 < i < n). Check if the 2n points
x, £ ——a; are in K for each i. If they all are, then we are done, since this implies that the convex hull of these

n+1
points is contained in K as well, and the maximal ellipsoid contained in the convex hull is just &, scaled down by a

factor of (n + 1)/n.
Otherwise, suppose that x, + n%rlal is not in K and H, is the half-space returned by the oracle that contains K.
Similar to the basic ellipsoid method, find the minimal ellipsoid &, that contains &. N H,..
It may be shown that in this case,
vol(Er41) < e~ 3/2(n+1)(2n+1)? vol(&;).

The sequence terminates when we have found a weak Lowner-John pair. |

It is also notable that for certain types of special convex bodies, we can improve the bound beyond (n + 1)y/n.
In particular, if K is symmetric, we can attain a factor of n, if K is a polytope given as the convex hull of a set of
vectors, we can attain n 4 1, and if K is a symmetric polytope given as above, we can attain v/n + 1.

Typically, we assume that after performing sandwiching, we perform a linear transformation such that Bj becomes
the maximal ellipsoid of the transformed body. That is, the problem boils down computing the volume of a body K
with

By C K C (n+1)vnBj.

Readers interested in oracles and sandwiching are highly recommended to take a look at |
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4.1.3. The Problem and Deterministic Attempts
Our problem is to find for some given convex body K, some quantities vol(K) and vol(K) such that
vol(K) < vol(K) < vol(K)

vol(K)
vol(K) "

while minimizing
Theorem 4.2 produces estimates (equal to the volumes of the ellipsoids) with zgigﬁg = n"(n+1)"/2. This may seem

ludicrously bad, but as it turns out, any deterministic attempts in general are destined to fail. Indeed, Elekes proved

in [ | that for any positive e < 2, there exists no deterministic polynomial time algorithm that returns
V()
< (2 — )™ 4.2
() < 277 2

for every convex body K. The reason for this is that the convex hull of polynomially many points in BY is always
bound to be far smaller than Bj itself — we’ve already seen this all the way back in Theorem 1.3. Let us now prove
Equation (4.2).

Lemma 4.3 (Elekes’ Theorem). Every deterministic algorithm to estimate the volume of an arbitrary convex body

vol(K) S 2"

K C R" that uses q oracle queries has vol(K) 2 g

for some K given by a well-guaranteed weak separation oracle.

What exactly do we mean by a deterministic algorithm? Roughly, it means that if we pass the same body into the
algorithm twice, we will get the exact same result. More specifically, if we pass two bodies K; and K5 such that
(x;) and (y;) are the queried points respectively, the first point where they differ, say x; # y;, must be such that
Ti—1 = y;—1 is in K1 AKy. We abuse this fact.

Proof. Let A be some deterministic algorithm to estimate the volume of a convex body. Fix ¢ = 2" for the separation
oracle. When we run A on Bg, suppose that the points queried are z1,...,z4. Let C be the convex hull of these ¢
points. Now, note that if we run A on C, the same points (x;) will be queried and as a result, the volume estimates
vol and vol that are returned are the same as well!

To conclude the argument, note that

Therefore,

We then have

4.1.4. The Barany-Fiiredi Theorem

We now give a stronger result known as the Bérdany-Fiiredi Theorem (given in | ]), which shows that deterministic
algorithms in general aren’t much better than even the estimate with an n™ error returned by basic sandwiching.

Theorem 4.4 (Barany-Firedi Theorem).ﬁThere is no deterministic polynomial time algorithm that computes a
lower bound vol(K) and an upper bound vol(K) for the volume of every convex body K C R™ given by some oracle

such that for every convex body,
vol(K) n \"
<|c
vol(K) — \_logn
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The basic outline of the proof is as follows.

Proof. Rather than considering a simple separation oracle, we consider an even stronger oracle. First of all, we know
beforehand that the convex body K is such that B C K C BY.
For z € R", denote 2° = z/ ||z||, HT (z°) = {z € R%: (2,2°) <1} and H~(2°) = {z € R%: (2,2°) > 1}.

When we query =z € R”, in addition to the information given by the separation oracle, we also receive “z° € K and
—2° € K and K C H™ (2°) and K C H*(2°)”. That is, if z ¢ K, in addition to a separating hyperplane, we also
receive information as to whether the hyperplanes at +x° that are orthogonal to = are tangential to K.

Now, for the main part of the proof, suppose we have some deterministic polyomial time algorithm A that returns
a lower and upper bound vol(K') and vol(K) for any body K. The basic idea is roughly similar to that of Elekes’
Theorem. Suppose we run A on BY until m < n® — n questions have been asked for some a > 2 (due to the
polynomial nature of the algorithm) and x4, ..., x,, are the points queried. Define

C = Conv(tey, teq, ..., te,, x7,...,2,,).
Now, consider the dual C* of C' (recall what a dual is from the proof of Lemma 1.6). Observe that for any of the
x;, the output of the oracle on passing z; (or +e;) must be the same whether we pass it with regards to C, C*, or
BY —if x; € BY, we receive a yes and otherwise, we receive a no along with the information that the hyperplanes at
the z$ are tangential. Indeed, each H*(x$) and H ™ (x?) is a supporting hyperplane of all three bodies. This implies
that the estimates returned by A are the same for all three bodies!
We then have o

vol(Bg) > vol(C™*) and vol(B3) < vol(C).
Therefore,

ol(
vol(

C)  vol(C*)  vol(BY) _ vol(C*)
C)  vol(C*)  vol(By

Over the rest of this section, we show that there is some constant ¢ such that

igﬁg?53<cbgn>n~

To do this, we introduce some more notation. Let

V(n,m) = sup{vol(K) : K = Conv({vy,...,v,}) C B}

and
S(n,m) = inf{vol({z : |{x,v;)| <1 for each i}) : (v;)T* € R™ such that for each i, ||v;|| < 1}

o * (Fm). 4

since C* and C are of the above considered forms.

Clearly, it suffices to show that

4.1.5. Bounding V' (n,m) and S(n,m)

For 1 < k < n, define
1, if k=0
p(n, k) = (n—k)/nk, ifl<k<n-—2
1/n, ifk=n-—1
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Lemma 4.5. Let S = Conv({vg,v1,...,v,}) C BY be an n-dimensional simplex and € S. Then for every k such
that 0 < k < n —1, S has a k-dimensional face Sy = Conv({v;,,vi,,...,v;.}) and a point zj in the interior of Sy
such that (x — zy) L span(Sk) and ||z — x| < p(n, k).

Proof. The result for k = n — 1 follows directly from the fact that the maximal ellipsoid in .S is at most %Bg
For 1 < k <n — 2, we use strong (backward) induction on k.
Let x, = = and for each r : n > k > k, let z, be such that (z,41 — ) L span(S,) and ||x,+1 — .|| < p(n,r).

Note that @, — X1, Tn—1 — Tn—2,...,Tp+1 — T} are all orthogonal and ||z,411 — x| < % for each r. We then have
n—1
2 2
[n — 2™ = ) e — 2]
r=k
1
<> =
r=k+1
>
- Bt r(r—1)
11
koo
Finally, the result for k£ = 0 follows from the fact that the (v;) are contained in Bj. |

Observe that this bound is only tight when k is 1 or n. Putting this in a slightly more compact form, let S C R™
and U = span(S). If we define

s* =5+ (Ut +pBy),

Lemma, 4.5 just says that for some Sy, z € SZ(”’k).
It is also worth noting that if .S is convex and dimU = k,

vol(S?) = voly (S)v,_rp"F (4.4)

Theorem 4.6. There is a constant ¢ > 0 such that

Vinm) _ <C1+1og(m/n)>"/2

Un n

and so,

n

Vin,m) < (’y 1+log(m/n)>

where v = /2mec.

If m/n — oo and n/log(m/n) — oo, then there is a constant ¢’ such that

Vinm) (C,log<m/n>>"/2

Un n

Proof. Tt may be shown that if K = Conv({v1,...,vn}) € R™, then K is the union of its n-dimensional simplices.
That is,
K= U Conv({vig, .., vi, })-

G0 < <ip
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This allows us to bound the volume of K. For any 1 < k <n — 1, we can write

K C U {Sp(”’k) : S = Conv({vi,, - - - ,'Uik})} .

i< - <ig

Bounding the volume,

m n,k n
vol(K) < (k N 1) max {Vol (S”( ’k)) : S = Conv({zg,...,zr}) C Bj } .

Using Equation (4.4),

vol(K) < ( mn

- 1) Vp—p(n, k)" F - max {vol,(S) : § = Conv({xo, ..., zx}) C By }.

The right-most quantity is maximum when the body is the k-dimensional regular solid simplex, whose volume is
(n + 1)(»+1/2 /pn/2p) This is easily computed by using induction on dimension and the maximality was briefly
mentioned at the end of Section 2.3. So,

() < m a(n—k)/2 n—k\ k)2 (k+ 1)(k+1)/2
vol(K) < <k+1> r (ngk 4 1) < nk ) kF/2k
_ m ome \ R/2 g (n=k)/2 (k + 1)(k+1)/2
—(k+1>'<nk> (nk ) kPR
m 2me’\ "2 (K + 1)1/
= <k+ 1) ' (n) TR
- mk+1 '(%Q)(n—kw (k+1)(k+1)/2
~(k+1)! nk kk/2)
+

And therefore,

k+1
vol(K) < em nk/2p—(n+k)/2.
Un k+1

It remains to choose a suitable value of k. For the case when m/n — oo and n/log(m/n) — oo, we can let

k= ’VW—‘ to obtain

Up n

vol(K) _ o) (2610%(7”/”)>n/2.

Note that the above again leads to an inference similar to that we made in Theorem 1.3 — the volume is comparable
only when m is exponentially large.

It remains to bound S(n,m).

To do this, we use the second of the following neat results — see | , ] for relevant discussion.
Theorem 4.7 (Blaschke-Santal6 Inequality). Let K be a convex body in R™ with dual K*. Then
vol(K) vol(K*) < vol(By)?

with equality when K is an ellipsoid.
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Theorem 4.8 (Bourgain-Milman Inequality). Let K be a convex body in R™ with dual K*. Then

vol(K) vol(K*) > &
n

for some universal constant ¢ > 0.

For our purposes, it suffices to know that there is some constant cs such that

vol(K) vol(K*) > (62)” .

n

If welet K = {x € R" : [{z,v;)| <1 for each i} for some (v;)]* € R™ such that ||v;|| < 1 for each i, then note that
K* = Conv({v1,...,0m}).
An upper bound then directly follows from Theorem 4.8 and Theorem 4.6. We get for some constants ¢y and 7,

Stn,m) 2 <n> <fy log(m/n) +1> - ( log(m/n) + 1> (4.3)

for some constant c’.

Finally, to show the bound mentioned in Equation (4.3), use Theorem 4.6 and Equation (4.5) to get

vol(C) _ S(n,n%) cn "
vol(C) = V(n,ne) = (fya logn)

which is exactly what we want.

4.2. Rapidly Mixing Random Walks

It has now clearly been established beyond doubt that deterministic algorithms will get us nowhere. What if instead,
we consider randomized algorithms? That is, we are fine with some small probability, say 7, of getting the incorrect
answer? We can do far far better in this case.

4.2.1. An Issue with High Dimensions and the Solution

Reformulating the problem in this context, we pass some 0 < 1 < 1, some € > 0, and a well-guaranteed strong
membership oracle'? of a body K, and ask for an estimate vol(K) such that with probability at least 1 —n,

(1 —e)vol(K) < vol(K) < (1 + &)vol(K).

Henceforth, we assume that the reader has a basic understanding of Markov chains and stationary distributions
thereof, at least in the discrete case. In case the reader does not, they can skip ahead to Section 4.4.

A simple method that might come to mind is a Monte Carlo algorithm. Find some box @ in which K is contained,

uniformly randomly generate a large number of points in @), and find the fraction of points generated that are in K

— this is a good estimate of \V'gll((g))

However, the issue is one that we emphasised very heavily on in the very first (and quantified to some extent in the
previous) section: if we take K = BY and Q = B2, then vol(K)/vol(Q) is extremely (exponentially) small, so it
will not work (in polynomial time) at all.

12it is in general not too important which oracle we are given.
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That is, the issue is that vol(K) is extremely small compared to a box it is contained in. To get around this, there
is a surprisingly simple solution.

Rather than considering just K, consider some m + 1 bodies Ky C K; C --- C K, = K (for appropriately large m)
and for each 4, estimate A; = vol(K;)/ vol(K;_1) (we can then estimate vol(K) as vol(Ko) [[; Ai).
Usually, we take K; = K N 2”"35‘. Note that because K; C 2¢/"K,_; in this case,

o VOI(KZ) <9
e VOl(Ki_l) -

is not large at all.

The value of vol(Ky) is already known. But how do we estimate A;?

As observed earlier, since 1/A; is not small, we can just stick with Monte Carlo methods, the basic idea being to some-
how generate a uniform random distribution on K; and find the fraction of points generated that are within K;_;.
Here on out, our main interest is just to figure out a way of efficiently uniformly randomly generating points from K.

To do this, we synthesize a Markov chain whose stationary distribution is the uniform distribution on K;. We run
the chain for polynomially many steps, and take the resultant state as a point uniformly randomly generated from K;.

Obviously, we want Markov chains that converge to the stationary distribution very rapidly (in polynomial time)
since that is the main part of the algorithm that must be made efficient. To restrict ourselves to finding the uniform
distribution within K;, we skip any move where the random walk attempts to leave K;. For the hit-and-run strategy
we shall describe later, this is unimportant since it never even tries to leave the body. At the same time, we count
how often we are in K; 1 C K;. In the two algorithms we discuss, we modify this to a Metropolis chain, the idea of
which is discussed at the end of Section 4.2.4.

Succinctly, we use “Multiphase Monte Carlo Markov Chain methods” for volume computation. We call the random
walk “rapidly mixing” if it gets sufficiently close to the stationary distribution in polynomially many steps.

Another small change is that we make the random walk lazy. That is, if we are at a € K, we stay at a with probability
%, and with probability % we choose a random direction a +v. If a + v € K, we move there. Otherwise, we stay
put. There are two reasons for doing this. The first is that sometimes parity issues arise due to which the stationary
distribution might not be the uniform one. The second is that it turns the matrix describing the random walk into

a positive semidefinite matrix, which is much easier to analyze.

4.2.2. Random Walks on Graphs

Before we move onto the general case, let us define random walks in graphs and study them for a bit. Let G = (V, E)
be a connected d-regular simple graph with V' = {1,...,n}. A simple random walk on G with initial state Xy is
given by

s 1=,

2d° Z] € Ea

0, otherwise.

‘HM\D—‘

PI‘[XH_l 2] ‘ Xt = Z] =

It may be shown that irrespective of Xg, lim;_, o Pr[X; = 4] = % for any i. But to see whether the walk is rapidly
mixing, we need to know how fast it converges. Let

1
61'7,5 = PI‘[Xt = ’L] — E

®

be the “excess” probability at time ¢ on vertex i. Also, denote Pr[X, = 4] as p;’ for the sake of brevity. Denoting
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the neighbourhood of i by T'(7),

1
pl(_tJrl) L

€it+1

Lo 1 (t) 1
2P g ,Zl P; 7
JEL(3)

1 1
= §ei7t + ﬁ Z ej,t
JET(3)

_ 217 S (ean + 50) (4.6)

JEr(i)
To be able to quantify our closeness to the stationary distribution, define

dl(t) = dl(X,t) = Z |€i,t|

and

We call a walk X on G rapidly mizing if there exists a polynomial f such that for any 0 < ¢ < % and t >

f(logn)log(1l/e), di(t) < e. However, this doesn’t completely make sense right now since if we only have a single
graph, n is constant.

Definition 4.6 (Rapidly Mixing Random Walks). Let (G;);en be a sequence of graphs where G; has n; vertices
and n; — oco. We say that the simple random walks on G1,Gs, ... are rapidly mizing if there is a polynomial f
(depending only on the sequence (G;)) such that if 0 < e < 3 and ¢t > f(logn;)log(1/e), then d(X;,t) < € whenever
X;isa simple random walk on G;.

There are some issues that arise when we want to synthesize a rapidly mixing walk. For example, suppose we have
a random walk on [—1,1]™ and we somehow find ourselves near one of the corners. Then the probability of leaving
the corner is extremely low (of the order of 27") at each step, which would greatly hinder the speed of convergence.

4.2.3. Conductance and Bounding the Speed of Convergence

In a graph, the analogous event is that we get stuck within some subset of vertices that is highly connected within
itself, but not very well-connected to its complement. With this in mind, let us define the conductance of a graph.
Let G = (V,E) be a graph and U C V be non-empty. Then define

o) = D

where e(U, V' \ U) is the number of edges between U and V.
b (U) gives a measure of the “difficulty” we mentioned earlier. The lower it is, the more difficult it is to leave U.
We might as well consider only sets U with |[U| < %. Thus, we define the conductance of G by
®c = min D).
0= el PeU)
In graph theoretic contexts, this quantity is more often known as the Cheeger’s constant of a graph or its isoperi-
metric number.
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For graphs in general, denote vol(U) = > _,; d(u). Then its conductance is

uelU

- win e(U,V\U)
G = N .
g%g min(vol(U), vol(V \ U))

Obviously, 0 < &4 < 1 for any graph G. The upper bound is only attained when G is the graph containing a single
vertex, a single edge, or a triangle. The lower bound is attained only when G is disconnected. If G is large, then the
best we can hope for is that @ is not too much lower than %

It is intuitively clear that if a graph has high conductance, then any simple walk will converge quite rapidly. This is
stated quantitatively in the following.

Theorem 4.9. Every simple random walk on a connected d-regular graph G satisfies

do(t+1) < (1 - ifbé) do(t).

In particular,

da(t) < (1 - i@)é)tdg(o) <2 (1 - i@é)t.

We prove this using two other lemmas.

Lemma 4.10. For any simple random walk on a connected d-regular simple graph on G,
1
dy(t+1) < da(t) — o= Z (et —ej0)?.
ijeEE
Proof. Using Equation (4.6) along with the Cauchy-Schwarz inequality,

2

dao(t+1) 4%2 > et

i=1 \jer()
SEI Y Cutend
= 4d - A €it TEjt
i=1j5€I'(2)
1
=54 2 (eit +€jt)
ijerR
1
= d : €+ e?,t) B Z (it —€jt)
ijeER ije
1
=da(t) — o 2 (et — €jt)
ijEE

|
Lemma 4.11. Suppose weights z; are assigned to the elements of the vertex set V' = [n] satisfying ) . 2; = 0. Then
d n
Y (@i—ay)’ > 5% >l
ijEE i=1

Observe that setting z; = e;+ for each ¢ and substituting the above in Lemma 4.10 directly gives Theorem 4.9.
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Proof. We may assume without loss of generality that 7 > a9 > -+ > z,. Fix m = [n/2] and for each i, let
Yi = x; — Tp,. Note that it suffices (and is in fact stronger) to prove the inequality for the (y;) instead of the (x;)

since . .
d d nd
308 Dole ) = 05 Yoot + 0l
1= 1=

Yis 1 S m, 07 1 S m,
U; = . Vi = .
0, otherwise, y;, Otherwise.

Obviously, it suffices to prove the inequality for the (u;) and (v;) since

Also, let

(yi — yj)2 = (u; — Uj + v — Uj)2 > (u; — Uj)2 + (vi — Uj)2

and ZM?ZZZU?JrZﬂ?

We prove it only for the (u;). Using the Cauchy-Schwarz inequality,

203 X = X 2t ) 3

=1 ijel ijel ijel
> D (wi+u)® D (u = uy)?
ijEE ijEE

2

> D (uf —u)) (4.7)

ijEE

We aim now to bound the term within the square in the final expression.
Suppose that in every edge ij € F, i < j. We can then rewrite the expression as

n

D~ ZZ —afy) = > (wd —ud e ([0 ] \ [1]) -

ijeE ijeEE =i =1

It is very clear now how the conductance enters the picture. Since we can disregard the terms of the summation
after [ = m, the expression on the right is bounded below by di®g. That is,

Substituting the above in Equation (4.7),

which is exactly what we want to show. |
Since d; (t)? < nda(t), we have the following corollary of Theorem 4.9.

Corollary 4.12. Every simple random walk on a connected d-regular graph G satisfies

t/2
o) < (n)2 (1- 122
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Note that if G is connected (so ®¢ # 0), then for

t > 8d;* (log(2n) + log(1/e)) > ] (log(2n) + log(1/e)), (4.8)

-z

—log (1 — 102

dy(t) < e. Thus, we have the following sufficient condition for rapid mixing.

Lemma 4.13. Let (G;);en be a sequence of regular graphs with |G;| = n; — oo. If there exists k € N such that
g, > (logn;) "

for sufficiently large 7, then the simple random walks on (G;) are rapidly mixing.

The entirety of the discussion thus far has been regarding simple random walks. How would one go about generalizing
this to aperiodic reversible random walks on finite sets in general?

Definition 4.7. Let V be a finite set and X a random walk on V with transition probabilities p(u,v) such that for
each u, p(u,u) > 2. Let A be the (reversible) stationary distribution that satisfies A(u)p(u,v) = A(v)p(v,u). Also,
for U C V, write A(U) = >,y AM(u). The conductance of X is then

(i) _ ZuEU Z’UEV\U /\(u)p(uav)
YR \U) '

Similar to earlier, the lower the conductance, the higher the probability of getting “stuck” somewhere. Note that
the conductance here is half as large as the definition we gave for regular graphs (since in this case, p(u,v) = 1/2d
replaces the 1/d earlier). That is, if X is a simple random walk on a regular graph,

~ 1

As earlier, we can measure the distance from A by
2
da(t) =3 () = Aw))
veV

We can then prove the following analogue of Theorem 4.9 (in exactly the same way).

Theorem 4.14. Let X be a reversible random walk. Then with the notation above,
da(t +1) < (1 — % )da(t).

In particular, 3
da(t) < 2(1 — B%)".

4.2.4. An Overview of Random Walks for Uniform Distributions

The basic algorithm used in most algorithms that attempt to solve this problem, which we mentioned at the begin-
ning of this section, was proposed by Dyer, Frieze, and Kannan in [ | and has remained largely unchanged.
This algorithm is O(n?3(logn)®c~2log(1/¢)log(1/n)). Henceforth, to make things relatively simple, we use the O*
notation that suppresses any powers of logn and polynomials of (1/¢) and log(1/n). With this notation, the algo-
rithm is O*(n?3).
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We use a multiphase Monte Carlo algorithm while using random walks to sample. The improvements on this algo-
rithm since its proposal have primarily involved changing the random walk used, using the conductance to bound
the mixing time when we are likely to be close to the stationary distribution, and bounding the conductance using
isoperimetric inequalities.

There are mainly three different types of random walks used.

Walking on the Grid. This is probably the simplest graph. It defines a sufficiently fine grid ILs where each step is
of size §. Suppose we are at z;. At each step, we stay put at x; with probability % Otherwise, we choose a random
vector v of the 2n possible directions. If z; + v ¢ K, we remain at z; and otherwise, we move to z;11 = ¢ + v.

[ ] uses this walk with a value of § around n=>/2. In | ], this was improved to a ¢ around n=3/2,

Ball-Steps. In this random walk, we choose some small step-size §. We use a lazy random walk but when we try
to move, we choose a random v € dBY. Similar to the grid, if z; +v ¢ K, we remain at x; and otherwise, we move
toxjr1 =z +v. In| ], the value of § was around n~!/2

Hit-and-Run. Unlike the previous two walks where we had to choose a step-size J, this walk doesn’t need anything
of the sort. We choose a random unit vector v from BY. We then find the length of the intersection of {z+tv : t € R}
with K and pick a uniformly distributed z’ from this segment. It is believed that this walk converges very rapidly.

An issue (in any of the walks) that we must figure out how to rectify is that of getting stuck in some corner (we had
given this as motivation for defining the conductance of a random walk).
For example, in the ball-step walk, we can consider the local conductance

__ Vvol(K N (x+6By))
fo(x) = vol(6 BY)

and the overall conductance

1
A= m/}(&;(w) dz.

In recent times, it has also been a common theme to use Metropolis chains, which are defined as follows.

Metropolis Chain. Suppose we have a function f on K and a random walk (of any of the above types). We can
modify our walk using the same laziness as above, but when we wish to move, we check if f(z) > f(x + v) (where
is the original position and x 4 v is the new proposed position) and

e if yes, move to x + v.

f(@)
f(z+v)

e if no, move to x + v with probability (and stay at x otherwise).

If [ f < oo, this produces a random walk with stationary distribution that is proportional to f(z).

So far, we have only tried finding uniform distributions within the body K (and never return a point outside the
body K). Often, however, we sacrifice this in favour of a distribution that can return a point outside of K with
not too high probability (say less than %) that mixes more rapidly. We detail one such algorithm, similar to that in
[ ], in the following section.

4.3. A Modified Grid Walk that Runs in O*(n®)

4.3.1. A Description of the Walk

The algorithm we describe here uses the “Walking on the Grid” mentioned in the previous section. This involves
splitting the body into cubes. To this end, it was observed that if want to sandwich a body between two concentric
cubes instead of balls, then a ratio of O(n) can be obtained (instead of the ball-sandwiching ratio of O(n?/?)). In
particular, [ ] shows that we can find an affine transformation K of K such that

B C K C2(n+1)BL.
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Henceforth, we refer to this K as K. So in this case, it is more convenient to consider K; = 2/™ 0 < i < m =
[nlog,(2(n + 1))] instead of the intersections with the balls we used earlier. That is, at each phase we have two
bodies K and L such that
Ko=B) CLCKC2(n+1)B, =Ky,
and
LCKC2Y/"L,

The grid graph over which we design our random walk has vertex set
1
V=—7Z"NnK,.
2n

That is, V' is the vertex set of the grid graph P/* with [ = 8n(n + 1) + 1 (having {" vertices). Denote this graph by

G (there is an edge between points whose distance under the fo norm is 5-).

We wish to create a rapidly mixing random walk that converges to the stationary distribution on K (or something
that could serve the same purpose). Let us now define a distribution on V that is the stationary distribution of a
specific random walk.

Consider the function ¢y on R™ defined by

gog(m):min{s>0:w€ <1+28n)K}

and ¢ defined by ¢(r) = [Sﬁo(xﬂ. Finally, define f(z) = 27%(®).
There are a few things to observe that make it apparent why this f is a good choice for our purposes:

e Forz e K, f(z) =1.
e If 7,y are such that ||z — y|| < 5=, then |po(z) — ¢o(y)| < 1. Indeed,

oo — 2n?

r=y+(r—y) € <1+<K7;(3)>K+2171K:<1+%(32/F>K

so @o() < @o(y) + 1.
e How many = € V are there such that ¢(z) = s >0 (so f(z) =27°)7 We must have
S s—1
1+ — | K 1 K.
HlS ( + 2n> \ ( + on )

The volume of the body on the right is about

((1 + 2“;)“ - <1 + 32_711)71) vol(K) < (/2 — 1) vol(K).

Multiplying by an appropriate factor on either side, the number of points in V' in this body is at most (e%/? —
1)f(K). Therefore, for n > 3,

oo

FOV) = FE) + ) 27°(e*? = 1) f(K) < 5f(K).

s=1

The above suggests that a Metropolis chain under this function might be exactly what we want — the first point
ensures that the resulting distribution is constant on K.

What is the Metropolis chain corresponding to f for G? It is easily checked that its transition matrix is given by

T vy € E and p(y) < ¢(),

=, ry € E and p(y) = ¢(z) + 1,
1_Zzer‘(w)p(x7z)7 r=1Y,

0, otherwise.

p(z,y) =
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It can also easily be checked that this walk is reversible.
Now, let the stationary distribution of this walk be A, given by A(x) = c¢f(z) for a suitable normalizing constant c.
The third point above ensures that A\(K) > 1/5 and we don’t get points outside of K too often.

There is another issue that we haven’t mentioned so far that this walk takes care of. When we have such a walk (in
general), we would want to be able to compute the transition probabilities efficiently only at the points where we
need it — it would be absurd to store the entire transition matrix all the time. In this example, all we have to do
is “carry” the current value of ¢ with us. At most 4n appeals to the oracle will give us the values of ¢ at all the
neighbours! We can start at a point that we know the value of ¢ of, such as 0 € B, C K.

4.3.2. Showing Rapid Mixing by Bounding Conductance

The only thing that remains to show now is that it suffices to run the above random walk for a polynomial amount
of time to get sufficiently close to the stationary distribution, that is, that the walk is rapidly mixing.

By Theorem 4.14, it suffices to show that this walk has large conductance. To do this, we use the following isoperi-
metric inequality given in [ ].

Theorem 4.15. Let M C R™ and B(M) be the o-field of Borel subsets of M. Let F: Int M — R™ be a log-concave
function and let p be the measure on B(M) with density F

for A € B(M). Then for Ay, A; € B(M),

pr(M\ (AL U Ag)) >

wJrnin(up(z‘h),HF(A2))7

iam M

where diam M = sup{|jz —y|| : x,y € M}.

This inequality is slightly loose. The best possible constant on the right has an extra multiplicative factor of 2 and
was proved in | ]. We omit the proof of the above for now and later prove a better bound in Theorem 4.34 (and
in the process, prove Theorem 4.15 as a simple consequence of Theorem 4.31). We shall now use this to show that
the conductance of our random walk is large.

Let us have U C V with 0 < A(U) < 3 and let U = V' \ U. Also, let dU be the set of vertices in U with at least one
neighbour in U.

Let M be the union of the cubes of side length 1/2n centered at vertices of V' (M is a solid cube) and A; be the
union of cubes of side length 1/2n centered at vertices of U. Let B be the union of cubes of volume 2/(2n)™ centered
at vertices of QU and As = M \ (A; U B). Obviously,

diam (M) = O(n®/?). (4.9)
Then, observe that
A Ag) = - 91/ 1) = @), (4.10)

for some suitable positive constant ¢;. Also, for some positive constant cs,

S Awp(u,0) = 37 A@p(v, u)

uwelU uelU
veU vEB
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We may assume that A(B) is small. Now, define a measure u on B(M) as in Theorem 4.15 with F' = 27%1 where
1 is the maximal convex function on M bounded above by ¢. Observe that A(u) is always within a constant factor
of the p-measure of the unit cube centered at u. Thus, we have

2 ucu 2avet MWp(u, ) S G w(B)
AU) ~ n min{\(U), AU \ 8U)}
_ 3 (M \ (A1 U Ap))
n min{yu(Ar), p(Az)}
> ¢844, Az)
~ n diam M
=Q(n™") (4.11)

So what is the total time complexity of the algorithm? Combining Equation (4.11) and Equation (4.8) (or rather,
the corresponding result for da(t) that does not have the logn factor), the number of steps in the random walk of
each phase of the multiphase Metropolis walk is O*(n®). At each step of the walk, we perform O(n) oracle queries.
Finally, there are O*(n) phases. All together, the algorithm is O*(n').

In | ], a more careful analysis is done to show that this algorithm is in fact O*(n®).'* More precisely, it is

o(perue(2)ue (1)

Over the course of the next few sections, we describe a O*(n”) volume estimation algorithm given in | ].

4.4. Measure-Theoretic Markov Chains and Conductance

4.4.1. Some Basic Definitions

Definition 4.8. Let € be a non-empty set and A a o-algebra on Q. For every u € Q, let P, be a probability measure
on 2. Also assume that as a function of u, P, (A) is measurable for any A € A. We call the triple (2, A,{P, : u € Q})
a Markov scheme. Together with an initial distribution Qg on €2, this defines a Markov chain.

A Markov chain is essentially just a sequence of random variables wq, w1, ... such that wg is drawn from Qg and
Wit is drawn from P, (independently of the values of wo, ..., w;—1). Therefore,
Pr[wiﬂ e A | Wy = Upy...,W; = uz] = Pr[wiﬂ eA | w; = uz] = PuL(A)

Let f : 2xQ — R be an integrable function (with respect to the product measure 1 x 1) such that [, f(u,v) du(v) =1
for all u € Q. f then defines a Markov scheme as

Pu() = [ Flwv) duo).

In this case, f is known as the transition function of the Markov scheme. The transition function is said to be
symmetric if for all z,y, f(z,y) = f(y, ).

A probability measure @ on {2 is said to be the stationary distribution of a Markov scheme if for all A € A,

A&mmmm:mm.

3The conductance is actually Q(n~3).
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This just means that every w; has the same distribution as Q.

Now, consider the inner product space L? = L?(Q, A, Q) with inner product

::jgfng.

Suppose we have some function g € L2. Then note that the expectation of g(w;;1) (as a function of w; = u) defines
a positive linear operator'* M : L? — L? by

<wwxmziégwwﬂzw»

Further note that (M"g)(u) represents the expectation of g(w; 1) given that w; = u.
Now, consider a Markov chain where the first element is drawn from the stationary distribution. Then for any
function g € L2,

Efg(w;)] = E[g(wo)] = (g, 1)
E[g(w;)?] = E[g(wo)?] = (9. 9)
Elg(wi)g(wiyr)] = Elg(wo)g(wi)] = (g, M"g)

A Markov chain is said to be time-reversible if for any A, B € A, the probability of going from B to A is the same
as that of going from A to B. That is,
/ P,(A)dQ(u / P,(B)dQ(u

It is easy to see that it suffices to have the above for all disjoint sets A and B. The above can be rewritten in a more

symmetric fashion as
//1dP )dQ(u //1dP )dQ(u). (4.12)

This is equivalent to saying that for any function g : Q x Q@ — R (assuming both sides are well-defined),

// (u,v) dP, (v) dQ(u // (v, 1) AP, (v) dQ(u). (4.13)

It is also equivalent to say that the operator M is self-adjoint.!” If the Markov scheme can be described by a

transition function f (with respect to @), then time-reversibility is equivalent to the symmetry of f (this isn’t too
difficult to prove using Equation (4.12) and Fubini’s Theorem).
If the Markov scheme is time-reversible, then for any g € L?,

(.9~ t9.Mg) = [ 40— [ [ gtwge) 4P,y aQ
//gwma // (v) dQ(w)

( / / ) dPy (v / / 29(u)g(v) APy (v) dQ(u)) (by Equation (4.13))
_ 5/Q/Q(g(u) — g(©))? dPu(v) dQ(u) > 0. (4.14)

16

Therefore, the spectral radius™® of M is exactly 1.

144 linear operator A such that (Az,z) > 0 for any z.
15an operator A such that (Az,y) = (z, Ay) for any z,y.
16the largest absolute value of its eigenvalues.
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Definition 4.9 (Laziness). A Markov chain is said to be lazy if for each wu,

1
P{u)) = 5.

There are two main, albeit minor and technical, reasons for desiring laziness:

e Sometimes, a lack of laziness can cause parity issues which result in the limit distribution of a chain not
converging to the stationary distribution.

e In the time-reversible case, it makes the operator M positive semidefinite, thus making it far easier to analyze.

To see why the latter occurs, observe that if M is self-adjoint, then so is 2M — I (and is thus associated with a
Markov scheme) and thus,

(FMA) 2 505 = .M = Df) 20

Any Markov scheme can be made lazy easily by flipping a (fair) coin at each step and making a move only if it lands
on tails.

Lemma 4.16. Let wy,ws,... be a time-reversible Markov chain generated by a lazy Markov scheme M with wq
drawn from the stationary distribution @ of M. Then for any function g € L2,

E[g(w;)g(w;)] > Elg(wi)]E[g(w;)] = E[g(wo)?].
Proof. Assume without loss of generality that j > i and j — i = k. Then for any function A, the positive semidefi-
niteness of M implies that
E[h(wi)h(w;)] = (h, M*h) > 0.
Applying this to (g — E[g(wp)]) yields the result. [ ]

4.4.2. Conductance
Definition 4.10 (Ergodic Flow). Define the ergodic flow ® : A — [0, 1] of a Markov scheme by

ﬂmzAamemw

This just measures how likely the Markov chain is to leave A if it is initially in A (and drawn from Q). Since @ is
stationary,

ﬂ@*¢@h®:/ﬂﬂﬂAwmw*/ P.(A) dQ(u)

A Q\A
=Q(4) - / Py(A)dQ(u) — Py (A)dQ(u) (since P,(2\ A) =1— P,(4))
A Q\A
QM) - [ P4 aQ =0,
Q
Even conversely, if for some probability distribution @', the function @' : 4 — [0, 1] defined by

Avs /Apu(sz \ A)dQ (u)

is invariant under complementation, then @’ is stationary.
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Definition 4.11. The conductance of the Markov scheme is then defined as
o = in %
0<Q(A)<1/2 Q(A)
For 0 < s <1, the s-conductance is defined as

b, = inf &
s<Q(A)<1/2 Q(A) — s

The lower the conductance is, the more likely the Markov chain is to “get stuck” somewhere. Loosely, Q(A) repre-
sents the probability of entering a “bad region” whereas ®(A) represents the probability of leaving it.

For any u, 1 — P,({u}) is called the local conductance of the Markov chain at w. If Q(u) > 0, then the local
conductance is an upper bound on the conductance.
More generally, let

H={ueQ:P,({u}) >1-1t}
and s = Q(H;). Then
B(H) = [ PR\ H,) Q) < 1Q(H)
H,
Therefore, the (s/2)-conductance is at most 2.
The main use of defining conductance is that it is closely related to how fast Markov chains converge to their
stationary distribution.
Suppose that Qf is the distribution in the kth step of the chain (Qx(A) = Pr[wy € A]). It turns out that if for all
A € A such that Q(A) > 0, ®(A) > 0, then Qr — Q (in the ¢; distance'”). This manifests as an associated bound

in the speed of convergence.
To make concrete this notion of “speed of convergence”, let us define the following specific distance function.

4.4.3. A Distance Function

Definition 4.12. For = € [0, 1], consider all measurable functions g : 2 — [0, 1] such that

/diQ::c.

We then define the distance function of @ and Qy by

hi(z) = S};p/glg(ko —dQ) = Stglp/diQk = 2

For example, it is easily shown that for a finite Markov chain with N states and uniform stationary distribution,
hi(j/N) is the sum of the j largest (Qy(w) — 1).

n
There are a few things to note.

e For any z, 0 < hy <1 — z. The lower bound is because one can consider the constant function x on €. The
upper bound is because fQ gdQy, is bounded above by 1. In particular, hy(1) = 0.

given by [|fll; = [ 1/1dQ
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e hy is a concave function of x. We shall see below in Lemma 4.18 that the supremum in the definition of hj
is attained. Then, for any a,b, A € [0,1], set z = Aa + (1 — \)b and let g1, g2 be the functions that attain the
supremums for hy(a) and hy(b). Then,

sup /Q 9dQr—z > /Q (Agr + (1 — N)g2) dQr = Mrn(a) + (1 — N (b).

g

The definition of hj is similar to a continuous analogue of the fractional knapsack problem wherein the sum of the
weights corresponds to integration with respect to @, the sum of values corresponds to integration with respect to
Qp, and the weight capacity is z. This analogy also lends itself very naturally in the proof of Lemma 4.18, where we
“assign ¢” to the points which have a high value-weight ratio — this corresponds to the Radon-Nikodym derivative
in the continuous case.

This definition might still seem slightly artificial at the moment, but we hope to give more context to it with the
following few lemmas.

Lemma 4.17. For every set A € A with Q(A) = z,

—hi(1 —z) < Qr(A) — Q(A) < hy(x).

Proof. The upper bound is immediate from the definition of the distance function by taking g = 14 (the indicator
function on A). The similar upper bound for Q2 \ A gives the result. [ ]

Lemma 4.18. For every 0 < z < 1, there exists a function G that is 0-1 valued except possibly on a Q-atom'® that
attains the supremum in the definition of hy(z).

Proof. Let U € A such that Q(U) = 0 and Q(U) is maximum. Let Q" and @), be the restrictions of @ and Qy, to
Q\ U respectively. Clearly, the way we have defined U implies that @}, is absolutely continuous with respect to @’.
Thus, let ¢ be the Radon-Nikodym derivative of ()} with respect to Q’.
Now, let z € [0,1] and g : Q — [0,1] such that [, gdQ = z.
For ¢t > 0, define

Ay =UU{ueQ\U:¢(u) >t} and s =inf{t > 0: Q(A;) < z}.

Observe that since A = ), ., A¢, upper semicontinuity implies that QQ(A,) > 2. Also define

A’:UAt:UU{UGQ\U:¢(u)>s}.

t>s

Lower semicontinuity implies that Q(A’) < z. We also have that A’ C A, and for every u € A, \ A', ¢(u) = s.
Now, choose a B € A such that A’ C B C A,, Q(B) < z, and Q(B) is maximum.
We first show that if Q(B) = x, then the indicator function on B suffices. Indeed, in this case,

/diQkZ/Ungk-F/B\Ug¢dQ+/Q\B9¢dQ

/Ungk+/B\U(g1)¢dQ+/B\Uko+/Q\Bg¢dQ

< / dQx + s/ (g—1)dQ +/ dQr + 3/ gdQ (0<g<1and ¢ <s Q-almost everywhere on Q \ B)
U B\U B\U OQ\B

:Qk(B)—FS/Q\Ung—s/B\UdQ
= Qk(B) + s(z — Q(B)) = Qx(B).

We also see that the supremum is attained when g = 15.
Next, assume that Q(B) < x. Then for every W C A, \ B, either Q(W) = 0 or Q(W) > z — Q(B). That is, the
measure on A’ \ B is concentrated on atoms. Let V be one such atom. As shown above,

/Q 0dQx < Qu(B) + s(z — Q(B)).

18a Q-atom is a set V € A such that Q(V) > 0 and for any V/ C V, either Q(V') = Q(V) or Q(V') = 0.
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To show that this bound is attained, let ¢ = 15 + Aly where A = (z — Q(B))/Q(V). Clearly, 0 < g < 1. Further,

/diQ — Q(B)+2Q(V) ==
and
/Q 9dQk = Qu(B) + AQu(V) = Qu(B) + s(z — Q(B))
where the last step follows since ¢(u) = s for allu € V.C A, \ A’. [ |
Lemma 4.19. If  is atom-free, then
hi(@) = sup (Qu(A) - Q(A)).

Ac A
Q(A)=x
This follows directly from the previous lemma.
If Q is atom-free, note that
1
sup iy (z) = sup |Qx(4) — Q(A)| = 5 |Qx — Q1 - (4.15)
T AcA

Although we did say what a rapidly mixing random walk is earlier in Definition 4.6, we now define it more generally.

4.4.4. Rapidly Mixing Markov Chains

Definition 4.13 (Rapidly Mixing Markov Chain). A Markov chain is said to be rapidly mizing if for some 6 < 1,
sup,, hi(z) is O(6F).

For our needs, the stationary distribution @) is usually atom-free. Unless mentioned otherwise, we assume henceforth
that this is the case. We also assume that the chains are lazy.

Let us now get on to the main subject of this section, namely that of bounding the speed of convergence of rapidly
mixing Markov chains.

Theorem 4.20. For k > 1, if s < x < 1/2, then

hi(z) < (hk,1(az —20,(x — 8)) + hg—1(z + 2P4(x — s)))

DN =

and if 1/2 <z <1 -—s, then

he(z) < % (oot (2 — 285(1 — 2 — ) + hipr (2 + 2B,(1 —x — 5)).

Proof. We prove the first inequality alone.
By Lemma 4.18, let A be a set such that Q(A) = z and hy(z) = Qx(A) — Q(A). Define g1, g2 : @ — [0, 1] by

() 2P, (A)—1, ueA, () 1, u € A,
u) = u) =
5 0, otherwise, 92 2P, (A), otherwise.

The functions map into [0, 1] because the chain is lazy.
Also, let z1 = [, 91dQ and x5 = [, g2 dQ. Observe that 1 + z2 = [, 2P,(A) dQ(u) = 2z. We have

hi(z) = Qr(A) — Q(A)

(o) (=)

(h—1(z1) + hp—1(22)) .

N~ N~

<
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We also have

To—T =T —21 = /A(2 —2P,(A))dQ(u) =28(A) > 2D,(x — s).
Then with the above, the concavity of hx_; then implies that
hie—1(x1) + hg—1(x2) < hg—1(x — Ps(x — 8)) + hg—1 (z + Ps(x — 5)),
completing the proof. |

The next result is analogous to Theorem 4.14 and is our main tool in bounding the speed of convergence using the
conductance.

Theorem 4.21. Let 0 < s < 1/2 and suppose we have ¢y, ¢ such that for s <z <1 —s,

ho(x) < ¢1 + comin{vz — s,v/1 — s — x}.

Then for every k >0 and s <x <1-—3s,

o\ k
hi(x) < ¢1 + camin{v/x — 5,v/1— 5 —x} (1—(I>S>

Proof. We prove this via induction. It clearly holds for £ = 0. Suppose that £ < 1 and s < 2 < 1/2. Using induction,

hi(z) < = (hi—1(z — 2@4(z — 3)) + hy—1(z + 2®4(z — 3)))

l\JM—\

k—1
@2
§c1+c22<1—25 (\/x—Qq)s(a:—s)—s—i—\/x—i—Q(I)S(x—s)—s)

=+ = \/wf< ) \/1—2<1>s+\/1+2<1>s)

P2 2 2
C2 p 20, 492 20, 492
< = — — — — -
_C1+2\/x s 2) (1 5 3 +1+ 5 8)
o2
=ci+cavr—s|1— 7‘9 [ |

Writing the above in a slightly more useful form,

Corollary 4.22. Let M =sup, Qo(A)/Q(A). Then for every A € A,

9 k
Qu(A) — Q(A)| < V3T (1 _ q;) |

Proof. Clearly, for any z, ho(z) < Mx. We also have ho(x) < 1 — x. Therefore,

ho(z) < V/Mz(1 —2) < VM min{yz, V1 — z}.

Theorem 4.21 then implies the required. ]
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4.4.5. An Important Inequality involving the operator M

A little bit of thought makes it quite clear that to analyze the speed of mixing of Markov chains, the spectrum of
the operator M is an important parameter.

Theorem 4.23. Let M be a time-reversible Markov scheme with conductance ®. Then for every g € L? with

E[g] =0,
(9, Mg) < <1 ) lgll® -

Proof. As might be expected, we use Equation (4.14) in this proof. It suffices to show that if E[g] = 0,

/ / (9(u) — g(v)) APy (v) AQ(u) > @ [lg|2.
QJQ

Choose a median r of g, that is, a real number such that Q({z : g(z) > r}) <1/2 and Q({z : g(z) < r}) <1/2. Let
h(z) = max{g(xz) — r,0}. Observe that

/ / (9(u) — g(v))? AP, (v) dQ(u) > / / (h(w) — h(v))* AP, (v) dQ(u)
QJQ QJQ

Therefore, it suffices to bound the quantity on the right suitably. To do this, use the Cauchy-Schwarz inequality to
get

(Jo S 2 () = 2(0)| AP (0) AQ(w))
0 =P R0 00) > S G

Now, by definition, Q({h > 0}) > 1/2. Therefore,

1 gl + 72 _ llgll®
2 > —r)2 = > .
/Qh dQ@ > 5 /Q(g(x) T) 5 2=

To bound the denominator,
[ [+ apuwya@u <2 [ [ o)+ 120) dPu) dQ(w) = 21|
For each t, define A; = {x € Q: h(z)? > t}. Then
| [ —reiariaeu =2 | | B u))(h%) — h2(w)) dP, (v) dQ(u)

= 2/ / ) dt dQ(w) (by Fubini’s Theorem)
h2 (u)

—2/ /Q\A )) dQ(u) dt
>2<1>/ Q(A dt_2c1>/h2dQ:2<I>Hh||2.

The result follows directly, since we now have

/ / (h(w) = h()? dPu()dQ(w) = TV _ 502 a2 > g2 g2,
aJa 4|h|]

which is exactly what we set out to show. |
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Corollary 4.24. Let M be a time-reversible Markov scheme with conductance ®. Then for every f € L? with
E[f] =0,

k
2
(.14 p) < (1—(1;) 1717

We omit the proof of the above.'® This quite neatly captures the fact that rapid mixing depends heavily on

conductance. Indeed, it implies that HMka < (1 —®2/2)%|f|l, so as time progresses, f “fattens out” and goes
closer to 0.
The next inequality can be thought of a central limit theorem style inequality.

Theorem 4.25. Let M be a time-reversible Markov scheme with stationary distribution @ and let wq,ws,... be a
Markov chain generated by M with initial distribution Q. Let F € L? and ¢ = ngol F(w;) for some T. Then,

AT
Varfe] < 40 ||
Proof. We may assume that E[¢] = 0. Then Theorem 4.23 implies that

Var[¢(] =E[$’] = > E[F(w;)F(w;)]

0<i,j<T—1

2
=TIFP+2 Y BIF(wo)F(w,_y)]
0<i<j<T—1

T—1
=T|F|*+2) (T - k)(F, M*F)
k=1

T-1 P2 k
<|FI*{T+2> (T —k) (1 - 2)

k=1

T—1 2\ ¥

2 T
<or|FIP Y (1—2> < S5 IFIE.

k=0

4.4.6. Metropolis Chains

While we have used Metropolis chains previously, let us define them more formally for the sake of completeness.

Definition 4.14 (Metropolis Chain). Let M be a time-reversible Markov chain on (2,.4) and let F : Q@ — R be a
non-negative measurable function. Suppose that F = / F dQ is finite. Denote by ppr the measure with density F'.

Q
We then define the filtering of M by F', denoted M/F, as the Markov scheme with transition probabilities

min F(v) v u
pra [ min{1. o dP.(v), o g A,
/Amln 1, Flu) dP,(v) + /Q max {O, 1-— Flu) } dP,(v), wue€A.

And as mentioned, this modified chain converges to a distribution proportional to F'.

19Tt may be shown by considering M, the restriction of M to the invariant subspace E[f] = 0. By the above lemma, HMH <1-d2/2.

. -k
Then HM’“H < HMH , which immediately gives the result.
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Theorem 4.26. If M is time-reversible, then M /F' is also time-reversible and has stationary distribution Qp =
(1/F)pp.

Proof. From the remark after Definition 4.10, it suffices to show that for any disjoint measurable sets A and B
(B =Q\ A in particular),

/ifMMQmo=/Rﬂmm%wx
B A

/B/Amin {1, ?EZ;} Fg) dP,(v)dQ(u) = /A/Brnin{l, ?EZ;} Fg) dP,(v) dQ(u).

Rewriting, we want to show that

//rnin{F(u),F(v)}dPu(v)dQ(u)://min{F(u),F(v)}dPu(v)dQ(u)7
BJA AJB

but this follows from the time-reversibility of M. |

that is,

Before we move on to the main algorithm, we set up some prerequisite results to make the discussion in the subsequent
section more natural.

4.5. An Isoperimetric Inequality
4.5.1. Log-Concave Functions

A function f:R™ — R20 is said to be log-concave if for any x,y € R and 0 < X < 1,
FOz 4+ (1= Ny) > f@) fy)

This just means that log f is concave (with the convention that log0 = —o0). While we did not mention this by
name, similar ideas were discussed back in the (multiplicative) Brunn-Minkowski inequality (2.7).

It is quite obvious that if f and g are log-concave functions, then so are fg and min{f, g}. The following result due
to | ] is also true.

Lemma 4.27. Let f and g be two log-concave functions. If their convolution h defined by h(z) = [, g(u) f(z—u)du
is well-defined, it is log-concave.

Let F' be a non-negative integrable funciton on R™. As in Theorem 4.15, denote by pp the measure with density F.
We then get the following corollary.

Corollary 4.28. Let K C R™ be a convex body and F' : R®™ — R a log-concave function. Then pup(z + K) is a
log-concave function of x.

This is quite easily proved by setting f = F' and g = 1 in Lemma 4.27.
Setting K to be a rectangle aligned with the axes having edges of length ¢ in k directions and 1/e in the remaining
directions and then taking ¢ — 0 gives

Corollary 4.29. Let F': R® — R* be a log-concave function with finite integral. Then for any subset {z1,...,zx}

of variables, the function
//~-~/Fdx1...dxk
RJR R

Slightly more generally, setting f = 1x+ and g = 1, we get that the function x — vol((z + K’) N K) is log-concave.

Corollary 4.30. Let K and K’ be two convex bodies and ¢ > 0. If {z € R™ : vol((z + K') N K) > t} has an interior
point, then it is convex. In particular, for any 0 < s < 1,

Ks={zxe K :vol((zx+ K)NK) > svol(K)}

in the remaining variables is log-concave.

is a convex body.
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4.5.2. An Improvement of a Past Result

The main result of this section is Theorem 4.34, which is an improvement of Theorem 4.15.

Theorem 4.31 (Localization Lemma). Let g and h be lower semicontinuous Lebesgue integrable functions on R”
such that their integrals on R™ are positive. Then there exist points a,b € R" and a linear function ¢ : [0, 1] — R=°
such that

/1 ()" 1g((1 — t)a + tb) dt > 0 and /1 )" Th((1 — t)a + tb) dt > 0
0 0

The above result is quite useful and reduces integrals in n-dimensions to a single dimension. We shall solidify this
relationship further and give a few related results in Sections 5.1.2 and 5.1.3.

It suffices to consider the case where g and h are continuous. If not, we can find some monotone (strictly) increasing
sequence of continuous integrable functions (gr) and (hy) that converge to g and h. We then have

lim/ gkz/ g>0
k—o00 n n

so for sufficiently large k, fRn gr > 0 and likewise, f]Rn hi > 0. It then suffices to show it for the g; and h; for
sufficiently large k, so we may assume continuity.

Further, note that it suffices to show the inequality with > 0 instead of > 0. Indeed, if we prove it for the weak
inequality, we can apply it to (¢ —a) and (h — a) for some function a that is everywhere positive and continuous with
a sufficiently small integral to get the strict inequality.

We continue the proof over two lemmas. In Lemma 4.33, we in fact obtain the exact required result with a concave
function instead of a linear one. Over the remainder, we refine it to obtain linearity.

Lemma 4.32. There exists a sequence Ky O K7 O -+ of convex bodies such that for each 1,

/ g(z)dr >0 and / h(z)dx >0
K; K;

and K = (), K; is a point or a segment.

Proof. We may choose Ky to be a sufficiently large ball. To find K;;1 given K;, we use a bisection argument. We

choose a half-space H such that
1
/ g(z)dz = = / g(z)dz.
K;NnH 2 K;

The hyperplane supporting the half-space is referred to as a bisecting hyperplane. It remains to show that it is
possible to choose a H at each step such that the K; shrink to a 0 or 1-dimensional body.

Claim. Given any (n — 2)-dimensional affine subspace A, there is a bisecting hyperplane containing it.

This is easily shown by taking any hyperplane containing A, rotating it about A, and using the continuity of the
resulting map that maps a hyperplane to the integral over the half-space on a particular side. This reduces to
showing that for a continuous map ¢ from the unit circle S* in R? to R, there exists 2 on the unit circle such that
f(z) = f(—x). This is not difficult to show, and is left as an exercise.

Now, choose Ag, A1, ... to be the sequence of (n — 2)-dimensional affine subspaces defined by x; = 1 and x; = ry for
1 <i < j < n, where r; and 7y are rational. For each i, let P; be the bisecting hyperplane of K; that passes through
A; and define K; 1 = A; N H;, where H; is a half-space with supporting hyperplane P;.

We wish to show that (1), K; is at most 1-dimensional. Suppose instead that it is (at least) 2-dimensional. Then the
projection of K onto one of the planes spanned by two coordinates axes (say 27 and x2) must be two-dimensional,
and therefore has a rational interior point (r1,r2). However, the hyperplane defined by 1 = r1, x5 = ro is one of
the A;, and in this case, P; bisects K, and therefore also K41, which is a contradiction. |



High-Dimensional Convex Geometry 61 / 105 Amit Rajaraman

In the case where the resulting K is a point a, it follows that g(a) > 0 and h(a) > 0, so Theorem 4.31 follows for
b=aand {=1.
Therefore, we assume that K is a segment. Let a and b be the endpoints of this segment.

Lemma 4.33. There exists a concave function 1 : [0,1] — R™, not identically zero, such that

/1 P(t)"tg((1 —t)a +tb)dt > 0 and /1 ()" h((1 — t)a + tb) dt > 0.
0 0

Proof. Assume without loss of generality that a = 0 and b =e;. For t € R, set Z; = {x € R" : z; =t} and for each
i €N,
wilt) = (Volnl(Ki n Z»)” (n=1)
! VOl(Kz)

Denote by a; and 3; the maximum and minimum of x; over K;. Since K C K;, a; > 1 and 3; < 0 for each 7 and
moreover, a; — 1 and 8; — 0. By Brunn’s Theorem, each v; is concave on [3;, a;].

Note that on any closed subinterval [s,¢] C (0,1) C [3;, ], the (1;) are Lipschitz (due to concavity).? In particular,
fd<s<t<1-4,forany s<zx<y<t,

< SUPze(0,1) Yi(z)

[Vi(y) — ¥i(z)] < S

ly — z|.

The above implies that if we show uniform boundedness of the (1;) on [s, ], then (uniform) equicontinuity follows
as well. And indeed, since the (v;) are concave, then letting v; attain its supremum in [s, ¢] at x;, we have

n—1
¢ (zi+t)/2 Su (x
12/ wzv(t)"*ldtz/ <Pew¢<>> a.
s (s+zi)/2 2

which, after a straightforward simplification, implies uniform boundedness.

Therefore, by the Arzeld-Ascoli Theorem, the (1);) have a uniformly convergent subsequence on any [s, t]; let ¢ be the
resulting limit function. Extending this appropriately to a function on [0, 1], we clearly have that v is non-negative,
concave, and

1
/ Y dt = 1.
0

Now, setting « = (t,y) for t € R and y € R"™!,
(623
/ g(x)dz = / / g(t,y)dy dt
Ki i K;,NZ;
- vol._(K:NZ) t,y) dy | vol(K;);(t)" " dt.
/, <voln1( K7 |, ot y> (Kt

1 i 1 n—
iy Jy o= [ (Voln_l(m 7 /. mZ{/g(t,ymy) dult)"

By definition, the left hand side is non-negative and

™ 1 n— ! n—
[ (S fopseorts)sier-taes [l sonr=a

Therefore, this integral is non-negative and the claim is proved (the expression for h is non-negative by an identical
argument). [ ]

Now, we wish to convert 1 to a linear function.

208ee this StackExchange answer if you are unfamiliar with the result.


https://math.stackexchange.com/a/2662341/447210
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Continued Proof. Define 9, a, and b as in the previous lemma but further, make two assumptions:

e Choose a,b € K such that ||a —b| is minimum. When we say “minimum”, we mean that one of the two
integrals involved is equal to 0, so we cannot make the segment any shorter. Without loss of generality, assume
a=0and b=e.

e Let [, 8] C [0, 1] be the largest interval that v is linear on. That is, ¢ is linear on [a, 8] and |8 — a is maximum
— in the case where v is nowhere linear, 5 — o = 0 (How can we assume that such an interval exists?).

For the sake of simplicity, define 7, to be the projection of z € R™ onto the first axis (71(x) = x1). Define the
functions g, h : R™ — R by .
9(x) = g(mi(z)er) and h(x) = h(m(z)e1).

Also, consider the convex body
K ={reR":0<xz <1,z9,...,2, >0, and z3 + - -+ + 2, < 9¥(z1)}.

The body K’ can be visualized more naturally as taking the union of the (n — 1)-dimensional simplices spanned by
ter,ter + (t)ea, ..., ter +(t)e, over all 0 <t < 1. As a result,

v

n!

VOln_l(K, n Zt) = y
where Z; = 7 (t) is defined as in the previous lemma.
Then,

/lg(x)dx:/o vol(K" 1 Zy)g(ter) dt = ﬁ/o w(t)"g(ter) > 0,

where the last inequality follows from the definition of v in the previous lemma. We have a similar inequality for
the integral of h as well.

Since we have taken ||a — b|| to be minimal, we may assume without loss of generality that [,., §(z)dz = 0.
Consider the (n — 2)-dimensional affine space A defined by 1 = o and 23 + -+ + 2, = 7 for some 0 < 0 < 1 and
7 > 1 (which we shall fix later). Suppose that A intersects the interior of K’. Then by Lemma 4.32, there exists a
hyperplane H through A that splits K’ into convex bodies L4 and L', such that

f -

I'in(ZonK)Y#@and LN (Z1NK') # @ (%)

g(z)dx =0 and / h(z)dz > 0.
A La

Note that

since otherwise, the minimality of |ja — b|| is contradicted.?’ As a consequence, H cannot be orthogonal to the
x1-axis and so, it can be described as xo + - -+ + x, = ¢(x;1) for some linear function ¢ (due to the structure of the
(n — 2)-dimensional affine space A it contains). Due to (x), this £ must also satisfy £(0) > 0 and ¢(1) > 0. Further,
observe that we can succinctly describe Ly N K’ as

{IERnZ()Sim§1,1?2a-~~799n207 andx2+~~~+xn§¢'(t)},

where
¢ (t) = min{y(t), £(t)}

is concave as well.

Now, since 9 is concave on [0, 1], it is continuous on (0,1). Therefore, if there is a discontinuity, it must be at either
0 or 1. Based on this, we take 3 cases and in each, construct an A that yields the desired linear function.

e Case 1. ¢(0) = ¢(1) = 0. Consider the affine space A for o = 1/2. Due to (%), (1/2)e; € La (Why?). Since
£(0),£(1) > 0 and £(1/2) = 7, as we take 7 — 0, £ tends to 0 uniformly on [0,1]. Making 7 sufficiently small,
we see that )’ satisfies the required condition and becomes linear on a length tending to 1 (it becomes equal
to £ for a larger portion as 7 becomes smaller and smaller).

2lwe can then restrict ourselves to L 4 instead of K’ while maintaining non-negativity of the two integrals.
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e Case 2. 9(0) = 0 and ¥ (1) > 0 (the reversed case is nearly identical). Consider the affine space A for
7 =(1)o. (%) implies that 0 < ¢(1) < ¢(1). However, in this case, ¢’ must be linear on [, 1], so we can
obtain linearity on a length tending to 1.

e Case 3. 9(0),7(1) > 0.Consider a convex(!) function 7 : [0,1] — RZ° such that

— 0<n(0) <+(0) and 0 < (1) < (1),
— the convex body K, defined by

Ky={zeR":0<x; <1l,22,...,2, 20, and n(x1) < xo + -+, < (1)}

satisfies

/ g(x)dz =0 and / h(z)dx >0, and
K'I Kn

1
- / n(z) dz is maximal.
0

Such an 7 must exist since the zero function satisfies the first two conditions.

If ¥(0) = n(0) or ¥(1) = n(1), then we are done, since 1) — 7 satisfies the original conditions (non-negative
integrals), and it is already covered in the first two cases.

Otherwise, we have 1(0) < ¢(0) and n(1) < ¢(1). Let (o, 7) be the intersection point of the segments joining
(0,7(0)), (1,%(1)) and (0,%(0)), (1,7(1)) and A be the corresponding affine space. Let H be a hyperplane
containing A dividing space into two half-spaces M and M’ such that

/ g(z)dz = / g(z)dx = 0.
K,NM K,nM’

Also, choose M to be the half-space that contains (1/2)e; (the one that “faces down”).

It is clear from contruction that any (n — 1)-dimensional hyperplane containing A, H in particular, either
intersects both ZyNK,, and Z;NK;, or neither. The latter cannot happen due to () (or rather, the corresponding
expression for K, rather than K').

Now,

/ , h(z)dz < 0.

Indeed, otherwise, the linear function ¢ corresponding to H contradicts the maximality of 7. However, this

implies that
/ g(x)da = / g(x)da — / g(x)dz =0
MNK’ ’ M’

/ h(x)dz = h(z)dz — h(z)dz > 0.
MK’ 1 M

and

Finally, M N K’ is a truncated cone, thus completing the proof. |

The above result has some interesting corollaries, namely Theorems 4.34 and 4.36, which are of interest to us. The
following is an improvement of Theorem 4.15.

Theorem 4.34. Let K C R™ be a convex body, 0 < ¢t < 1, and K7, K3 be two measurable sets in K such that for
any a,b € K, the distance between K; N [a,b] and K3 N [a,b] is at least ¢ ||a — b||. Then for any log-concave function
F with support K,

pe (M (K UK)) > 2o min{ e (Ky), o ()

The above bound is tight when K is a cylinder and F' is identically 1. Note that ¢t > d(K;, K2)/diam(K) (which
explains why this is an improvement of Theorem 4.15).
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Proof. Suppose otherwise. Assume that K7 and Ko are open (otherwise, we can delete the boundary and enlarge
them slightly to open sets while preserving both the assumptions and the inequality). Denote K3 = M \ (K7 U K3).
Define

F(x), x € Ky, F(x), x € Ko,
g(x) = flTjF(z), r € Ks, andh(z)= flTjF(z), xz € K3,
0, otherwise, 0, otherwise.

By our assumption, the integrals of g and h over R™ are positive. We can then apply Theorem 4.31 to get a linear
functional ¢ and a,b € R™ such that

/1 £(w)" tg(ua + (1 —u)b)du > 0 and /1 £(w)" " *h(ua + (1 — u)b) du > 0.
0 0

For each 1 < i < 3, define
Hi={uel0,1]]:ua+ (1—u)be K;} and G(u) = ﬂ(u)”_lF(ua + (1 —w)d).

Substituting g and h in the above equation, we get

G(u)du < 12ttmin{ . G(u) du, . G(u) du}. (4.16)

Hs

Intuitively, the worst case to prove appears to be when Hj is a single interval — as we shall see later in the proof, we
can reduce it to this case even in general. We show the following claim, which just asserts that Equation (4.16) is
incorrect (for the single-interval case). Define pg to be measure on [0, 1] with density G.

Claim. For0 <s<s+t<1,

pels,s 1)) > T min{uc([0,5), peis + 1) (4.17)

Before we move to the proof, note that Theorem 4.15, which has a ¢ in place of 2t/(1 — t) above, is trivial now.
Indeed, since G is unimodal??,

pa([s,s+1t)) >t [inf ]G(x) > tmax{s,1 —s—t} [inf ]G(x) > tmin{pg([0, s]), pa([s + ¢, 1])}.
x€|s,s+1 r€|s,s+t

First, note that since G is the product of two log-concave functions, it is log-concave as well. Choose constants ¢, ¢y
such that G(s) = coe®® and G(s +t) = coec®tY). By the log-concavity of G, G(u) > coe for s < u < s+t and
G(u) < coe™ elsewhere. As a consequence, it suffices to show Equation (4.17) for the case where G(u) = coe™.
Further, we may assume that ¢y = 1. We wish to show that

eClstt) _ o5 > 2t min {ecs —1,e°— ec(s+t)} .
- 1 t )

The worst case is when e — 1 = ¢ — ¢(5%t) (Why?). That is,

os _ 14e°
1+ect’
We then aim to show that . .
1+e€ 2t 14 e
ct
—1 > —1].
(e )1+§t_1—t<1+&t )

Let x = e“ > 1 and A = 1/t > 1. The equation then becomes

(z— 1)1 +2*) > 2

22there is some m € [0, 1] such that G is monotonically increasing for z < m and monotonically decreasing for = > m.



High-Dimensional Convex Geometry 65 / 105 Amit Rajaraman

that is,
A+ 1)z -2+ A=) (@M —1)>0.

Letting the expression on the left be h(z), we get h(1) = h/(1) = 0 and h”(z) = (A2 — DA (z*~ — 2*72) > 0, thus
proving the claim for all z > 1.

Now, how do we reduce the general case problem to this? For each maximal interval I = (a,b) contained in Hs of
length at least ¢, colour [0, a] red if ug([0,a]) < pa([b,1]) and [b, 1] red otherwise. The above claim implies that each
interval introduces a red set of pug-measure at most 127/%;(((1, b)). The entirety of the red set then has measure at
most -t (Hs). It then suffices to show that either Hy or Hy is completely red.

Suppose otherwise. Denote by U the region that is uncoloured. We then have that U intersects both H; and Hs.
By construction, U is an open interval. Since the distance between H; and Hs is at least ¢, U N Hy must contain
a subinterval (of length at least ¢). This is a contradiction because there is an adjacent red interval (that intersects

U). n

Setting F' to be identically 1 on K in the above result, we get the following.

Corollary 4.35. Let K C R"™ be a convex body, 0 < ¢t < 1, and K7, K5 be two measurable sets in K such that for
any a,b € K, the distance between K; N [a,b] and K3 N [a,b] is at least ¢ ||a — b||. Then

2t
vol(M \ (K1 UKy)) > T—3 min{vol(K7), vol(K2)}.
In particular, if K has diameter d and the distance between K7 and K> is at least 1,
2
vol(M \ (K1 UKjy)) > 1 min{vol(K7), vol(K2)}.
Theorem 4.36. Let F be a log-concave function on R™ and 6 < 1 such that
/ F(x)dxz =106 F(z)da.
R7\ BY R
Then for every u > 1,

Rn

/ F(z)dz < gutb)/2 F(z)da.
R™\uBp

Proof. Suppose otherwise. Then exactly as we did in the proof of Theorem 4.34, there exist a,b € R™ and a linear
function £ : [0,1] — R such that on setting

Gt)=Lt)"'F((1 —t)a + tb),
Hy ={te[0,1]: (1 —t)a+tb e By},
Hy={te[0,1]: (1 —t)a+tb € uBy \ By}, and
Hz = [0,1]\ (H1 U H3),

we have L
/ G(t)dt < / G(t)dt (4.18)
HyUHS3 0
and .
/H G(t)dt > glu+D)/2 /0 G(t)dt (4.19)

As seen before, G is log-concave. Further, note that H; is an interval and Ha, H3 consist of 1 or 2 intervals.

If 0 € Hy, we can choose a point s € Hy such that

Jo,so, GO AL [  G(2)dt
S, GO AE [ G0 dE”
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We can then replace [a, b] with one of [a, (1 —s)a+sb] and [(1—s)a+sb, b] (that is, replace [0, 1] with [0, s] or [s, 1]).%3

Therefore, we may assume wlog that 0 € Hy, that is, a € BY.
Let Hy = [0,qa], Hy = (o, B8], and Hz = (B,1]. It is easily shown that 8 > (“t)a.

Now, choose constants ¢ and ¢y such that

« o 1 .
/ G(t) dt = / coe—t dt and / G(t) dt = / et dt.
0 0 8 o

Note that the log-concavity (unimodality in particular) of G implies that for all & <t < 8, G(t) > cpe™t. Therefore,

1 00
/ G(t)dt > / coe”“t dt.
0 0

However, Equation (4.18) then implies that

Jo G(t)dt
e dt
Jo coe™ et dt
JoS coe—ct dt
et

=& —~ —e
fooo coe—ct dt

>1-

Using the above, we now have
glut1)/2 > g—ca(ut1)/2
> e P
B f;o coect dt - fﬁl G(t)dt
CJo coetdt T Gt dt’

thus resulting in a contradiction to Equation (4.19) and proving the claim.

Corollary 4.37. Let K be a convex body in R” and § = vol(K \ BY)/ vol(K). Then vol(K \uBy) < §(“+1)/2vol(K).

Before we conclude this section, we give two more lemmas that will be useful in the future.

Lemma 4.38. Let K be a convex body and § = vol(K \ BY)/vol(K). Then K C 3% B

Proof. Let x € K be the point farthest from the origin and R = ||z||. It suffices to show the result for Conv (K N B¥) U {«}

(Why?). Assume K to be of this form.

Note that K is contained in
R+1 n
{IL'+ (R_l)U$+UEK\B2}

Then,

vol(K) < <R—|_1>nvol(K \ By <6 (R+ 1)nvol(K).

R-1 R—-1

Therefore,

2n
< < .
—1-0Yn —1-46

R

23Multiplying by the appropriate factors leaves Equation (4.18) unchanged in the restricted segment, and one of the two intervals will

also satisfy the restriction of Equation (4.19).
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Lemma 4.39. Let 0 <t < 1. If vol(K \ (z + K)) < 1/2vol(K), then vol(K \ (tz + K)) < (2t/3) vol(K).
Proof. Define ¢ : [0,1] — R by
vol(K N (uzx + K
= YUK D (w4 F))
vol(K)
Corollary 4.29 (or rather, the line right after it) implies that ¢ is log-concave. We have (0) = 1 and (1) > 1/2.
Therefore, ¥(t) > 27t so

vol(K \ (tz + K)) < (1= 27" vol(K) < %VOI(K). -

4.6. An O*(n") Algorithm using Ball-Step

As in most volume estimation algorithms, the basic idea remains nearly the same, the changes being only in the
walk. The algorithm used here involves the “ball-step” mentioned earlier. It is worth noting instead of the “ball” in
ball-step, one could use any other symmetric convex body G. An obvious choice is the cube, which is quite convenient
to draw points uniformly randomly from from a programming perspective. Our analysis shall be done in this general
case.

4.6.1. Ball-Step and Bounding Conductance

The basic walk M is as follows: when we are at vy, we let vg41 = vy with probability 1/2. Otherwise, we generate a
random vector u from the uniform distribution on G. If v +u € K, set vip+1 = v +u and otherwise, set vg11 = vg.
This is termed as the lazy random walk in K with G-steps.
In this particular algorithm, we further filter it to obtain a Metropolis chain (recall that we defined this in Defini-
tion 4.14). That is, for any measurable A such that = & A,

and

P.(z) :;+2\IC)11(C¥)/Z+GmaX{0’1_ ?Ez;}dy

Recall from the discussion after Definition 4.11 that we denote by H; (for 0 < ¢ < 1/2) the set of points such that
/ min{F(z), F(y)} dy < tF(x) vol(G),
z+G

the set of points where the probability of moving out is less than t. We also saw that the (Qr(H¢)/2)-conductance
of the chain is at most 2t¢.

The main result of this section, which is an improvement of a previous result, says that if the local conductance is
large and the “diameter” (not the usual Euclidean diameter) of K is small, then the overall conductance is large.

Theorem 4.40. Let 0 <t <1/2,0< 6 < 1, and s = Qp(H;). Assume that for all z,y € K,
1
vol(GN (B(x —y)+ G)) < 3 vol(G). (4.20)
Then the (7s/t)-conductance of M(K,G)/F is at least t0/18.
Our idea of diameter here is 1/6 (where 6 is the minimal value satisfying the required in the above theorem). It is

seen that 1/6 is the usual diameter under the norm whose unit ball is {z : vol(G N (x + G)) > vol(G)/2}. If G is the
Euclidean ball, then 1/6 grows as \/nd, where d is the usual Euclidean diameter of K.
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Proof. Alternatively, the above result states that if we split K into measurable sets S; and Sa,

20 vol(G) 7s

/Sl /Sm(a:+G) min{F(z), F(y)} dy dz > —— = min {QF(sl) - % Qr(Sz) t} _

We may assume that Qp(S1) and Qr(Sz2) are both greater than 7s/t. For i = 1,2, define

Sl = {x €S pur((x+G)NS3_;) > ;vol(G)F(x)},

S = (S;\'S;)\ Hy, and

S3 = S]US,U H;.
Note that S, S5, and S are disjoint (and cover the entirety of K). Each S represents the “good” points in S; —
the probability of transitioning to S3_; is decently high, or rather, sufficiently higher than the probability of even
being at that point in the first place.
The only problematic points are those in the S
Claim. If z; € 57 and x5 € 57, then vol((z1 + G) \ (z2 + G)) > £ vol(G).

Suppose otherwise. Observe that the expression under consideration is symmetric in £; and z2 so we may assume
that F(z1) < F(x2). Define G; = x; + G for i = 1,2. Since S/ and H, are disjoint,

/ min{ F(z;), F(y)} dy > t vol(G) F(z;).
G
We also have (by the contradiction assumption) that
4
/ min{F(z2), F(y)} dy < = vol(G)F(x2).
G2\Gh 3

Therefore,
2
/ min{ F(zs), F(y)} dy > 2 vol(G) ().
GaNG1q 3

Since xo & S5,
. . t
/ min{F(z3), F(y)} dy < / min{F(z3), F(y)} dy < 3 vol(G) F(x2).
GaNG1NSy G2NSy

Because S1 U Sy = K,
t
/ min{F(z2), F(y)} dy > = vol(G)F(x2).
G2NG1NSs 3

Multiplying by F'(x1)/F(z2) on either side,

/ min{ F(z1), F(y)} dy > %vol(G)F(ml)
G2oNG1NSs

and so,
/ min{F(z1), F(y)} dy > %VOI(G)F({El).
G1NS2

However, this means that xy € S}, proving the claim.

Observe that the above claim is equivalent to saying that if 21 € S and x5 € SY, vol(GN((22 —21)+G)) > £ vol(G).
Therefore, Lemma 4.39 implies that

vol (G N (?(LUQ — 1)+ G)) > %vol(G).
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If we have some a, b € K such that S{N[a,b] and S5 N[a, b] are non-empty and the distance between them is p ||b — al|,
then the claim above together with Equation (4.20) imply that p > t0/2. Using Theorem 4.34,

pr(Ss) > min{pp (S7), pr(S3)}-

o
1—t6/2
Further note that

1r(Si) > pr(Si) — pr(S;) — pr(Hy) > pr(S:) — pr(Ss) — s.
That is,
(1 + tG) pr(Ss) = v min{pp(S1) = s, pr(S2) — s}
2 ~1-t0/2 ’ ’
SO
pr(S3) 2 tmin{pp(S1) — s, pp(S2) — s}

We also have

/ / min{F(z), F(y)} dydz > / / min{F(z), F(y)} dy dz
S1 JSaN(z+G) 1/ SaN(z+G)

> /S évol(G)F(:v) dz — évol(G)uF(Si).

/
1

A similar inequality holds with pp(S5) instead of pp(S7) as well (invoking time-reversibility). Finally,
t
[ [ minF@), P} dyde > S vol@ue(s; U S)
S1 Szﬂ($+G)

= —vol(G)ur(Ss \ Hy)

> —vol(G) (t@ min{up(S1) — s, prp(S2) — s} — 5)

_ ?min{w(gl)_s <1+t19> ,uF(Sz)—s(Htle)}

i {MF(Sl) - §,MF(52) - 7:} :

v
|

s

=

Corollary 4.41. If the local conductance of M(K, Q) is at least t at each point, its conductance is at least t26/18.

4.6.2. The Walk

A simple albeit important problem is that of deciding how to sample from the body G we are considering. As
mentioned at the beginning of this section, a cube is quite convenient from a programmer’s perspective. The
Euclidean ball is not too problematic either. Letting &1,...,&, be iid standard normal distributions and 7 be
uniformly distributed in [0, 1], we see that

Vo = (Ul/n ;562,...,771/" §§2>

is uniformly distributed in B%.

We modify the G-walk described above into a suitable Metropolis chain, with the primary function being quite
similar to that we used in the O*(n®) algorithm described in a previous section. Define

o (z) =min{t >0:z € tK}
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and Fg(z) = e 5, Clearly, 0 < Fx < 1. We often refer to these functions as just ¢ and F if it is clear from
context what convex body we are talking about (this is almost always K). First of all, we can use Equations (1.2)
and (1.3) to get
oo
F = nvol(K)/ t"lemtdt.
R 0
That is,

vol(K) = / P, (4.21)

=/
Let h : R™ — R be any function such that / h(t)t" ! dt exists. Then another useful corollary of Equations (1.2)
0
and (1.3) is that
/ h(¢(z)) = nvol(K) / R(t)t" ! dt. (4.22)
n 0

0= (s )

The reason for choosing such a convoluted function is made clear by the following lemma.

Lemma 4.42. Let v be randomly distributed in R” with density e~#(*) /(n — 1)!. Then
H(v) = Mo(v))v

Now, define
1/n

is uniformly distributed on K.

Proof. Set h(t) = e7t/(n — 1)! and fix some 0 < s < 1. Observe that the set sK is mapped by H to s\(s)K.?*
Obviously, the probability of sA(s)K under the uniform distribution on K is (sA(s))™. The probability of sK under

the given density h is
e— () s
/ s dr = / h(t)t" ! dt.
sK (n - 1) 0

By the definition of A, these two quantities are equal. Since we can similarly restrict ourselves to any fixed cone
similarly, the assertion holds and H(v) is uniform. [ ]

While we used usual (deterministic) sandwiching in our earlier algorithm, it turns out that we can get an algorithm
that gives a better sandwiching ratio without being too costly in terms of time by introducing randomness.

3/2 more than

The sandwiching we take is such that more than 2/3 of the volume of B isin K and foral <m <n
2/3 of the volume of K is contained in the convex body mBj.
There exists a randomized algorithm to obtain a m = n in the above (which we describe later), but for now, we shall

analyze it for a general m.

Set ¢ = 2mnlog(4/¢) and t = 10%n¢?(nlogn + log(2/e)).

In the algorithm, start with the uniform distribution on BY and do a lazy random walk in ¢B% up till time ¢ with
BY-steps, filtered by F (as defined earlier in the section). Compute w = H(v;). We claim that w is close to being
drawn from the uniform distribution. This is stated more rigorously in the following, which is the main result of this
section.

Theorem 4.43. For any (Lebesgue) measurable set A C K, the random point w described above satisfies

vol(A)

Prw e A] — VoIl(K)

Moreover, it requires O(n?m? log?(1/¢)(nlog n+log(1/¢))) membership tests and O(n*m? log(1/e)(nlog n+log(1/¢)))
arithmetic operations involving numbers of O(logn) bits.

24if ¢ € sOK, then H(z) = \(s)z.
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The remainder of this section is dedicated to proving the above.

Lemma 4.44. Let H be a halfspace in R™ and B a unit ball whose center is at distance ¢ from H. Then

(i) ift <1/,
vol(BNH) > (; - t‘f) vol(BD).
(ii) if t > 1/v/nm,
1 2\ (nt1)/2 n L a2 n
vy vol(Bf) < vol(H 1 B) < ;{1 — ) vol(BY).

Observe that the above is just a (better) bound on the volume of a spherical cap, which we rudimentarily bounded
back in Lemmas 1.1 and 1.2. We omit the proof of the above.

The above with the sandwiching we are taking implies that (1/3n'/2)By C K. Also, Lemma 4.38 implies that
K C 3nmB%. Therefore, for any z € K,

x
I < oy < 3l (4.23)
The first lemma justifies why we can restrict ourselves to ¢B%.

Lemma 4.45. Given the above,

<1 - Z) vol(K) < ;!/(,B; F(z)dz.

Proof. Let K = K NmBY. Note that for any =, Fiz(z) < F(z). We then have

/ F(z)dx > / F(z)dx (2nK C 2nmBY)
2nmBY 2nK
> / F(z)dx
2nK
— [ et 0<t<2n,
= nvol(K)/ e tnhdt using Equation (4.22) on h(t) = -
0 0, otherwise.
39 —
——nl
> 10" vol(K)
1
> %n! vol(K) (at least 2/3 of the volume of K is in mBy)
for sufficiently large n.
Alternatively,
7 7
F(x)dx < —n!vol(K) = — F(x)dx.
/Rn\%m By ) 20 20 Jgn

We can then use Theorem 4.36 to get

log(4/¢) .
F(x)de < | = F(z)dz < -nlvol(K)
20 o 4

/]R"\an log(4/€)BY
for sufficiently small e, thus proving the required. |

The second lemma bounds the conductance of the chain.

Lemma 4.46. If p > 104/n, then the conductance of M(pB¥, BY)/Fk is at least 1/(20000py/n).
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Proof. The first step is bounding the local conductance, much like we did for the earlier algorithm. Let x € pB% and
y be chosen randomly from = + BY. By the condition that p > 10y/n, y & pBY with probability at most 5/9. Since
2/3 of the volume of BY is in K, y ¢ K with probability at most 1/3. Therefore, y € pBY N K with probability at
least 1/9. Fix such a y. Then

yex+ K Co(x)K+ K = (¢(z) + 1)K,

so ¢(y) < ¢(x) + 1. Therefore, Fx(y) > Fx(x)/e. This bounds the local conductance below by 1/9e¢ > 1/25.
In the context of Corollary 4.41, the minimum value of 6 is bounded below by 2/3pn'/? (using Lemma 4.44).2°
Corollary 4.41 then yields the result. |

Let us now move on to the proof of the main theorem.
For A C R™, define

4 F(u)du
and f Flu)d
Qp(4) = =2

ffIBS’ F(u)du.

For measurable A C K,

Prjw € A] = Pr[v; € H 1 (A)] = Q:(H ' (4)).
By Lemma 4.42,
vol(A)

Qr(H™'(4) = vol(K)'

Clearly, it suffices to show that for any measurable U C R"”,

Qr(U) — Qu(U)] <e.
Using Lemma 4.45,

prU)  prUNgBY)
pr(R™) pr(qBs)
prU)  prp(UNgBy)
~ ur(Rm) pr(R™)
_ nr(U\¢By)
pr(R™)
pr(R™\¢Bg) €
pr(R™) 4
, pr(UNgBy)  pr(U)
Qr(U) —@r(U) = pr(gBy)  pr(R")
< he(UNgB3)  pr(UNgBy)
nr(gBy) pr(R™)
_ pr(UNgBy)ur(R™\ ¢B3)
pr(gBy ) pr(R™)
< bR\ gBy) _ ¢
prR™) T4

25try bounding the distance d such that vol(Bf N (dey + B%)) > vol(B%)/2 and going from there.

Qr(U) - Qp(U) =

<
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Therefore, it suffices to bound |Q%(U) — Q:(U)| by 3¢/4. To do so, we use Corollary 4.22. To estimate M (in the
context of Corollary 4.22),

Qo(4)
M = sup
A Qp(4)
B'n.
= %f) (the supremum is attained for A = BY)
pnr(Bg)
nlvol(K) )
— Equat 4.23
= Vi vol(BY) (Equation (4.23))
< n3n" n! < n", M < §m"’e—3\/ﬁ < gnn/Q
vol(By) = 2 3

for sufficiently large n. By Lemma 4.46,
1

i —
= 20000qy/n

Therefore,
o2 '
QuU) ~ Q)] < "2 (1 - 2)

_ s (1 _ %i (nlog(n) + log(2/€)))

N ™

< 32 exp <_225 (nlog(n) + log(2/€))) <

This proves Theorem 4.43.
It is actually possible to perform the above algorithm with a far smaller value of ¢ (O*(n*m?)) while taking 1555~ B5-
steps, but the analysis is more complicated so we omit it (we would have to use s-conductance in the proof instead).

4.6.3. Better Sandwiching and Ignoring the Error Probability

One of the basic assumptions in our algorithm was that of the sandwiching. Our body K is such that
e At least 2/3 of the volume of BY is in K.
o At least 2/3 of the volume of K is in mB% for some 1 < m < n3/2,

We have already seen in Section 4.1.2 that it is possible to deterministically obtain get By C K C n3/2BJ. Sticking
with n?/2 would cost us a running time of n in the main part, so how do we do better?

Suppose we have nil/QBg C K CnBy. First, we randomly select T' = 3logn points in B3 independently and then
check if they are in K. If one of them is not, we have a point in B¥ \ K to perform the ellipsoid step. Otherwise, we
shall conclude that at least 2/3 of the volume of BY is in K. Indeed, if not, the probability that we do not find a
point in B\ K is less than (2/3)3°2" < 1/(100n2logn). The procedure itself lasts at most 25n2 logn steps, so the
probability that it halts with K containing less than 2/3 of BY (which it has) is less than 1/4.

This gives a randomized algorithm that achieves the required with error probability less than 1/4.

It is worth noting that here, we have the second condition for m = n in a stronger sense with at least 2/3 of the
volume of Bf in K and K C mB%.

We now discuss another tactic to obtain the first condition in a strong sense and the second condition in a weaker
sense using the polar.

Suppose we have By C K C n?/2By. If K contains some point z with |z|| > 6n, then we first expand the body
by a factor of (1 + 1/n) in all directions orthogonal to z, shrink it by a factor of 3 along z, and then translate
it by (—=2/3)(x/ ||x||). This affine transformation of K still contains By (Why?). We can repeat this until we get
By C K C 6nBYy (or rather, some affine transformation of K).
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However, there is still one problem — how do we find a valid = or determine that no such x exists? That is, we
wish to determine if X' C 6nB3 and if not, find a point in 683 \ K. We can do this by generating log;,5(10n logn)
independent random points in K (!) and test if they belong to 6nB%. If one of them does, we have a point to carry out
the ellipsoid step. If all of them belong to 6nB%, then we shall conclude that at least 2/3 of the volume is in 6nBY.
Indeed, if not, the probability of not finding a point in 6nBy \ K is less than (2/3)1°8s/2(10n1en) <1 /(10nlogn).
Generating points in K is quite expensive however, especially because the whole reason we are sandwiching is to
make generating points easy.

If we use the sampling algorithm discussed in Theorem 4.43, we require O(n*m?logn) membership test and
O(n®m?logn) arithmetic operations.

With a neat little trick however, we may in fact take m = O(n) here. Let K’ = K N 18nBY. If vol(K \ 6nBY) =
§vol(K) (6 > 1/3), then by Corollary 4.37, vol(K \ 18nB%) < 6% vol(K). Therefore,

vol(K'\ 6nBY) = vol(K N 18nBY) — vol(K N 6nBY)
> (1 —6*)vol(K) — (1 — 0) vol(K)
= (6 — %) vol(K)
= O vol(K N6nBY) = §vol(K' N6nBY)
(1+60)vol(K'\ 6nBY) > 6 vol(K")

vol(K' \ 6nBY) > %VO](K/) > —vol(K").

+0

NG

We need to generate O(n log? n) random points overall, which makes the cost of this phase O(n” log® n), which is at
most a log factor more than that of the main part.

The reader might be wondering why we even introduced this alternate way to obtain a sandwiching; it does not
seem to be any better than what we did earlier with the strong satisfaction of the second condition. In special cases
however, this method turns out to be extremely powerful.

If K is a polytope with polynomially many (in n) facets, the two conditions can be attained with m = O(y/nlogn).
If K is a symmetric polytope with polynomially many facets, then we can in fact achieve m = O(logn)!

We mentioned in Section 4.6.2 that while it seems like we sacrifice precision and get a bad error probability ¢, this
is not really the case. This is due to a neat statistical trick from | | which claims that it suffices to solve
the problem for § = 1/3. Fix some € > 0 and suppose we have some algorithm that calculates a ¢ such that
¢ €[(1—g)vol(K),(1+¢e)vol(K)] with probability at least 2/3. Let s = 10log(1/d) and repeat the algorithm 2s+ 1
times to obtain (1, s, ..., (2s+1. Arranging the ({;) in increasing order, let ¢ = (541 (the median).

We claim that Pr[¢ € [(1 — &) vol(K), (1 +¢) vol(K)]] > 1 — 0.

If ¢ is not in the interval, at least (s + 1) of the (2s + 1) ({;) are outside the interval. We can then use Chernoff’s
inequality, which yields that out of 2s + 1 independent events, each having a probability at most 1/3 of occurring,
the probability that more than half occur is at most e=5/10 < §.

4.6.4. Bringing Everything Together and a Final Analysis

We have now built the various parts of the algorithm, and all that remains is to put the pieces together.
Let K be a convex body with (2/3) vol(Bg) < vol(K N BY) and (2/3) vol(K) < vol(K N'mBY). We have described
how to attain this (in a randomized manner) in Section 4.6.3.

Although we have described the primary algorithm in detail before, we restate it here because it is slightly different.
Set ¢ = 4mnlog(1/¢), k = 4nlogn, and t = 10 nkq?c 2.
For each i, define

Fy(z) = min{F(x), exp(— [|[| n"/?27"/")}

where F' is defined as in the beginning of Section 4.6.2.

Now, for each ¢, perform a lazy walk taking 3t steps in ¢Bj with Bj-steps, filtered by F;. Let these steps be
Vi1, -.,0;3. The stationary distribution of this walk Qp, is such that Qp,(A) = pr(A)/pur(gBY). Here, the first ¢
steps are to get close to the stationary distribution, the next ¢ are what we use for the algorithm, and the last ¢ are
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to ensure independence from the next phase.
The ith walk begins where the (i — 1)th ends. For each i, compute
2t
1
j=t+1

Fi_1(vi )
Fi(vi ;)

Note that

A N/ Fi_l(l‘) dQ ( ) - qu; Fi—l(x) dz - VOl(Ki_l)
" Jepy Fix) F qug’ Fy(z)dx vol(K;) ’

where K; = 2/" By N K. Finally, we return our estimate of vol(K) as
vol(K) = (AyAg -+ Ag) "' vol(BY).

Let us now analyze this beast.

Theorem 4.47. If K is a convex body such that vol(K N BY) > (2/3) vol(BY) and vol(K N mBg) > (2/3) vol(K)
and ( is the estimate returned by the above algorithm, then

Pr[(1 - )¢ < vol(K) < (1+£)¢] > 3/4.

Further, the algorithm uses
(@) <n3m2672(n +log(1/¢))?(log m + log log(1/¢))? log2(1/5)>

membership oracle calls.

Corollary 4.48. Let K be a convex body given by a well-guaranteed membership oracle. Then it is possible to
compute a ¢ such that
Pr[(1-e)¢ <vol(K) < (14¢e)X]>1-6

in
o (n7€*2 log?(n) log?(1/¢) log(l/é))
oracle calls. Further, if K is a polytope with polynomially many (in n) facets, we only require O (n65’2 log*(n)log?(1/¢) 10g(1/6))

oracle calls and if K is a centrally symmetric polytope with polynomially many facets, we only require O <n55’2 log*(n)log®(1/¢)lo

oracle calls.

The rest of this section is dedicated to proving the above, which we have already done most of the work for over the
past 3 subsections. For each 4, let W, = qun F;. By Lemma 4.46,
2

€ 1

First, we claim that for any ¢,

DN =
IA
§ ;

IA
—
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Indeed, the latter inequality is trivial and for the former,

W; = / Fi(z)dx
4B
<

2i/mqBY

1 .
=- / Fi (272 da
2 qB;L

1/ 1
S = Fi, z)dx = *Wifl.
2 /oo (@) 2

We also see that Wy is easily computed to be n="/2n!vol(BY).

What are the possible (probabilistic) sources of error in our algorithm?
1. The distribution of the point v; ;+; generated is not exactly (1/W;)QF,.
2. The points v; 4+1 are not independent.
3. The sum used to estimate W;_1 /W, has variance.

Let us look at each of these separately, starting with the first.
Let P, represent the distribution of v; ,. As defined in Section 4.4, let h; , be the distance function between P,
and Qr,. Because QF, is atom-free,
hip(x)= sup P;p(A)—=x.
ACqBy

Also let hg p(z) = 0. Define & = min; ®;. By Lemma 4.46, ® > 1/(20000g+/n). Also define

Lemma 4.49. For every 0 < x <1,

hi () < 2nmin{\/z,/1 -z}, ift<p <3t
PP Y 4min{y/z, /1T —x}  otherwise.

Proof. We prove this with induction on i. The claim is trivially true for ¢ = 0. Let ¢ > 0. Then for some A C ¢BY
hi’o(aﬁ) = PZ‘70(A) — X.
Let y = QF,_, (A). Then
1

2
= F;_ udug—/Fiudu:ZE.
Y Wi—l/A 1(w) Wi Ja ()

Therefore, using the inductive hypothesis,

hio(z) = Pio(A) —z
=P_13(4) — =z
= (Pi—13t(A) —y) + (y — )
< hi—13¢(y) + min{z,1 — 2} (y—z <ux)

< 2nmin{\/y, /1 — y} + min{\/z, V1 — x}
< (14 2v2n) min{y/z, V1 -z} < (1 + 4n) min{y/z, V1 — z}.
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We can then use Theorem 4.21 to conclude that for p > t,
o2\"
hip(z) < (1 + 4n) min{v/z, V1 — z} <1 - 2)
< (n+4n*) min{y/z,v1 — 2} < 2nmin{y/z, V1 — z}.
The case for p < ¢t follows similarly (with the last two inequalities above slightly modified). |
The above lemma resolves the first of the issues by bounding how far the distribution of v; 41 can get from the

required.

Next, let us look at the second issue. Let v = v;, and w = v;; for some ¢ < j and t < a,b < 2¢t. Let f(u) =
—1(u)/Fi(u) and g(w) = F;_1(w)/F;(w). We wish to bound the correlation between the two random variables.

Lemma 4.50. Let f, g, u, and w be defined as above. Then
|E[f (u)g(w)] — E[f (u)]E[g(w)]| < 4.

Proof. Let us consider another random walk T; 4, ...,7; defined as follows. The transition probability from a T to
another is exactly the same as that for the v, but the distribution of the starting point v; , is slightly different. Set
1 W;

Cf = = .
quéL fdPi, Wi
Further, let

= dP;q
Pi’a(A) = Pr[@,a] = ffA ff dP = / fdPl a-
an 7,a

Similarly, for each i < k < jand 0 < r < 2t, let ﬁk,r be the distribution of vy ,. Then

Elf(wg(w)] = [ Blf(u)g(w) | v =] dP.a(o)

Therefore,
|[ELf (u)g(w)] - E[f (w)]E[g(w)]| = E[f(u)] [Elg(T;) — g(vip)]|
=] [ o) (4P —aPy)
< sup |P;p(A) — Pjp(A)] (; < E[f(u)] <1 and Equation (4.15))
AcA
< sup [P p(A) = Qr, (A)| +|Qr.(A) — Pj4(A)]
AeA

By Lemnia 4.49, the second quantity is at most 2n. For each i < k < j and 0 < r < 2¢, let Ek,r be the distance
between Py, , and Qp,. To bound the first quantity, let A C ¢BY with Qp,(A) = 2. Let y = fA fdQp, < z. Then

Pia(A) — Qr (4) = /A erfdPry 2
- / ¢rf (AP — dQp,) + / e dQr, — 2
A A

<cphialy) +cry — =
< th,a(y) + 2y — 2.
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By Lemma 4.49 and because 1 < ¢y < 2,
Eya(z) <4Anmin{\/y,/1 -y} +2y—z2
<dnVz+z <5/

We also trivially have

hia(2) <1—2<5V1— 2.

Applying the proof of Lemma 4.49 to the alternate chain,
hjp(2) < 2pmin{y/z, V1 -z} <29,
completing the proof.

The third issue has already been taken care of in Theorem 4.25.

For each i, let 1+ ; = A;/E[A;]. We shall then show that

e~ w

k
€
- = (1 ) <14 =
5 < H ) <142 5| >
Obviously, E[8;] = 0 for any i. We split the proof into two cases.

1. Zle % > ¢/8. By Markov’s inequality,

k 9 € E = 7
Pr|S 2> S| <« 2
; t7 8 €/8

Let F' = F;_1/F;. Applying Theorem 4.25,

4t 4t
Therefore,
Var[A;] _ 4t/®? &2
E[A;] 1/4 8
and

2. Z?Zl % < £/8. We may assume that each |3;]| <
Suppose that |[], (1+ ;) — 1| > /2. Then,

log(l—) Zlog 1+ 8;) or Zlog +Bl)>log<1—|—2>

SO

k
> log(1+ ;)| >

i=1

W] ™

(4.24)
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Then note that |log(1 + ;) — Bi| < 82. Therefore,
>8> flog(1+5:) - B
> > [log(1+ 6, = Y 18

(2

> Zlog(lwi) — Zﬁi

Y
ol ™

D B> > log(1+8)| — > 87

The probability of this occurring can be computed using Chebyshev’s inequality. We have

2

Var | > 6| =E () 5

=Y E[F]+2 > E[Bf]
i 1<i<j<n

52

<52 D EBS)
1<i<j<n
E[A;A)]

El5:8) = g, min,]

Using Lemma 4.50,

E[A;A;] =tl2 S D E[f(via)g(vis)]
a=t+1b=t+1

t% Z Z E[f(vi,a)]E[g(vjp)] + 41
a=t+1b=t+1

= E[AJE[A;] + 4.

IN

Because E[A;] > 1, E[3;8;] < 165 < £2/8k?. Therefore,
2
V: ] < —.

Using Chebyshev’s inequality,

Pr Z*Bi S £ §%<

8 e? -
This proves the required.
How large is the running time? We make kt “moves”, where each move constitutes
e An update of n coordinates.
e One test of membership in ¢BY.

e The evaluation of ¢(x).
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e Some constant number of arithmetic operations.

We can evaluate ¢(x) using binary search with error ¢/n? in O(logn + log(1/¢)) membership tests. Thus, the
algorithm makes O(kt(logn + log(1/€))) membership tests.

It is worth noting that we have assumed that we can compute membership in an affine image of K in a single step.
This is indeed true for sensible encodings such as linear or algebraic inequalities, but it may become important if it
takes n? or more operations.
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§5. The KLS Conjecture

5.1. An Isoperimetric Problem

5.1.1. Introduction

In the context of ball-step, let us look at the mixing time of the chain for a general (not necessarily convex) body.
As discussed, it suffices to look at the conductance of the chain, which relates to finding a “cut” of the body of
relatively small surface area. For example, in a dumbbell, we could have a cut down the central bottleneck, which
would result in a very low conductance.

What about convex bodies? It is seen that hyperplanes are not bad (this is made precise in Theorem 5.10). A
natural next question is: could we have some convoluted cut that ends up being a bottleneck? In | ], Kannan,
Lovasz, and Simonovits conjectured that this in fact cannot happen. In particular, they claim that up to a constant
factor, hyperplane cuts are in fact the “worst” cuts.

We first formalize this notion of a cut to get an expression similar to that of conductance, discuss some localization
lemmata similar to those discussed earlier (to reduce n-dimensional integrals to 1-dimensional integrals), prove an
improvement of Theorem 4.34 in Theorems 5.7 and 5.9, and finish off with the statement of the conjecture.
Suppose we have a convex body K and we want to find a surface that divides K into two parts, whose measure is
minimum relative to that of the two parts.

Definition 5.1. The isoperimetric coefficient of a convex body K C R™ is defined as the largest number ¢ = ¥(K)
such that for any measurable S C K|

_ g VOlnfl(aS)
VY= dB o vol(S), vol(K \ 5)

More generally, for any log-concave density p on R" (instead of 1 taken above), we can define 1, the isoperimetric

constant for p, as
. p(95)
= inf
Y7 = 8o min{p(S), p(®"\ 9}

In some texts, the above definition is replaced with

= in _ p(0S)
Ur = B pS)p@® N\ 5)

Since both definitions are within a factor of 2 of each other, this does not make much difference in our estimations.

This problem turns out to be very intimately related to that of volume computation we explored in the previous
section.

[ ] bounds the isoperimetric coefficient below by 1/d, where d is the diameter of the body. Note that this is quite
obvious if the separating surface 95 is a (section of a) hyperplane.

[ | gives a more general result where the measure is replaced by that with density equal to any log-concave
function and bounds it below by 2/d. This is in fact as tight as we can get in terms of the diameter and indeed, the
bound is attained for a thin long cylinder.

However, the bodies we are interested in (in say, volume computation) tend to have a certain structure to them. In
particular, sandwiching makes the bodies somewhat round.

The main result of this section is that for every convex body K,

In2

where M; (K) is the average distance of a point in K from the center of gravity of K.



High-Dimensional Convex Geometry 82 / 105 Amit Rajaraman

5.1.2. Needles and Localization Lemmas
To begin, consider the following motivated by Theorem 4.31.

Definition 5.2. A needle is a segment [a,b] € R™ together with a non-negative linear function ¢ : I — RZ° not
identically 0. If N = (I,¢) is a needle and f is an integrable function defined on I, denote

lb—al
/f:/ fla+tu)l(a+ tu)" 1 dt,
N 0

where u = (b—a)/|b— al.

Lemma 5.1. Let f1, fo, f3, f4 be non-negative continuous functions defined on R™ and «, f > 0. The following are
equivalent.

e For every convex body K in R",

(o) (o) =(on) ()
(o) (L) = (L) (L)

Proof. The first implying the second is quite easy to show. For the converse, suppose that the second holds but the
first does not.

Adding a sufficiently small quantity to f3 and fs, we may further assume that they are (strictly) positive. We may
also assume that f; and fo are positive (Why?). Choose some A such that

fol i fo4 ’
(fo3> >A><fo2> .

/fl—Al/("f3>Oand/Al/ﬁfz—f4>0.
K K

Using Theorem 4.31, there is some needle N such that

e For every needle N in R",

Then,

/flfAl/O‘f3>0and/A1/5f27f4>0.
N N

This implies that

(o), (se)

7(fN fg)a > A> T"N f2>ﬁ ;
thus proving the claim. |

Observe that we can extend this more generally to the case where f; and f> are upper semicontinuous and f3 and fy
are lower semicontinuous by considering an appropriate sequence of continuous functions. In particular, this allows
us to restrict ourselves from R™ to some subset 1" of R™ by multiplying the functions with the indicator function
17 (the functions extend to upper semicontinuous functions if 7" is closed and lower semicontinuous functions if 7" is
open).

Corollary 5.2. Let T be a bounded open convex set in R™, g a bounded lower semicontinuous function on 7', and
h a continuous function on 7" such that
g > 0and / h =0.
T T

Then there is a needle N = (I,¢) with I C T such that

/g>0and/h:0.
N N
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Proof. Choose some 0 < § < fT g and let € > 0. Then,

/(g—5+1h> > 0 and /(sz—h)>0.
T € T

Extending these functions to functions on R™ (multiplying with the indicator function) and using Theorem 4.31, we
get a needle N, = (I.,4.) with I. C T (Why?) such that

1
/ (g—5—|—h>>0and/ (e —h) > 0. (5.1)
N. € Ne
Observe that [y (g —d+¢) > 0.

Taking M as the supremum of g on R",

—Ms/ 1</ h<52/ 1. (5.2)
N. N. N.

Consider these needles for ¢ = 1/k (k € N). Scaling appropriately, we may assume that the maximum of each
linear function ¢, is 1. Using the Bolzano-Weierstrass Theorem, there is some subsequence of these needles that
converges (in the sense that the endpoints of the I; /5, and the £, /;, converge)?® to some needle N = (I,£). Combining
Equations (5.1) and (5.2) implies that N satisfies the required (we get [\ (g —4) >0 and [, h =0). |

While these results are quite nice, exponents of a linear function are not very convenient to deal with. This motivates
the following.
5.1.3. Exponential Needles

Definition 5.3. An exponential needle is a segment [a,b] € R™ together with a real 7. If E = (I,7) is a needle and
f is an integrable function defined on I, denote

/Ef = /Olb_a fla+tu)e dt,

If we manage to prove our results for an exponential needle instead, it is extremely convenient because taking
exponents does not change the underlying structure of the function itself.

where u = (b—a)/ ||b —a].

Lemma 5.3. Let fi, fa2, f3, and fi be four non-negative continuous functions defined on an interval [a,b] in R and
a, > 0. Then the following are equivalent.

e For every log-concave function F' defined on R,

b @ b p b @ b B
( / F(t)fl(t)dt> < / F(t)fg(t)dt> < ( / F(t)f;;(t)dt) ( / F(t)f4(t)dt> .

e For every subinterval [a/, '] C [a, ] and real 7,

() (<[ ) ([

Proof. The first implying the second is obvious (on setting F' = L/ ;1e7").
Note that if for some tog € [a,b], fi1(to)*f2(to)? > f3(to)®fa(to)?, then both the assertions above fail since we can
consider

e can think of an needle N = ([a, b], ) as an element (a, b, £(a), —{(a)) € . In our case, this sequence is bounded because
26 Wi hink of dle N b), £ 1 b,€(a),£(b) — ¢ R27+2 1 hi is bounded b
each interval is in the bounded set T and each ¢ is between 0 and 1.
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—c(t—to)?

e the log-concave function e for a sufficiently large c, or

e a sufficiently small interval containing tg.

Therefore, we may assume that for all ¢ € [a, b],

A fa()7 < fs()™ fa(t). (%)

Suppose the second holds and the first does not for some log-concave function F.

We may assume that F' # 0 (so F' > 0) on [a,b]. Otherwise, we can replace it with its convolution with e’ for
a sufficiently large ¢, which is still log-concave by Lemma 4.27 and would still satisfy the inequality (Why?). We
may also assume that F' > 1 on [a, b] by scaling up appropriately. Let F' = ¢“, where G is a non-negative concave
function on [a, b].

For each n, define K,, C R**! by

K, = {(t,x):te [a,b],z € R",||z|| <1+ GT(Lt)}.

Let f; : R"*1 — R by defined by fi(t,z) = f;(t).
For sufficiently large n, we have (14 G(t)/n)" ~ e%®) = F(t), so we can write

</Kn fl(ﬂdt)a </K f2(t)dt>ﬁ > </K fa(t)dt>a </Kn f4(t)dt>ﬁ.

Using Lemma 5.1, there exists a needle V,, such that

</Nn fl(t)dt>a (/Nn ﬁ(t)dt)ﬁ > </N f3(t) dt)a (/Nn fa(®) dt)ﬁ.

If N, is orthogonal to the t-axis, then () immediately breaks so we arrive at a contradiction. Otherwise, we may
project the needle onto the t-axis to get some [ay,,b,] C [a,b] and a linear function ¢,, such that

. ) L b, R A
ﬁn(t)"fs(t)dt> (/ ﬁn(t)"f4(t)dt> . (53)

</b ()" Fr (1) dt)a (/b ()" fo(t) dt)ﬁ > </b

n n n

By the Bolzano-Weierstrass Theorem, there is a subsequence such that a,,, b,, converge, to say ag and by. By (),
ag < by. Suppose that £, (ag) < €, (bo) for infinitely many indices — if not, then exchange ag and by in the following
argument. Now, let each £, be normalized such that ¢, (bg) = 1. Let v, = £,,(ap) for each n.

For some subsequence, let v, — v and n(l — v,) — «/, where 0 <y <1 and 0 < v/ < oco. Henceforth, we restrict
ourselves to this subsequence.

o+
o If v#1,£,(¢t)" — 0 for all ag <t < by. Dividing Equation (5.3) by (f:: £y (t)™ dt) and letting n — oo, we
get
F1(b0)* f2(b0)” = fa(bo)® fa(bo)”.

If instead of f3 and f4 everywhere in the proof above, we instead take f3 + ¢ and fy + € for a sufficiently small
e, we get a strict inequality above and arrive at a contradiction to ().

e Therefore, v = 1. We then have
n(1—4£,(t))
G = (1= (1= £y (1)) /1= ®) :

The inner expression goes to 1/e. If v/ = oo, then we again get £, (¢t)™ — 0 for ¢t < by, so we arrive at a
contradiction similar to the first case above. Otherwise, we have

On(t) — e (t=bo)/(bo—ao)
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Letting v = +'/(bg — ao) and letting n — oo, we get

bO 1" “ bO 1" B bo 1 “ bo 1 ﬂ
(/ 7" (t=b0) () dt) (/ e (=) £o(1) dt) > (/ e (t=bo) £t dt) (/ e (=) £y (1) dt) :
agp ag ao ao

However, this (after multiplying by ¢7"bo(e+8) o either side to remove the by in the exponent) contradicts the
original assumption that the opposite inequality holds for any exponential needle, thus completing the proof.

The next result is essentially a generalized version of the above lemma, so is relatively straight-forward to prove since
we have various tools for localization in our repertoire at this point.

Theorem 5.4. Let f1, f2, f3, and f4 be non-negative functions on R™ and «, 8 > 0. The following are equivalent.

e For every log-concave function F on R™ with compact support,

(/ F(O)fi(t) dt)a (/ F()fa(t) dt)B < (/ F(t)fs(t) dt)a (/ F()fa(t) dt)ﬁ.

e For every exponential needle F in R™,
« B a B8
(o) (fn) =(fs) (fr)

Proof. Going from the first to the second isn’t too difficult. Given the exponential needle over [a,b] and constant
7, consider the function F' defined by t + e?*% where u = (b —a)/ ||b — al| restricted to some e-neighbourhood of
[a,b]. Letting ¢ — 0, we get the required.

On the other hand, let the second hold but not the first for some function F'. Then applying Lemma 5.1 on the F'f;,
we get some [a, b] and linear function ¢ on [a, b] such that

B

b=l [ flo=al
(/ fﬂa+¢“ﬂwa+tW€W+¢“V_“ﬂ> (/‘ fﬂa+¢UHWa+tM€m+¢uW‘Hﬂ>
0 0

«

B

llo—all llo—all
> (/ fs(a+tu)F(a+ tu)l(a + tu)" " dt) (/ fala+tu)F(a + tu)l(a + tu)" " dt) ,
0 0

where u has the usual meaning of (b —a)/ ||b — all.
However, F¢"~! is log-concave, so by Lemma 5.3, there exists an exponential needle that violates the assumption. W

5.1.4. An Example Using the Equivalences
Let K be a convex body and f : K — R be integrable. Define its L, norm by

1/p
191, = (e [P as)

It is easy to see that if 0 < p < q, [|f][, < [If]l,-

Theorem 5.5. Let 0 < p < q. There exists a constant ¢, , such that for any dimension n, convex body K C R"
and linear function f : K — R,

£l < epa lIF1l,
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Proof. We wish to show that for any K,

(o) (L) <o () (L) "

Equivalently, we wish to show that for any exponential needle F,

(/EIfQ)l/q (/E1>Wgcp7q (/E 1>1/q (/E|fp)1/p.

That is, we wish to show that for any linear function f, a,b € R, and real -,

- 1/q b 1/p
Lenswma " retsora
f: et dt - f: et dt

Since f is linear, we may assume without loss of generality that f(a+tu) =t on [a, b] and that v = 1; for the general
case where v # 0, we can just substitute appropriately. The cases where v = 0 or f is constant on [a,b] are easily
shown.

b 1/q b -1/p
J, el f()|dt [ret| f(e)P dt

¢(a,b) =
f; et dt f; et dt

We wish to show that ¢, = sup,., ¢(a,b) is finite. Note that ¢ is continuous for a < b. Further, for any «,
o(a,b) = 1 as a,b — «. That is, we may extend the function continuously to a < b defining ¢(a,a) = 1.

Now, observe that for fixed a, as b — oo, p(a,b) — 1.2 On the other hand, for fixed b and a — oo, ¢(a,b) remains
bounded. The continuity implies that ¢ is bounded (and its supremum is finite). [ ]

The actual calculation of the supremum above is quite tedious, however.

5.1.5. Isotropy

The content of this section is closely related to that of volume computation, primarily Section 4.6.3, which discussed
sandwiching.
Given a convex body K C R™ and f : K — R™, denote by Ex(f) the average of f over K. That is,

Ex(f) = %/Kf(x)df'

Denote by b(K) = Ex (z) the center of gravity of K, also known as the barycenter of K. If K is clear from context,
we often denote it as just b. Denote by A(K) the n x n matrix of inertia

A(K) =Exk((z —b)(z—b)").

Denote by M,(K) the pth moment of K
M,(K) = Bxe (Jlz ~ b

It is seen that Ms(K) is the trace of A(K). Further, the average squared distance between points in K is

1 2 -
\ml([()Q/K/K'xy' dzdy = 2Ms(K).

As p — 00, M,(K)'/P converges to sup,¢ g ||z — b]|.

27[; et|f(t)|? dt grows as e?bP and ff et dt grows as eb.
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Definition 5.4 (Isotropic). A body K is said to be in isotropic position if b = 0 and A(K) = I, the identity matrix.?®
Similarly, a function f : R™ — [0, 00) is said to be isotropic if its covariance matrix is the identity matrix.

Observe that a convex body is in isotropic position iff its indicator function is isotropic.

It may be shown the affine family of a convex body (the set of its image under affine transformations) has a unique
body in isotropic position.

First, let us show how isotropic position is related to sandwiching.

Theorem 5.6. If K is in isotropic position, then

2
RECpr C K C\/a(nt 2)BY.

n

Observe that these inequalities are tight for the regular simplex and also imply the second part of Theorem 1.5. If
K is in isotropic position, then for any unit u,

/ (u, z)* dz = vol(K).
K

Proof.

e Suppose that v/(n + 2)/nBY ¢ K. Choosing our basis appropriately, we may assume that K is contained in
the half-space 1 > —y/(n + 2)/n. Now, we have

/$1:0and /(x%—l):O.
K K

Using Corollary 5.2 (or rather, an extension of it with a weak inequality on [ g), we get some needle N =
([a,b],£). We may assume that [a,b] is contained in the z; axis, so that

b b b
/xlﬁ(xl)"_I:Oand / x%ﬁ(xl)"_IZ/ O(x)"

a

We have a > —4/ ”TH It is easy to see®” that we may assume that ¢ is decreasing, and thus may suppose that

is of the form ¢ — x for some A > b. We can then manually (and tediously) compute the integrals to arrive at
a contradiction.

e Let v be the point in K furthest from 0 (assume that K is closed so this is well-defined). We wish to show that
[lv]] < v/n(n+2). Let v° = v/ ||v|| and for each unit u, let p(u) = sup{t > 0: v+ tu € K}. Then,

P (u) n
vol(K) = / / 1 dt du = / ICON
aBy Jo oBy N

28Some texts use vol(K) = 1 and A(K) = Ag I for some constant A\x. It remains an open problem as to whether the value of Ag
across convex bodies K C R"™ is bounded above.

291f |b| > |al, then the first equality implies that £ cannot be increasing. Otherwise, we can use the second inequality to justify the
assumption.
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We also have

/ /so(u) L )
= " (v°, v+ tu) dt du
vol(K) 8By Jo < )
1 p@ o et e o o
VOI(K) ‘/QBE n ||v|| + Tl+ 1 <v ’u> + Tl+2 <v ’u> v

o o(u) [ /n(n+2) n R O

= /83< - ( P ol e 7u>> bty | dw
1 o(w)" (/T2 n ) o]

= Sol(E) /633 - < i o] +1/7n+2<ﬁ(u)<v 7u>> du | + =

This gives a bound of ||v|| < n+ 1. To get the bound mentioned in the theorem, it remains to bound the
integral by a suitable positive quantity. Now, we have

1 @ (u)
=bK A tu) dt d
0= b(K) vol(K) /aBS/O (v+ tu) “
(

1 n n+1
/ plw)" n )"
vol(K) Jopy n n+1

1 (,0(’11,)”-"_1
= ———udu.
UJ’_VOI(K) /83; nt1

Therefore,

[[ol -

(VD)
o ) M v

We can then use the Cauchy-Schwarz inequality to get

1 p(w)" (/aln+2) 0 RN 1 )
vol<K>/aBg n < Nt ”””*\/m“"(““”’”) du | 12 oy M

That is,

- L e
“\(r+1)2n(n+2)  (n+1)2 n(n+2)’
proving the result.

5.1.6. The KLS Conjecture

Let us now move on to the main result of this section.

Theorem 5.7. For any convex body K,
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In Definition 5.1, let K5 be the intersection of K with the open £/2-neighbourhood of 9S. Further, let K; = S\ K3
and Ko = (K \ S)\ K3. Then, it suffices to prove the following, which is yet another improvement of Theorems 4.15
and 4.34.

Theorem 5.8. Let K be a convex body and K = K; U K5 U K3 a decomposition of K into three measurable sets
such that d(Ky, K3) =€ > 0. Then

M, (K)

VOl(Kl) VOI(KQ) S cn2

vol(K) vol(K3).

Proof. We may assume that K7 and K5 are closed. Assume that b(K) = 0. Let fi, fo, and f3 be the indicator
functions on K, K, and K3 respectively and f4(z) = ||z|| /e In2. We then wish to show that

/Kfl/Kfzﬁ/Kfs/Kfzx-

By Lemma 5.3, it suffices to show that for any exponential needle F,

/Efl/Efzﬁ/Efs/Esz~

Let E be an arbitrary exponential defined by [a,b] and . As before, we may assume that v = 1 by rescaling
appropriately. The case v = 0 is taken care of by going to the appropriate limits.

First of all, we may assume that 0 € [a,b]. Indeed, otherwise, we can move the body such that 0 goes to the point
on [a,b] closest to it initially. Then the integral of f4 decreases while the others remain the same, so proving it for
this case suffices.

So let us restate the problem in the one-dimensional case that we have reduced it to. Let [a, b] be an interval, u € [a, b]
and [a,b] = J1 U J2 U J3 be a decomposition of [a, b] into three measurable sets, where d(Jq, J2) > € > 0. We wish to

show that
Pt —u|
/edt/edt</ tdt/ el dt.
J1 Jo Js 611’12

Here, each J; corresponds to the intersection of K; with the interval and u corresponds to the position of 0 in [a, ].
Let us first prove the result for the case where Js is a single interval. Let a < s < s + ¢ < b (Why does it suffice to
prove it for the case where the interval is of length £7). Then we claim that

s b s+e b |t U|
/ etdt/ etdtg/ etdt/ — e dt.
a s+e s a €1n2
s b—s 5 b
t—
/ etdt/ etdtg/ erar [ =gy
@ . 0 o €In2

Now, note that the expression on the left is maximized when s = (a + b — €)/2 and that on the right is minimized
when u = In((e® + €®)/2). Substituting these values on each side and simplifying, it suffices to show that

1 e£—1 etb_1 eb—a 1
(b—a)/2 _ ,e/2\2 « _~ ~1 - b—a 4 ] cE -
(e DA T n( 2 ) ¢ th 2

On decreasing ¢, the left increases whereas the right decreases. Therefore, it suffices to prove the above in the limit
case where ¢ = 0. Letting z = e(®~%/2 > 1, we want to prove that

7271 271
ln2(zl)2+z2ln<z 5 >ln<z2 )SO.

Equivalently,
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This is a computational task and is not too difficult.?’

For the general case, let [¢;,d;] be maximal intervals in J3 for 1 <4 < k. They are each of length at least . Then

we get
k ci b U|
Z/ etdt/ etdtg/ dt/ et dt.
i1 Ja d; Js 51112

k Cj b
Z/ etdt/ etdtZ/ etdt/ etdt,
i=1 a dL Jl J2

completing the proof. |

We then have

Let K be an arbitrary convex body and for each x € K, let x i () denote the longest segment in K that has midpoint
x. Let

1
Note that x(K) = diam(K N (2z — K)).
Theorem 5.9. For any convex body K
1
P(K) > ——.
(K) )

Proof. As before, it is equivalent to show that for any decomposition K = K; U Ky U K3, where d(K;, Ks) =€ > 0,
1
vol(K7) vol(K3) < gvol(Kg)/ Xk () dz.
K

The proof of this is very similar to the that of the previous theorem. It suffices to show that for any interval [a, b]
and any decomposition [a,b] = J; U Jy U J3 into three measurable sets such that d(.Jy, J3) > €,

1 b
/ etdt/ etdtg—/ etdt/ min{t — a,b — t}e' dt.
J1 J2 € JJs a

Similar to earlier, this can be shown without too much difficulty in the case where .J3 is a single interval, and similarly
extending it to the general case. |

The two bounds Theorems 5.7 and 5.9 are not comparable however. For example, Theorem 5.7 gives 1) (K) = Q(n~1/2)
for any body in isotropic position whereas Theorem 5.9 gives (1) for the isotropic ball and Q(n~!) for the isotropic
simplex.

Theorem 5.10. For any convex body K with covariance matrix A,

10

T

P(K) <

This is proved using the following result.
Theorem 5.11. Let K be a convex body in R™ and assume that b(K) = 0. Let v € R™ have unit norm and
B = Ek({u,z)?). Then

vol(K N{x : {u,z) < 0}) vol(K N{x : (u,z) > 0}) > —\/Bvol( K)vol,—1(K Nn{z: (u,x) = 0}).

30Show that the function f on the left is monotone decreasing and use the fact that f(1) = 0.
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The above can be proved by projecting the body onto the u-axis and considering the resulting log-concave function
(using Brunn’s Theorem).

Conjecture (KLS Conjecture). There is a constant ¢ (independent of dimension) such that for any log-concave
density p on R",
: inf p(OH) .

H is a halfspace mln{p(H),p(R” \ H)}

Pp > c

The KLS Conjecture asserts that up to a constant factor, a hyperplane cut is the “worst” cut (involved in the
isoperimetric coefficient).

5.2. A More Detailed Look

Henceforth, we write a 2 b if there is some constant ¢ (independent of dimension and all parameters under consid-
eration) such that a > cb.
Generalizing Theorem 5.10 to an arbitrary log-concave density (by a nearly identical proof), it just says that

inf P(OH) > !
H is a halfspace min{p(H),p(R” \ H)} ~ /||14||0p7

where A is the covariance matrix of p and [|A]|,, is the largest eigenvalue of A.
In this context, the KLS Conjecture can be restated as follows.

Conjecture (KLS Conjecture (Reformulated)). For any log-concave density p with covariance matrix A, v, 2

~

||A||;p1/ 2, Equivalently, 1, 2 1 for any isotropic log-concave density p.

Theorem 5.7 then says that for any isotropic log-concave p, ¥, 2 n=1/2,

Next, we look at a few consequences of the KLLS Conjecture.

5.2.1. The Slicing Conjecture

The slicing conjecture essentially asks whether a convex body of unit volume in R™ has a hyperplane section whose
(n — 1)-volume is at least some universal constant.

Conjecture (Slicing Conjecture). Any convex body K C R™ of volume 1 has at least one hyperplane section H
such that
vol,_1(KNH) 2> 1.

[ ] showed that the above is in fact equivalent to asking how much volume is present around the origin. This
makes sense because if a large proportion of volume is there around the origin, then no hyperplane will intersect a
lot of volume.

Motivated by this intuition, define

Definition 5.5 (Slicing Constant). For any isotropic log-concave density p on R™, define the isotropic (slicing)
constant by L, = p(0)*/".



High-Dimensional Convex Geometry 92 / 105 Amit Rajaraman

Conjecture (Slicing Conjecture). For any isotropic log-concave density p on R”, the slicing constant L, is O(1).
5.2.2. The Thin-Shell Conjecture

Conjecture (Thin-Shell Conjecture). Let p be an isotropic log-concave density. Then
02 = Exny [(1X] - vi)?| S 1.

Equivalently, Var ., (|| X)) < 1.

The above means that a random point X from a log-concave density lies in a constant width annulus (a thin shell)
with constant probability.

It was shown in | ] that the Thin-Shell conjecture implies the Slicing conjecture and by Ball that the KLS
conjecture implies the Thin-Shell conjecture. That is, we have that L, < op < ¢, L

5.2.3. The Poincaré Constant

Definition 5.6. For any isotropic log-concave density p in R", define the Poincaré constant (, by

E, |[| V()]

% = i, g Var,(g(z))

It may be shown that

Cp ~ 1/’2»
that is, ¢, is within a constant factor of the square of the isoperimetric constant. Due to this strong relation, we
shall in fact use the Poincaré constant in a later proof (of Lemma 5.22) to help bound the isoperimetric constant.

5.3. Recent Bounds on the Isoperimetric Constant

5.3.1. A Look At Stochastic Localization

Most of the progress towards proving the conjecture in recent times has been done using a method known as stochas-
tic localization. Recall how in the proof of the localization lemma Theorem 4.31, which is possibly one of the most
powerful tools we have built thus far, we use a bisection argument, where we bisect the body with a hyperplane at
each step. In the general setting, this just corresponds to multiplying the current log-concave measure by 15, where
H is a certain half-space.

For now, let us discuss how stochastic localization works out in discrete time. Instead of multiplying by this indicator
function, we multiply by an affine functional that is very close to 1. That is, we transform the density p(x) to
(14 e{x — pu,0))p(x), where p is the barycenter of the measure and 6 is randomly chosen. This is like a reweighting
in favour of a certain half-space.

As a result, the resulting measure is a probability measure. Further, this measure remains log-concave (assuming p
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is log-concave).
This gives a stochastic process (which is discrete time for now) defined by

po(r) = p(x) and pryae(e) = (14 (2 — e, \/Ezt»pt(x)' (5.4)

The v AtZ; represents +e6 and is the random component. Here, yu; is the barycenter of the measure corresponding
to p; and the Z; are iid random which are either uniform on the sphere on /nS™"~! or standard Gaussians in R”.
By the averaging property mentioned, the p; form a martingale (with respect to the filtration with F; = o{Z; : 0 <
s < t}).

Now, we would like to make this continuous by letting At — 0. How do we do this? When the Z; are Gaussian,
Equation (5.4) can be rewritten as a stochastic differential equation

dpi () = (& — pe, AW pe (), (5.5)

where pg = p and i, as before, is [, xpi(z) dz.
Existence and uniqueness for all ¢ > 0 can be shown using standard means. Moreover, for any time ¢, p; is almost
surely continuous. If F; is the o-algebra generated by (Ws)o<s<¢, then E[p(z) | Fs] = ps(x) for s < t. That is, it is
a martingale. The processes are also F;-adapted.

While the above is the basic idea, the following, slightly more complicated form is what is slightly more handy.
Define the stochastic differential equation

co =0 and dc; = dW; + g, dt, (5.6)
with p; and u; defined by
_ 6<Ct7z>7(t/2)”m”2p(x)
f]R" e(Ct»y>—(t/2)Hy”2p(y) dy

Sometimes, to add another method to control the covariance, we add in a control matriz C; to control the covariance
matrix A; of the density p; at time ¢. This is incorporated into the previous equations as

pe() and p(x) = Egp, [z].

dpi(z) = (z — ,Ut)TCtl/2 dWipy(x)
co =0, de,=C2dW, + Cypy dt,
By =0, dB;=C:dt, (5.7)
6<Ct’x>7(1/2)(ITBtI)2p(I)
T B, 1)2 ) /’Lt(gj)
" elee,y)—(1/2)(y " Bry) p(y) dy

pt(x) = f = Ex"‘Pt [I]?

R

where C} is a Lipschitz function with respect to ¢, pg, Ag, and t.
It may be shown that a solution to the above equation exists and is unique (up to almost-sure equivalence).
It is also not too difficult to show using It6’s Lemma that (5.7) implies (5.5).

For the other direction, using Equation (5.5),

1
dlog py(2) = (x — ) " AWy — 5(1‘ — ) " (@ — ) dt

1
T (AW + e dt) — o [l2]* dt + g (1)
1
=z de — 5 | z]|* dt + dg(t),

where dg(t) is independent of x. This explains the appearance of the Gaussian in (5.7) — the above implies that p;
is “more log-concave” than e~thell®/2,

As the Gaussian factor dominates more and more, the density converges to a Dirac delta “function”, where the
measure of any subset is 0 or 1. This is stated in Theorem 5.15.
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The KLS Conjecture has been proven for Gaussian distributions. More generally, for any distribution whose density
is the product of the density of N'(0,02I) and any log-concave function, 1, > 1/0 — this can be proved by normal
localization.

To get some sort of bound for 1, we want to bound the covariance matrix (in some meaningful sense of the word
bound).

Using It6’s Lemma once more on the covariance matrix, we get

ddi= [ (@ m)le =) (o= ) AW ) do — AP
= Eorp, (@ — ) (@ — ) " - (w — pe) T AW, — A7 dt. (5.8)

One important result that we have not mentioned thus far is due to | ], which proves that the isoperimetric
profile I,, : [0,1] — R*, defined by

I,(t) = inf p(0S

p(t) SICn]R" p(99)

p(S)=t

is concave. In particular, since I,(t) = I,(1—1), it attains its maximum at 1/2. Concavity implies that I,,(¢)/¢ attains
its minimum at ¢ = 1/2, and therefore to bound the isoperimetric coefficient (and prove the KLS Conjecture), it
suffices to check subsets of measure 1/2.

With this added information, we desire from stochastic localization that the covariance matrix does not explode. In
fact, it turns out that it suffices to show that the measure of a set E of measure 1/2 (initially) does not change much:

p(0F) = E [p,(0F)] (pt is a martingale)
1/2
>E [2 HB H min{p;(E), p:(R™ \ E)}} (pt is more log-concave than the Gaussian)
11 -1/2 1 3
>7731H Pr|-<p(E)<: E) >
42Ht , PrigseB =g (pe(E) 2 0)
1 12 1 3] . "
=[BT P 2 ) < 5 min{o(E), R\ B (5.9)
Over the next two sections, we give a n~/4 bound on ¥p, as described in | ]. More precisely, we show that

Wy 2 Tr(A%) 714

5.3.2. Towards a n~'/* Bound
Before we begin, define the following for notational convenience.

Definition 5.7. For any stochastic processes x; and y:, denote the quadratic variations [x]; and [z,y]: by

o0
1 _ 2
[z]; = HPHrgO l(x‘rn Tr, )
and
o0
[z,y]; = \|1£|\H—1>0 (@7, = Trp ) (Yr = Yra),

=1

where P = {0 =1 <7 <--- 11t} is a stochastic partition of the non-negative reals and || P|| = max, (7, — Th—1) is
called the mesh of P and the limit is defined using convergence in probability.

For example, if x; and y; satisfy day = p(zy) dt + o(zy) AWy and dy; = v(ay) dt + n(y:) dt, then
d[z]; = o%(2¢) dt and d[z,y]; = o(zs)n(ys) dW;.

The following two results will also come in useful.
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Lemma 5.12 (Reflection Principle). Given a Wiener process W; and a,t > 0,

Pr

sup W za] =2Pr (W, >q.

0<s<t

Theorem 5.13 (Dambis, Dubins-Schwarz Theorem). Every continuous local martingale M; is of the form
My = My + Wiy, for all t > 0,

where W is a Wiener process.

The first simplest case is when we take the control matrix to just be the identity. That is, the relevant stochastic
differential equation is given by (5.6). Denote by A; the covariance matrix of p;.

First, we give some “basic estimates”. Let us start by bounding the measure of any set of initial measure 1/2.

/HA lop ds > 1

Proof. Let gy = py(E). Then dg; = [,(z — p¢) " dW;pi(x) dz. We have

Lemma 5.14. For any F C R™ with p(F) = 1/2 and t > 0,

1 3
- < <2l >Z_
Pr[4pt(E)4]10 Pr

2

dlgle = /E(x—ut)pt( )dx th

A (/E(x — o) " Cpe() dx)2 dt
< (s, [ merne dm) ([ nac)

= max CTACdt = Al

Using Theorem 5.13, let W; be a Wiener process such that g; — go has the same distribution as W[g] .- Then,
1 3 1 ~ 1

- 1 1
>1-P s|>-1—P —
- g [0<Isn<a1)§64|w > 4] ' {[g]t - 64]

—1_4Pr |:W1/64 > ﬂ —Pr [[Q] > 1}

64
[ 145> 641

In the second-to-last equation, the first two terms simplify on estimates for the concentration of the normal distri-
bution and the second term simplifies on using the earlier bound on [gt] |

I V

——Pr

We now restate the bound on the isoperimetric constant we mentioned earlier for distributions more log-concave
than the Gaussian.

Theorem 5.15. Let
f(x)ef‘lz‘|2/2‘72

h(x) = ff(y)e‘ly‘|2/2027
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where f : R® — Rt is an integrable log-concave function. Then h is log-concave and 1, >

measurable S C R"”, -
1
h(z)dz Z — min / h(x) dx,/ h(z)dz p .
oS g s R™\S

Now, let us get to the main estimation of the isoperimetric constant using the above results.

1/o. That is, for any

Theorem 5.16. Suppose there is 7" > 0 such that

T
1 3
Al ds< —|>2
[/ 14ulp sM] L
Then 1, > T"/2.
Proof. Let E C R™ with p(E) = 1/2. We then have
/ p(z)de =E {/ pr(z) dx} (p: is a martingale)
OF OF
> T2E {min {pr(E), pr(R" \E)}} (pr is more log-concave than the Gaussian)
>T'?Pr { <pr(E) < i]
r 1
> /2 , / |4y ds = = (by Lemma 5.14)
0
> T2, |

As mentioned earlier, we now need to control the growth of the covariance matrix A;, preventing it from exploding
and ensuring that the condition in above theorem is satisfied for some large T

5.3.3. Controlling A,
To control the growth of A;, we use the potential function Tr(A?).

Lemma 5.17. Given a log-concave distribution p with mean p and covariance matrix A, for any positive semi-definite
matrix C,

HEM (@ wTCE - ]| S 1AL (a7204172).
2

Proof. First, consider the case where C is of the form vv". Let w = A2y and y = A~/2(z—p). Let the distribution
of y be p (it is isotropic and log-concave). Then

B (o= s = 07O~ 0]

- HEM [Al/zy(yTw)Q]

2 2

= / T

- H?ﬁ?ﬂ y~p [(Al ? ) ¢y w)Q}

< |?ﬁa}<(1 \/Epr (A1/24)T ()2 }\/ i [(yTw)ﬂ

s ng\ll?ﬁl CTACE,; [(y w)Q} (p is isotropic)

= [|AII22 wl]l3 -
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The second-to-last inequality uses a reverse Holder-like inequality, which says that if ¢ is a log-concave density in R™
and k > 1, then

/2

k 2

B o] < (20)" (B 12]”)

We use the above with k = 4 and 2 = y " w, which has a one-dimensional log-concave distribution.

The bound for a general C' isn’t too difficult to show by writing it as 3" \;v;v;" in terms of its eigenvalues \; > 0 and
eigenvectors v;. |

Lemma 5.18. Given a log-concave distribution p with mean g and covariance matrix C,
Eoyp [[( = iy — 0[] S Tr(42)%/2,
Proof. We may assume that p = 0. For a fixed x, we have
3 9 3/2
Eymp [[(2.9)] < Bymy [I(,9) ]
= (2" Az)*/? = HA1/2xH3.
Thus,

E;yep [I<w,y>l3] < Eap U’Alﬂxug]

973/2
<5 ]

= Tr(A2)%/2,

Theorem 5.19. With the previously used notation, there is a universal constant ¢; such that

V(A7)

Before we get to the proof, we show that the bound on the isoperimetric constant follows from previously mentioned
results.

P Tr(A2) > 8 Tr(A2
T max (A7) > 8Tr(Ap)

<0.01 with T =

Corollary 5.20. For any log-concave distribution p with covariance matrix A,
Yp 2 Tr(A2)71/4.

In particular, if p is isotropic log-concave,
Up 2 n=4,

~

Proof. Theorem 5.19 implies that

Pr | max Tr(A?) < 8 Tr(A2)

>0.99,
s€[0,t]

where ¢ is equal to the quantity we denoted as T' there. Since || Asl|,, < 1/Tr(A2), we have

Pr | max [[A]l,, < 1/8Tr(A47)

> 0.99.
s€[0,t]

Therefore, letting
1

7l
64v/8 ) /Tr(A2)’

T = min {cl,
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we have

Pr

T 1
Al ds < —| >0.99,
| 1ad,as < | =
and the result follows on using Theorem 5.16. [ |

Proof of Theorem 5.19. Define the potential function ®;, = Tr(A?).
It is a computational task using It6’s Lemma to check that

do, = <2Ez’\‘pt (z — Mt)TAt(z — pe) (T — Ht)T) dW, + (Ez,ywpt((x - ut)T(y - ut))s - QTr(Af') dt) dt.
Write this as
d®; = 6, dt + vt'r dW;.
By Lemma 5.18, we get
5,5 S TI‘(A?)B\/Q = (ﬁf/Q

by dropping the negative term in the expression (A; is positive semi-definite). What about the martingale term?
Using Lemma 5.17, we have

5/4
[vell, = 2 HENP (2 — o) " Ag(@ — ) (2 — ut)TH2 < AP Te(A2) < @)/

Intuitively, this means that the drift term (the d¢ part) grows as <I>f/ %t and the martingale term (the dW; part) grows
as @?/4\/5. So for ¢ up to O(@gl/z), the potential ®; remains O(Py).

To formalize this, define f(a) = 1/y/a + ®;. Observe that ®; > 8P if and only if f(®;) > —1/3y/®o. We can use
1t6’s Lemma to get

1 old 1 2
df(qn):(”t W >+< d —g vl )dtSdYH—C’dt,

2 (P + Pg)3/2 2 (P + Pg)3/2 (y + D)5/
where C’ is a suitable constant and dY; is the martingale term. Observe that

dile 1 esls C
dt 4 (D + Dp)3 — /D,

for a suitable constant C'. -
Let W; be a Wiener process such that Y; = Wy, (in distribution). Using Lemma 5.12,

< Pr max Wt >y

Pr | max Y; >«
te[0,0T/+/®q|

te[0,T]

= Pr [VNVCT/\/QTO 2 V] < 2Zexp <— 50T

Therefore,

1
P P)>——" +C'T
rLg{l&g]f( t) > + +7 5CT

/2%,
Setting T' = 1/256(C + C")\/®y and v = 1/4/®g, we get

2/®
< 2exp (—ry 0) .

1
P ) > —— | < 2exp(—8).
rlﬁg&g]f( t) > 3%] < 2exp(—8)

Using our earlier observation about f,

Pr [max D, > 8@0] < 2exp(—8) < 0.01. [ |
t€[0,T)

Over the next few sections, we look at the best bound attained (as of the time of writing) of the isoperimetric
constant, as described in | ]
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5.3.4. An Almost Constant Bound

Here, we prove that there is a constant ¢ such that for any log-concave p in R™,
1

> .
v 2 ncV/loglogn/logn HA||1/2
op

Rather than the original proof given in | ], we give a slightly modified proof from here. Again, we set the control
matrix C; in Equation (5.7) as the identity matrix.
To begin, for any integer n > 1, define

. 1/2
UV, = inf ¥y, || A .
" p is log-concave in R™ P || ||op
and has compact support
Using results from | ], we may assume that the log-concave density p has compact support — we can restrict it

to a sufficiently large ball losing exponentially small measure in the process. We shall restrict our measure to a ball
of radius n’.
Assume the dimension n is at least 3.

First, like before, let us give a basic estimate like in the last section to bound the isoperimetric constant.

Lemma 5.21. Let p be an isotropic log-concave density. If for some T > 0,
T 1
|1 <3,

Proof. Let E be a set of measure initially 1/2 (under p). As described before, we would like to bound the change in
measure of . We have

E

then ¢, > T/2.

| pwrae=e [ e dx} > TVEmin{pr(E),1 - pr(E)}] > T Elpr(E)(1 — pr(E)).
oF oF

Let M; = p:(E). Then

dM, — /E<x e, AW py () da = </E(x — p)pe() da, th> ,

so M; is a martingale. Letting the first expression in the final inner product be v, we have

fesSn—1 pesSn—1

loe]| = sup /(x — i, O)pe () dz < \/ sup /<ar — e, 0)?pe(w) do = [ A 07
E E
Using It6’s Lemma,
d(M,(1 — M,)) = — ||v]|* df + (martingale term).

Taking the expectation on eithe side and using the bound,
dE[M,(1 — M,)] > —E [\\Atnop] dt.

Therefore,
1 1

E[M,(1 — My)] > My(1 — My) — Et
proving the lemma. .
Therefore, we wish to control the growth of the spectral norm. To do this, define the potential
Ty = Tr(AD).

It is quite easy to see that Fi/q > [ Atllop-
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Lemma 5.22. With the above definition,

2 2
dry < %I‘t dt + (martingale term) (5.10)

and
dr; < ¢4, 2 ||AtH0p T'; dt + (martingale term). (5.11)

Proof. Let dT'y = §; dt 4+ (martingale term). We wish to show that

1
5t S 2(]2Ft min {t,C’ll)n2 At”op}

for a suitable constant c.

Denote the minimum used on the right as Kk~
Recall the Poincaré constant from Section 5.2.3. Since p; is more log-concave than the Gaussian exp(—t ||z]|* /2), Cps
is at least t. Also, the Poincaré constant is at least ci)?2/ [ Atllop- S0, Cp, > K-

Recalling (5.8), let d(A¢);; = (&5, dWs) — (A2); ; dt, where

1

67;7]' =FE [XZX]X] = / CEJCZ‘ijt(ZE + ﬂt) dzx.

To bound §;, we use the following lemma. Let 0 < A; < --- < A, be the eigenvalues of A;. Then for any smooth
function f,

dz fg) = Z 1.5 ||2 I Z A2/ (N\;) | dt + (martingale term).
i=1

i,j=1

If \; — A\; =0, we interpret the corresponding term as f”()\;). The &; ; are expressed in the basis of eigenvectors of
Ay
Substituting f as t — t9,

2)\—1 Aql n

Si=4q ZH%H o M
i=1

3,7=1

1 n /\g—2+)\q—2 n
<3 S vl (52 ) - o

i,j=1 i=1

-1) « _
A5 el 202,

ij=1

IN

Denote
Sijk = BIXiX;Xk], &= (&ijk)jk=1,..n= E[X; XX ] e R™*",

Observe that & j = (& jk)k=1,...n € R™ and further, 337, H&',jHQ < Tr(£2). Therefore, it suffices to upper bound

n

D ATPTR(ED).

=1

To control the growth of the individual traces,
Te(€?) = Tr (¢BX,X X))
=E [Xi(&X, X)]
< VEXZ/E[6X.X)2].
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As we are working in the basis of the eigenvectors of Ay, the first term is upper bounded by v/ ;.
Using the definition of the Poincaré constant on the function ¢ — (&t,t) together with our earlier bound using &,

Var(6.X,X) < CE[I26X)°] < 1B [l6x )] = T (42).

Therefore,

Going back to the original expression we care about,

ZV 2 1y (€2) <\2F§n: 4 (3/2)

i=1

<R DM 2 e

i,5,k=1

2 1/2 q—2¢2
Sﬁrt Z)\ Z]k

i,7,k=1

n

< Eri S A I,
VR \;

where the second-to-last inequality follows since A?~°); + )\373)\1- <N )\?72. Therefore,

5, < @1 SARTHE) < 20—y
K

— 2 ¢ 1
i=1
completing the proof. |

Corollary 5.23. With the above definitions, for to > ¢t; > 0, we have

2q
B < Bl (2) (5.12)

Proof. The function  — z'/7 is concave. Therefore, the It term in dI‘i /1 i negative and we have
ary/ < I‘l/q tar, < t T/ 4 (martingale term),

where the second inequality follows from (5.10). Taking the expectation on either side to eliminate the martingale
term,

2 2
dE[L,") < =L B[y,
so for to > t; > 0, we have
2q
1 1 to
B < B () C

Next, we show that our basic estimate Lemma 5.21 is in fact tight up to a log factor.

Corollary 5.24. There exists a sufficiently small constant ¢ such that if 0 < T < ci? /logn, then E[[|Ar,,) < 3,
and further, E[T}/?] < 3n1/4 for all ¢ > 1.
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Proof. Recall from earlier that we assume our log-concave density p to be restricted to n5B. So, it suffices to show
that PI"[HAtHOp <2]>1-n"19 since ||AT||Op < nlo,
Define the stopping time 7 = inf{t > 0 : || 4[|, > 2} and set X; = I'nin(s}. Using (5.11), we have
dX, < ;2 ||AtH0p X; dt + (martingale term).
Using the definition of X; to bound ||AtH013 by a constant and taking the expectation on either side,
dE[X{] < ¢*¢,,*E[X,] dt.

Setting ¢ = [40logn],
E[X1] < nexp(clog?(n)y; T) < n?

for some constant ¢ and where the last inequality arises from the choice of T'. Therefore,
n? > E[Xs] > Pr [HATHOP > 2} . gi0logn

proving the claim.
The second part of the result is easily proved since I'r < n[[Ar||f. |

With the above, we may get to the final proof of the bound on the isoperimetric constant.

Theorem 5.25. There exists a universal constant ¢’ such that

—c’y/loglogn/logn
ty, > ¢ Vioglogn/logn,

Proof. Using Corollary 5.24, let Ty = b2 /logn < 1/100 for sufficiently small ¢ such that for ¢ < T, E[Fz/q] < 3nl/a,

For t > T and ¢ > 2,
1/ £\ 1/q t\* 1/
q

0
T
/0 1A,

So, for any 17 > Ty,

T
E - / B[ 4,,,] dt

T, n 2q
<37 + 3n1/q/ () dt
7o \T0

3 nl/q T12Q+1 3 " T12q+1
100 2q+1 T, 100 15

How large can we make T while ensuring that the integral we care about (for the purposes of Lemma 5.21) remains
less than 1/87
We get

Ty ~ n—l/q(2q+1)TO2q/(2q+1).

This gives a bound of
Un > Tll/z - n—1/2q(2q+1)T0q/(2q+1)'

By our choice of Tp,
U 2 20/ 0D (1og ) =9/ (201 p =1/2a(20+1)

Simplifying,

c \* —1/2
¥n % logn " !
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for some universal constant c. Taking ¢ of the order of (log n/loglog n) 1/2,

1/} >efc'\/10gnloglogn
n = )

completing the proof. [ ]
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